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PREFACE 

Thb: recent reforms in the teaching of Mathematics willj it is 
hoped, be considered sufficient justification for the appearance of 
a new treatise on Algebraic Geometry, and attention may be 
called to the following points which diff'erentiate the present 
volume from its predecessors on the same subject ; 

As it is written for beginners, and for the average boy, the 
straight line and the circle are very fully treated. The ele- 
mentary ideas of the Calculus have been utilised, and full use 
made of one of the best of recent reforms, viz., the abolition of 
the water-tight compartment between Geometry and Algebra. 

The examples are numerous and varied, and a number of new 
types have been introduced, such as have been set in recent 
Examinations. Eevision questions which may be taken orally, 
and Eevision papers, are also given at various stages. 

The use of squared paper is encouraged, and another special 
feature of the wort is the very free use of diagrams. 

All the most important properties of the Conic Sections are 
proved, either by Algebra or by Geometry, and the book claims 
to be complete as far as, and including the use of Cartesian and 
Polar co-ordinates. 

The author's thanks are due to Mr. J. M. Dyer, of Eton, for 
permission to use examples from his collection of Mathematical 
Examples, to the Controller of His Majesty's Stationery Office 
for permission to use examples set in recent examinations held 
by the Civil Service Commissioners, and to Mr, T. Hyett, of 
Cheltenham College, for valuable suggestions and help, 

W. M. B. 
May, 1906. 
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ALGEBRAIC GEOMETRY FOE BEGINNERS. 



CHAPTER I, 

In Algebraic, or Analytical, Geometry, we enlist the services 
of Algebra in aid of Geometry. 

By means of algebraic symbols we shall show how the poaitioQ 
of a point in a plane may be detennined, and how equations 
may be taken to represent straight lines or curves. From 
equations we shall determine the geometrical properties of the 
curves which they represent, and how a curve may be drawn 
to scale when its equation is known. 

It ia hoped that these ideas wOl not be altogether unfamiliar 
to the student. He has probably learnt the geometrical in- 
terpretation of certain algebraic formulae, such as 

(« + S){«-S)-»'-S'. 
and how to draw the giwphs of simple and quadratic algebraic 
expressions. 

In his study of this subject, above all tMn^ let the beginner 
remember that he is dealing with Algebra in combination with 
Geometry. Let it therefore become a constant habit with him 
to illustrate his algebraic work with geometrical figures. By 
so doing he will remove many difficulties from his path. More- 
over, the resultSj as seen from a well-drawn geometrical diagram, 
will often serve to corroborate the algebraic work. 

RECTANGULAR CO-ORDINATES. 
1. Take two straight lines kOk', yO'if at right angles to one 
another. , 

Let P he any point in their plane, and in the quadrant xOy, 
and draw PN, PM perpendicular to Cte and Oy respectively. 
Let PM = a; and PN = y. 
PiVl and PN are called the co-ordinates of P. 
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These values % and j; define the position of the point P in 

the quadrant xOy ; so that if we are given the values of v. 

and !/, we can find or place the point P. 

For instance, if it is required to find the point indicated by 

the values 3: = 3 and )/=4, 

along Oa measure 0N = 3j 

and along Oy measure 

OM =4 units of length. 

Draw MP parallel to Oa^ 
and NP parallel to Oy. P 
being the point at which 
they intersect. 

Then PM = ON = 3, 
and PN = 0M = 4, 

and therefore P is the 
point required, 

<£ and y are the co- 
ordinates of the point P. 

xO^, ^jOi/ are called the 
axes of co-ordinates, or 
*"' '■ more shortly the axes, O 

the origin. 
P is usually described as the point (x, y). 
X is called the abscissa, and y the ordinate of the point P. 
2. If lines drawn in one direction are taken as positive, 
then lines drawn in the opposite direction must be taken as 
negative. 

Lines drawn in the directions Ox, Oy are considered positive, 
and therefore lines drawn in the directions Os^, Oy' are taken 
as negative. 

For example, in the accompanying figure, at Q the abscissa 
is negative, and the ordinate positive. At R, the abscissa Is 
negative, and also the ordinate. At S the abscissa is positive, 
and the ordinate negative. 

The student will see that this convention of signs is the same 
as in Trigonometry. 

In practice, it is simplest to draw the point {3, 4) in the 
following way : 

Alon^ Ox measure ON = 3; and at N draw NP perpendicular 
to ON in the direction Oy, the positive direction, and make 
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ART. 8.] EEOTANGULAR CO-ORDINATES. 

NP = 4. We then have the same point aa in tl 
above. 

Note that the signs of the co-ordinates 
in which a point lies. 
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Thus the point ( - 2, 3) lies in the second quadrant yOx', for 
its abscissa is negative and its ordinate positive. 

The point ( - 3, - 2) hes in the third quadrant x'Oy'. 

Thus when the co-ordinates of a point are given with their 
proper signs, we can determine 
the exact position of the point 
in the plane of xOaf and yOi/. 

3. The distance of the point 
{x, y) from the origin is equal to 



Let P be the point, 
the ordinate PN, so that 



y Google 



EEUTANGULAE CO-OEDTNATES. 



[ci 



4. The distance between ike points {x^, y^), (s^, y^ is equal to 
V{Xi-X2)3 + (yj-y3)2. 

Leb P be the point (iCj, y^), 
Q the point (x^, «/g). 

Draw the ordinates PN, Qhi!, 
and draw QK perpendicular to 
PN. 

QK = Wl N = ON - M = a'j - 3^2 , 

pk=pn-km=pn-qm 
:. pq2=cik2-i-pks 



y 












(-^ 


p 






V-''"^ 


j;-j; 




(-,yj 


K 




■^1-^'= 












and PQ = */(% -f^af^ + fei-yj)^. 

5. Me co-ordinates of the middle point of the line joining the povats 

{^1, Vi), (^. ^a) "»■« Xi+Xa y^ + y, 

2 ' 2 ■ 

Let P, Q be the points (x,^, y^), {x^, %), R the middle point of PQ. 

Draw the ordinates PN, QM, RK. Also draw QE perpendicular 

to RK, and RF perpendicular 

to PN. 

Let {x, y) be the co-ordinates 
of R. 

From the similar A' PFR, 
REQ, 

PF_RE 
PR^QR* 
But PR = QR. .'. PF=RE. 
Also PF-PN-FN 

= PN-RK = (/i-2/. 
And RE = RK-EK 

= RK-QM=y-)/g. 



('■n. 

a^-^ 


,,^ 









„.b±B. 
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KECTANGULAU CO-OEDINATES. 



In the same way QE = FR, 

i.e. OK-OM = ON-OK; 



3 ■ 

Note that R is the Centre of Gravity of equal particles at 
P and Q,. 

6. Tojml the co-ordinates of the point dividing in a given ratio the 
linejoiidng iwo given points. 

Xet P{a:„ y,), Q(iC2, y^) be the given points, and let the point R 
divide PQ so that prs = — ■ 

Let (x, y) be the co-oi-dinates of R. 

It is required to find a: and y in terms of the co-ordinates of 
Pand Q andoj, a^. 

Draw the ordinates PN, QM, RK. Also draw QE, RF perpen- 
dicular to RK and PN. 

From the similar a' PFR, REQ, 



PF RE . PF RE 
PR Ra '"'^' (tj a/ 


y 












But PF = PN - FN 

= PN~RK = yi-*/, 
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id RE = RK-EK 










= RK-QWl=2/-!/s, 
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and r ^^^1 + ^1^3 
In the same ivay. 
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RECTANGTJLAR CO-OEDIHATES. 
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tion of the resultant of like p 



Note that R is the Centre of Gravity of particles of masses 
!o, «!, placed at P and Q respectively ; or R is the point of applica- 
' ''' " ■ - •■' raJIel forces of magnitudes ttg, (i, at 

' and Q, respectively. 

If R divides PQ eai&rnaUy, so that 
— = -1 as in the iigure, we shall 



P 

r/1_ F 

O .. ^ 



have 



PF QE 
PR QR' 




and !,.?*- 
Similarly 




..Mk. 


-JA 



l-Hzl 



. . shown in the diagrai 

TO, (2) if il 



Note that R is the point of application of the resultant of unlike 
parallel forces of magnitudes a^ and «j at P and Q, respectively. 

Exajnples I. a. 

1. Read off the co-ordinates of tho points Pi, Pj,, 
on the next pa^e (Fig. 8). 

2. In what line does a point lie (1] if ii 
ordinate ia zero ? 

3. Find the eo-ordinatea ot the middle point of the line joining the 
points (3, 4), (5, 2). Verify your result by means of a diagram on squared 
paper. 

4. What are the co-ordinates o£ the middle point of the line joining 
the points (3, 5), (-3, -5)? Verify on squared paper. 

5. CSonatruot the triangle whose vertices are the points (2, 2), ( - 4, 2), 
(0, -4), using a half-inch unit on squared paper. 

6. Find the oo-ordinates of the middle points of the sides of the 
triangle in the previous question. 

7. Find the length of the Une joining the points (6, 6), (3, 1). Verify 
on squared paper. 

8. Find the length of the line joining the points (13, 2), (1, -3). 
Verify on squared paper. 

Find the lengths of the straight lines joining the following pairs of 

9. {0,0), {a,b}. la («, b), [-1. -b)- 

11. (a, 6), (a, -b). 12. {aomff, iisme], (ft cos fl, bain 6). 
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&.-B.T. T.] RECTANGULAE CO-ORDINATES. 

la f" ?^\ f* ^). 14. (aoosfl, 6), ta,bcose). 

\W «'iJ W n^/ 
15. (6, 3), (2, 1) oorreot to two deoimal places. 
10. 1-3, -4), (-1,5) „ 
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17. Find the co-ordinates of the points of triseotion of the line joining 
the points (3, 2), (6, 8). 

18, Knd the co-ordinates of tliat point of triseotion of the line joining 
(7,5), (-2, -1), which is nearer to the point (7, 6). 



AREA OF A TRIANGLE. 



7. To find the a/rea of a kicmgle formed by joining the migin to the 
poiids {x^, y^), {a:^, 1/^y 

Let P, Q be the points (a^j, t/j), (sc^, .f/^) respectively. 
Draw the ordinates PN, QM. 
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i RECTANGULAE CO-OEDINATES, [chap. i. 

The area of A OPia= A OQM + trapezium QMNP- AONP 
[The area of a trapezium 
= ^(suTn of parallel sides) 

X altitude.] 
= ^[0M .QM + (QM + PN)MN 
- ON . PN] 

= K'^2y2 + fe + J/l)K-»2) 

-KlJ/l] 

8. We may use the formula of 
the preceding article to find the 
area of any triangle. 
Find the area of the triangle formed by joining the points ( - 2, 1), 
(3, 2), (8, 4)- 
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Add 2 to each abscissa, and subtract 1 from each ordinate. 
This, as seen by the figure, is the same as moving the triangle 
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AEEA OP A TRIANGLE. 



through 2 units parallel to Oz, and then through 1 unit in a 
negative direction parallel to Oj/. 

The original APQR first moves into the position P^Q^R^, and 
then into the position OQ^Rg, the lengths of its sides remaining 
the same. 

The co-ordinates of O, Q,, Rj are {0, 0), (4, 3), (5, 1) respectively, 
.-. APQR=AOQ2R2 = K5x3-4xl] [hin^^^-^i)] 

9. The area of the iriajnffle farmed hj joining the points (ii,, j'^). 

Let ABC be the three points. Draw the ordinates AL, BM, CN. 

A ABC -= trapezium ALNC + trapezium CNMB - trapezium ALMB. 

The area of a trapezium 

= ^{ei!m of parallel ' Cfx .v ) 

sides) X altitude ; 
.'. trapezium ALNC 
= ^{AL + CN)LN 

Trapezium CNMB 

= |(CN + BM)W1N 

= ife + 2'3)(i«2-%)- 
Trapezium ALMB 

= J(AL+B1V1)LM 

.-. AABC = K(^3 + 2'i)(i^a-%)-*-te+2/8)K-^B)-{j'2 + yi)(^-^i)] 

Or simplifying, 

AABC = ^[Ki{!/3-2/3)+fl;2(2/s-j(i) + a;3(yj-2,,)]. 

An area is necessarily positive. In order to ensure that the 
above expression is positive, it will be found necessary to 
arrange the co-ordinates in the formula in the order that they 
occur when the triangle is circumscribed in an anti- clockwise 
direction. 
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10 EECTAKGULAE CO-OEDINATES. [chap. i. 

E.g. With the following figure the above expression would 
be negative ; 



10. Find the area of the iriangk joining thepoink {3, 1), (-1, 3), 
(-3, -2). 

We may use the formula of Art. 9, or the following method ; 
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Bxs. i.B,] AEEA OF A TRIANGLE. 11 

Plotting the triangle ABC on squared paper as in the diagram, 
and drawing ON parallel to Ox, and BWl, AN parallel to Qy as 
shown, 

AABC= A CBM 4- trapezium BWINA- AACN 

= iCM. BM + i(BM+AN)WlN-^AN, ON 

The area of a quadrilateral or polygon, when the co-ordinates 
of its angular points are given, may be found by dividing the 
area into triangles. 

Examples I. b. 

Find, without using a formula, tho area of tho iiguro having for vertices 
the points i 

I. (4, 2), (4, 5), (-3, 2). 2. (0, 0), (3, 3), (3, -5). 
3. (0, 0), (2, 61, (4, 4). 4. (0, 5), (4, 6), (4, 8). 

5. (-4,3), (-1, -2). (3, -2). 6. (0,0), {^. y,), (a;,, -y,). 

7. (0, 0), {^, y,), ( - iKj, y^). 8. (0, 0|, (0, c), (A, k). 

In this esample the result is iadependent of k. What geometrical 
theorem does this prove ? 

8. (^„!^i), (^1, -yi), (0, -y,}. 10. (1, -2], (3,3), (-3,2). 

11. (3,1), (3, -1), (-1,3). 

Find the areas of the figures formed by joining the following points, 
using the formula for the area of a, triangle wh^i adviaabU : 

12. {h, k), {h, h), (a, a). 13. (0, 0), (0, 3), (4, 0), (4, 5). 

14. (0, 0), (6, 0), (4, 3), (0, 7). 15. (1, -3), (3, 1), (1, 4), (-5, -2). 
16. (5,0), (3,4), (-4,1), (2, -3). 

EQUATION OF A LOCUS, 

II. De£ If a point moves hid is ^abject to eeriam restridiom, (he 
path it traces out is ctdled its locos. 

The student will be familiar with certain well-known loci. 

£!.g. The locus of a point which moves at a constant distance 
from a fixed point is a circle, whose centre is at the fixed point. 

The locus of a point eqtudistant from two fixed points is a 
atraight line bisecting at right angles the straight line joining the 
two fixed points. 

The locus of a point which is equidistant from two given 
intersecting straight lines is the two bisectors of the angles 
between tho straight lines. 
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12 RECTANGULAR CO-ORDINATES. [chap, 1. 

12. Etiuation of a locus. 

Plot a number of points aU at equal distances, say 2 units, 
from the axis of x. 



s 

4 

A B g C ^^ D E 

>;r 



If A, B, C, D, ... are tlie points, we see that the locus is a 
straight line ABC, parallel to Ox and at a distance 2 from it. 
If (ic, y) are the co-ordinates of any point on the locus, we see 
that y = 3. 

Also y = 2 for every 
point on the straight 
line, and for no other 
point. 

E.g. At Q y > 2, at 
R ?/ < 2 ; 

.'. J/ = 2 is said to be 
the equation of the locus. 

Take a circle of 
radius 3 units, and 
whose centre is at the 
origin. If (x, y) are 
the co-ordinates of any 
point P on its circum- 
ference, we see from 
the figure that 

, for any point on the circle x^ +y'' = 9. 
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EXs. I. c] EQUATION OF A LOCUS. 13 

Moreover this equation is not true unless the point {x, y) lies 
on. tie circumference. 

At Q kH ^^ = 0Q2 > OPS > 9. 

At R 3;Hy^ = OR2<OP3<9. 

.'. af* + «/^ = 9 is said to be the equation of the locus, in this 
case a circle, 

It will be seen, as we proceed with the subject, that if a point 
{x, y) moves in any given manner, we shall always be able to 
find an equation, connecting x, y and given quantities, which is 
true for all points on the locus of the point and for no other 
point. 

Example L Find the equation qf the locus of a point which k alwm/a 
eguidistanlfrom the points (a, 0), ( -a, 0). 
Let (a!, y) be any point on the loons, 

Tha distance of {x, y) from the point [a, (i)='J{s:-a,)^ + j/^ (Art. 4.) 
, , (-0!, 01 =-s /(a: + ap + y^ (Art. 4.) 
.-. by hypothesis, ^(x-a)= + y^=s/{x + a)' + y^. 
Squaring, x'^ -2ax + ct' + y^=a:'' + 2a!i: + a^ + }^, 

and x—0 is the reqd. eqnation. 
I figure that the locus itself is a, straight line bisecting 
he given points at right angles. 

Exaraileii. Find the eqwition of the loeim of a point whose diitwitefrom 
the point {a, 3) is cimstant atid equal to e. 
Let [x, y) be any point on the looas. 

The distance of {x, y] from the point (o, |9)=n/(je -iij2+ (^-jSp. (Art. 4.) 
... V{ar-a)H(y-^)^=c, 

and (x -a)'' + (y - ^)^ = c' is the reqd. equation; 
It is at once seen from a figure that the locus itself ia a oirclo whoso 
centre is at the point (a, ;3] and whose radius is o. 

Examples I. c. 

[When imng squared paper indiate dearly, on the diagram, the unit 
en^nloyed. ] 

1. Pbt six or se^en points whose absciasae are 6. Thus dotormine 
the loous of a point which moves so that its abscissa is 6. What is its 

■e 4. What is the locua, 
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3, Plot a number of points whose abeoiesae are - 3. What is the locus, 
and what is its equation? 

4, Plot a nomber o£ points whose ordinatea are -5. What is the 
loous, and what is its equation ? 

5, Find the equation of the Ioouk of a point equidistant from the 
points (3, 0), {-i, 0). 

6, Find the eqaation of the loeua of a point equidistant from the points 
(3, 4), (-2,1). 

7, What is the equation of the loons of a point whioh moves so th&t its 

Serpandioular distance from the axis i.f r is thiee times its perpendicular 
istance from the axis of y ? 

8, A point moves so that its distance fiom the oasan is always equal 
to 5 ; find the equation of its loous 

9, A point moves so tliat its liatanoe tiom the pomt (0, 0) is three 
times its distance from the point (2 4) Fmd the equation of its locus. 

10. The diatanoe of a point from the axis of x is always eqoal to its 
distance from the point ( - 2, 5) : tmd the equation of its loous. 

H, Fiud the equation of the locus of a point whose distance from the 
point ( - 2, 4) is always equal to S. 

12, On squared paper plot a number of points whose distances from the 
axis of 2/ are always twice their distajioes from the ajcis of x. What can 
you see about the locus of auoh points T 

Find the equation of the loons. 

13. On squared paper plot a number of points such that in each case the 
ordinate is greater than the abscissa, by unity. What do you see about 
the locus of sueh points ? 

Find the equation of the locus. 

14, Plot the points (3, I), (6, 2) and join them by a straight line. 
Prove that if (a;, y) is aaiy point on this line, then a:=3j/. 

15. Plot the points given in the following table : 

When 



K= -2 -1 1 2 
«= 1 2 3 4 5 



.-= 


-. 


-4 


-3 


-2 


-1 





S' = 


12 


11 


10 


s 


8 


7 
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CHAPTER II. 

THE STRAIGHT LINE. 

IS. Tojiind the equaUcm of a straight Uneparalelt to the axis ofx. 
Let PB be the straight line, cutting the axis of y at B 
let OB = 6. 

Let the co-ordinates of P, any point on the line, be (x, ij). 

Draw the ordinate PN. 

Then PN = OB or y=^h. 



and 



J' 

B 




h 


XR 












Now we see that this equation is true for any point on the 
line PB, and that it is true for no other points. 
E.g. At Q,y>b; at R, ?/< S. 
.'. y = b is the equation of the line. 
14. To find the eqvation of a straight Ime parailel to the axis of y. 
As in the previous article, if a is the intercept of the line on 
the axis of x, x= a is the equation of the line. 
Note. The equation of the axis oi y h 3:=0. 
„ „ scisj^=0. 

When {x, y) is awy point on a locua, a and y are called 
Ourrent Co-ordinateB, 
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THE STRAIGHT LINE, 



[cr 




15. To find the equation of a straight line through the origin and 
drwum in a given direction. 
Let OP be a straight line, the l POx (S) being given. 
Lot (x, y) be the co-ordinates of any point P on the line. 
Draw the ordinate PN. We have now to find the equation 
connecting x, y, and the 
given L $. 

From the figure 



and i/ = 7mc 

when ta.nd = in. 



the reqd. equation, 

16. Slope or Gradient. The letter m ia generally used 1 
denote the tangent of the 
angle which a straight line 
m^es with the axis of x, 
and is called the elope or 
gradient of the line. It is 
measured in the following 
manner : 

If the straight line cuts 
the axis of s at A, let As 
revolve about the point A 
in a positive direction untO it 
coincides with the straight 
line. The tangent of the 
angle which Aa: has turned 
through is the slope of the 
line. Thus in the figure, 
the slopes of the different 
lines are 

tan Pjkz, tan P^Aa;, tan PjAa, tan P^Ak, 
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THE STRAIGHT LINE, 



17. To find the equoMon of a straight line ■passing through the 
origin, and also through a given point (it^, j/j). 

Let OP be the straight line passing throiigli the given point 
Q{x^, ^i), and also through the origin O. 

Let (a;, ^) be cm/ point P 
on the line. 

It is required to find the 
equation connecting x, y, x-^, 
and^i. 

Draw the ordinates PN, 
QM. 

From the similar a's 
PNO, QMO, 



Thi^ IS the retid. equation. 

18 Given the slope of a straight line, and i 
of y, t find ;/' ejuahon 




Let BP be the straight line, making an angle B with the axis 
of a, so that taii^ = m, the given dope. Also let c = OB, the 
intercept on the axis of y. 

If P (x,y) is any point on the line, it is required to find the 
equation connecting x, ?/, in, and c. 
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THE STEAIGHT LINE. 



From the APMB, — - = 1*116 = ™. 
' BM 

But PM = PN-MN=^-tf, and BM = ON = 



;, and y 



or y = mx + c, the reqd. equation. 

Note that if the point (Sj, y-^ is on the line y = mx-\- 
must satisfy the equation y = ir^ + c, i.e. y-^ = mXy + c. 

Example. The point (2, 9) is on the straight line y-2x-{-b, for 
9=2 >! 2+5. 

The straight line Ai! + By = passes through the origin (0, 0), 
for these co-ordinates satisfy the equation. 

If a Btraight lins passes through the origin its eauation has 
no constant term, for otherwise the co-ordinates {0, 0) of the 
origin would not satisfy the eiiuation, 

19. GiMn the intercepts of a straight line on the axes of co-<yrdinates, 
tofindiis equatwn. 




Let a be the intercept OA on the a 
and b „ ,, OB „ „ y. 

Let P (x, y) be cmy point on the line. 
It ia required to find the equation connecting x, y, a, and J. 
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LRT, 20,] THE STEAIGHT LINE. 

Draw the ordinato PN, 

From the similar A' PNA, BOA, 
PNAN 
0B~0A' 

But AN = OA~ON = a-^'; 



or - + ^ = 1, the reqd. equation. 

Note chat the straight line -+^=1 passes through the point 

(0, i), for when iK = and y = b the equation is satisfied. 
This straight line also passes through the point (a, 0). 

20. Given thai p is the length of the jterpendieular from ihe origin 
iipon a straight line, and that a is the angle the perpeiiMouiar mokes 
with the ims of x, to find the equation of the straight line. 




Let PQ be the straight line, OCl(=^) the perpendicular drawn 
to it from the origin 0, and let l QOX = a.. 

If P(x, y) is any point on the straight line, it is required to find 
the equation connecting x, y, p, and a. 

Draw the ordinate PN. Also draw NR perpendicular to OQ, 
and PM perpendicular to RN. 

iPNM=^90°-^RNO = a, 
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THE STRAIGHT LIICE, 

^ = OQ==OR + RQ=OR + PM 
= ONcos«+PNsin«, 
or ^ = !i;cos<x + ^sma. 
l-ysina=p is the n 



Note carefully ttat if any values of » and y satisfy the equation 
of a locus, the point {x, y) lies on that locus. 

Also conversely, if the point {x, y) is on a locus, these values of 
X and y must satidy the equation of the locus. 

Thus the point (3, 4) lies on the locus whose equation is 

a;^ + / = 25, for 3^ + 4^ = 25. 

The point (6, 2) lies on the straight line whose equation is 

(/ = 3-'-4 for 2 = 6 4. 

21. Thus far we observe thit in e'lch case the equation of the 
straight line is of the first degree m <■ and y. We will now 
prove that ^uch must be the case 

To prove fkat eveiij equahmi of the Jwt dejree in x and y represents 
a, straiffhl line 




The most general equation of the first degree is ka + By + C = 0. 
Take Q a fixed point on the locus, and let its co-ordinates be 

(^1. yi)- 

Let P{x, y) be any other point on the locus. 

Join PQ and draw the ordinates PN, QM. 

Also draw QK parallel to 03! to meet PN at K, Let l PQK = (t. 
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lET. 23.] THE STEAIGHT LINE 

P is on the locus, .■. Aa;+B!/ + C = 0. 
Q „ „ .'. kSj + Ot/i + C^ 0. 
,'. by subtraction, A{x-Xj) + B(i/ ■-j/^) — 0. 

.'. t/i — — , which is constant ; 



,'. tana is constant, or a is a fixed angle for all positions of P, 
for QK is drawn in a fixed direction. 

; locus of P is a straight line through Q, making an 

\ with Ok, 



'-'(-©' 



22. The general equation A;i;+8;y + C = contains three con- 
stants, A, B, C. These, however, are not independent, for we can 
divide through by any one of them. Thus Aas + B)/ + C = is the 
same equation as 

Ax B?/ , , !C V -, 



Hence if the values of - -r and - - are known, the position of 

the straight line is determined by means of the formula - + t=1, 

and the straight line can be drawn. We see therefore that the 
constants A, B, C are equivalent to two imiepmdmi constants. 

It will dways be found that two conditions, suflicient to find 
two constants, are enough to determine the position of a straight 
line. 

In the equation i/=mx + c, m and c are the constants, and if 
their values are known, the straight line can be drawn. 

So in the equation a;coso. + ysina=p, the values of a and p 
determine the straight line. 

23. To find the co-ordinates of the pomt of mtersecUon of two given 
straight lines. 

Let aiX + b-j/ + C-^ = 0, a^a; + ft,^ + e^ = be the equations of the 

The co-ordinates of the common point of the straight lines 
satisft' both equations. 
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32 THE STBAIGHT LINE. [chap. ii. 

.'. we have to find values of a and y whicli satisfy both 
equations. 

Ill other words, we have to solve the two equations, looking 
upon thera aa simultaneous. 

The given equations may be solved in the usual way by 
eliminating x, and substituting the value of y, when found, but 
the student should be able to write down the solution, thus : 



\^i - bgCj ftjCg - a^Cj ajbg - a^bj 

It is easily remembered in the following manner ; 

Write down the coefficients, omitting the a^'s and y's, thus : 

Up Sj, c,, 

\ 

/ 

"s- K h- 

To obtain the denominator of x, imagine the a column erased, 
and take the products of the i's and c's, crosswap as indicated, 
putting the minus sign between them, thus obtaining b^c^-b^c■^. 

To obtain the denominator of y, imagine the b column erased, 
take the products of the a's and c's as before, with the minus sign 
between them, and place the minas sign before y. 

To obtain the third dmorfiinatm; imagine the c column erased, 
and take the products of the a's and S's, as for x. 

Example. Find ths point of iiiieraedion of the st/raigM lines. 
ix-^y-QA-Q, 
3x + 7s^ + E = 0. 

Solving theae eqimtiona by the above method, 



+ 7x24'"4xg + 3«24 4«7 + 



6(-5 + 28) 4(5 + 18) 2(14 + 9)' 

.-. J. = 3, y^-2. 

.'. (3, - 2) is the oommon point of the two lines. 

24. If three straight lines are concurrent, i.e. meet at a point, 

the co-ordinates of the common point of any two will satisfy the 

equation of the third. 

The equation of a straight line may bo written in any of the 
forma obtained in Articles 18, 19, 20. 
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iRT. 25.} THE STRAIGHT LINE. 

Example L WriU the equation Sx-Ay — 7 in the /on 
The equation may be written 4i/ — da:-T, 



which is in the foi'm y — mx + c. 
The given line maJseB an anglo tan~'-j with the axis of x, and passes 
through tbe point on the axis of y, whoae ordinates are (0, - j). 

Example IL Write theeqtiaCion 3x-4y — 7ia the form - + |=!l. 

It rniiy be written ^-.^^i, 

or 4-^-1 

which is of the form - + ^^1. 

The given line outs from the axes lengths equal to 2^ aud - if 
respectively. 

Example ill. Write the equation 3* - 4y =7 in the fmin ■j;t}osa + y sin a ~p. 
The point to he observed here is that ain^o + cos'^o = l. 
Dividing through by \'3' + 4^, i.e. by 5, the equation becomes 
^_fe^^, which is in the form 



-g, and siii^ + G03^a = — vj— = 1. 



The perpendicular on the given line from the origin makes an angle 
taii-^( - j) with the axis of sc, and the length of this perpendioular is -y 

Example iv. IVt-ite the agnation Aj; + Bji + C = m As form 

Using the method of Example iii., the required equation is 
AfK By C ^„ 

25. CHven the equation of a straighl line to draw this straight line 

to scale. 
[It is generally advisable to use squared paper,] 
This can be done by finding (by trial) tte co-ordinates of two 

points on the straight line, and joining them. 
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THE STEjIIGHT LINE. 



Example L Draw the straight Um Sjf - 4i/ = 12. 
In this equation, when y-0, x-i ; 

,-. the point (4, 0) is on the line. 
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Plot this point, A in the figure. 

When jT=0, y^-S; 

:. the point (0, -3] is on the line. 
Plot this point, E in the figiiro. AB is the stiiiight line. 
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Exs. ii-iu] THE STRAIGHT LIN"E. 25 

Example It Draw the straight line. 1/ = 4c + 3. 
When x-0, y=Z; 

.: the point (0, 3) is on the lino. 
Plot this point, C in the figure. 
Whenj(=0, a:= -f. 

The point {-1,0] is not very convenient lo plot; we therefore find 
another. 

When x^-2, p= -8 + 3= -S; 

.■. the point ( - 2, - 5] is on the line. 
Plot this point, D in the figure. 

CD 13 the line. 

Examples II. a. 

IThefolloiviag Mxawplea may be taken orally.'] 

Write down, or read off, in each naae quoting the formula used, the 
equations of the following straight lines : 

1, Parallel to, and at a distance 8 from the axis of x, and on the 
positive side of it. 

2. Parallel to, and at a distance 5 from the axis of k, and on the 
negative aide of it. 

3, Parallel to, and at a diatance 4 from the axia of y, and on the 
positive side of it. 

4. Parallel to, and at a distance 3 from the axis of y, and on the 
negative aide of it. 

6. Through the origin and having a slope equal to i: 

6. Through the origin and the point (3, 2). 

7. Through the origin and the point ( - 4, 5). 

8. Through the origin and the point ( - 5, 5). 

9. Through the origin and haring a slope - 3. 

10. Having a slope equal to 4 and making an intercept 3 on the axis of 1/. 

11. Having a slope equal to - 3 and mating an intercept - 2 on the axia 
of y. 

12. Making equal intercepts on the axes, each equal to 3. 

13. Making intercepts 3 and -4 oa the axes of 3: and y reapeotivelj. 

14. What are the slopes of the following straight lines : 
(i)y=aB-5? (ii)y-3cc^4! (iii) 8y + i>:=6? 

(iv) 3ic + 4y=7? (v) 4a^-3y + 8 = 0f (vi) Ax + By + G=01 
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36 THE STEAIGHT LINE. [uhap. u. 

15. Write down, or read off, the intercepta of the following straight 
lines on tKe axis o£ y : 

(i) y = 3x-5. (ii) 3y=4a; + 6. (iii) 3a;-6^ = 9. 

(iy| 33! + 4!/ + 12=0. (v) Aa; + Bj( + C=0. (vi) iccDso + yBino-p = 0. 

16. Write down, or read off, tlie interoepta of the following straight 
lines on the axis of x ; 

(i) a)+j(=4. (ii) y + 2a; = 6. (iii) y-x=5. 

(iv) 3x-4y-18=0. (v) Ak + Bj/ + C = 0. (vi| a;oo3a + yaina=}j. 

17. What is the condition that the point {^i, ^i) should be on the straight 

18. What is the condition that the point (0, 1 1 should be on the straight 
Uneax + by~e? 

19. What is the ooudifcion that the straight line ax-by = c should be 
ec[uallj inclined to the axes ? 

20. What is the condition that the straight line aa: + !ri/ + e-0 should 
pass through the origin ? 

21. Where do the straight lines x—a, y-h meet ? 

22. What are the oo-ordiaatea of tlie points of intersection of x-y — % 

23. The straight lines 33: + 4^ = 6, 3a; + 4^-8 do not meet at all. How 

In drawing to sea,le indicate clearly, on the sheet containing 
the diagram, the unit employed. 

Draw all diagrams in pencil, letter them in ink, and study 
neatness. 

Let the diagram iSSustrate the problem as much as possible. 

E.g. Points, whose co-ordinates are known, should have those 
co-ordinates written against them. 

Keep squared paper for diagrams, giving written explanations, 
etc., on another sheet. 

Examples II b 
\_Worl. qmshoni 1 9 v.tlhout asian q iiu/ foimula J 



3. Find the ef[uation of the straight lino nho^e inteicepta on the axt 
of a: and y are 4 and - 4 

4, A straight lino makes eqnal intercepta both of positive sign on tt 
axes, and the pevpeuiiioular on it trom the ovjgin is equal to 4. Find ii 
equation. 
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5. A straight line has a slope equal to unity and pnsses through tha 
point (6, -6). Find its equation. 
Find the intercepts of the following straight lines on tho asca of co- 



(i) a:-4, (ii}a:=-3, (iii) y=5, (iv)^--!. 

11, Do the same with the following straight lines : 

(i) y = a., (ii)s'=-»^, (;ii) 2/=4:k, (iY)}f=-2x. 

12, In the same diagram, on squared paper, draw the straight lines 
itK + 4y = 12 and tc - 3y = 12. Explain your method. 

Draw the following straight lines to scale on squared paper, explaining 
your method in each ease : 

13, x-ay=Q. 14. x^2y=<i. 15, 6k + %-20 = 0, 

16. ;j + ^=3- 17. ^^-kl = ^- 18, 13;c-16j/-0. 

19. 5-e~3y = S. 

Find the pointa of intersection of the following pairs of straight lines ; 

30. a: + y^*, x-j/^2. 21. 3f-y = 2, 2a^ + !/ = 7. 

22. Sx-^iy^l, 3s; + 4!( = 17. 23, S^ = ii/-'i, 5i/-03: = 8. 

24. 7a;-0j( + 59=O, 33; - 8jr + 47 = 0. 

25. DisouBs the equation Aic + By + C = 0, 

(i) when A = 0, (ii) when B=0, (iii| when C = 0, 

(iv) when A = «j, (v) when A = C=0, (vi) when 6=00. 

26. Find the equation of the straight line through the origin and the 
middle point of the line joining (2, 3), (4, - 9). 

27. Find the equation of the straight line through the origin and the 
middle point of the line joining {a;,, yj) and {x^ j/,). 

28. What is the value of m if the straight line y = ma; + 4 passes through 
the point of intersection of a;-y = S and a; + y=7. 

29. Prove that the following three straight lines are oonenrrent : 

x-y=6, 4j)-a); + 22=0, ^x+By + S^O. 

26. Given a point (%, jij) on a straight line, and the slope (m) of 
fhe line, to find its equation. 

Let PQ be the line, Q, being the given point (x,, ^j). Also let 
the line make an angle tan~ini with Ox. 

If P{x, y) is any point on the line, it is required to find the 
equation connecting x, y, x^, j/j, and m. 



y Google 



THE STRAIGHT LINE. [chap. d. 

V the ordinatea PN, QM ; and draw QK perpendicular to PN. 
PK = PN - KN = PN - QM = {/ - y-^, 
QK=MN = ON-OM=,5:-3:i; 



y 














(yR-^ 




('.■yj^:^ 


-■"^^ 


y-7i 


^.^ 









.'. from the APKQ, -— - = tan PQK = m, 

or l^Lh^m- 
.'. y-y, = m(x-Xi) is the reqd. equation. 

27. The following analytical method might be used. 

Let y = ma; + c be the equation required, where c is nnhwtm. 
By hypothesis, the point (x-^, j/j) lies on the line. 

.'. a,, y^ satisfy the equation t/ = mx + c; 
:. y^^mx^ + c. 
Also y^nw.-i-c; 

.'. by subtraction, y -y^ = m{x-Xj) is the reqd. equation. 

28. To find the equation of the straight line passing through Ike 
two ffiven points {x^, y-^), (a^, t/^). 

Let A and B be the given points, {a;,, «/j), (x^, y^, and P(a, y) any 
point on the line. 

It is required to find the equation connecting x, y, a^, y^, x^, 
and y,. 
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Draw the ordinates AH, BL, PN, and draw AKM perpendicular 
10 BL and PN, 
From the similar triangles PP/IA, BKA, 
PM AM 

BK~AK 

But PP/1 - PN - MN = PN - AH = ^ -;/,, 

BK = BL - KL = BL - AH = 2/2 - y^, 
AM = HN = ON-OH-a;-a;^, 
AK = H L = L - O H = aij - iEj ; 



.,(1) 




.', from (1) — — -- = — ■ — L and this is the reqd, equation, 
ya - yi Xg - Xi 

Note. The slope of this liae is ^' ~ ^^ . This may he seen from the 
figure, or by writing the equation in the, form y—mx + c. 

29. The equation of the straight line in the preceding article 
might be found by the following method. 

Suppose y=mx-^c is the equation of the straight line, where m 
and r, are unkrwwn. 

The point (a;^, y^ is on the straight line ; 

.-. y^'^mx^ + c^ (1) 

Also (aig, ^a) is on the line ; .'. ■y^ = 'mc2-i-<: (2) 

And y = mx + « (3) 
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THE STRAIGHT LIKE. 



Subtracting (1) from (3), y~y^ = m(x~x^. 
(1) „ {2),y^-y^ = m{x^-x^)\ 



by division, ' 



Vi-Vi 



!- is the reqd. equation. 



30. The following will be used a great deal in later cliaptera. 

If (Kj, y^ is a given, point on. a straight line, (a, y) am/ point on the 
line, d the angle the line makes with the cms of x, amd r the distomee 
between the points {x, y), {3^, y-^, 

x-ii _ y-y| 



[This will be found very useful in oases whore we have to deal 
with the length {r) of any portion of a line.] 

Let P be the point {x,y), Q, the given point {x-^,y-^), so that 
PQ, = r. 









"-t^) 






."^''^^ 


y-y. 




(^-.■x^ 


^.^ s 


K 


^ 





M 



Draw the ordinatea PN, CIM, and draw QK perpendieular to PN. 

From the A PKQ, QK = PQ cos 9 or a - a, = r coa d and ^ = r. 

^ cos t' 

Also PK = PQRine, or y-y^ = rsmQ and ^■^^=r. 

■ ig-Mi _.y-y]_,, 
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If AB, AC are the straight 
lines, 

i,Aat = tan'"% 

9 suppose, 
i.ACiC = tan~'m.' 

'' suppose. 
Then if i^ = i,CAB, the 
mgle required, 



THE STRAIGHT LINE. 31 

e between the straight lines y = mx + c, y = wt'x + c' is 




, traii</i = ban 






Corollary 1 . If the two straight lines y = mx + c, y = m'x + e' 
are parallel, in = m'. 

This is evident from a diagram, for the lines make equal angles 
with Oa, and therefore their slopes (or gradients) are equal. 

CoEOLLARY 2. If the two straight lines y = mx + c, y = m'x + c' 
are at right angles, mm' = - 1. 

ttlo between them = =- 



The tangent of the a 
But tan 90° = CO ; .■. 



f 1 =0, orMim'= - 1. 



32. If the two straight lines a^x + bjy + c, = 0, a^x + b^y + c^ - 
are at right angles, a^a^ + b^b^ = 0. 

The ' m ' or slope of the first line = - -ji. 
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33 THE STRAIGHT LINE. [chap. ii. 

.'. by the preceding article f-vJ-)x{-i^j = -l, (mBi' = -l) 

or a-j^(t2 + bih2 = 0. 
Note careMIy the following illustrations : 
(!) 5x-2y = 3, 

5x-2i/=k are parallel lines for all values of k, for their 
slopes are equal. 
(2) bx-2y = S, 

2a; + By = fc are perpendicular lines for all values of &, 
for Kjfflj + ijij = 5x2-2x5 = 0. 



(3) 



3^3 



= 5, 



2x-3y=k are perpendicular lines for all values of h, 



33. To jmd the equations of the straight lines drawn through the 
' it (h, Ic) and making an angle a wUh the given line y = mx + c. 




Let A be the point {h, h), BCD the given line y^mx-{-c. Then 
if AC, AD are the lines whose equations are required, 
i.ACD = ^ADC = n. 
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iRT. BB.] THE STRAIGHT LINE. 33 

Hence if BCD makes an angle 6 with Oa:, we see from tlie 
iiagram that the slopes of the required lines are 

tan (a + $) and tan (tt - n + ff). 

^ , , ^, tan a + tan 6 ^ , „, ^ , ., 

ta(. + 9)-j---— -J .»(,-« + «). -tan(.-«) 

tan i + m tan a - tan 6 

1 - TO tan a ' " 1 + tan a tan 6 



.-. y-fe= ""^7"' fa^A)andy-fe= . "" -fa-^) {Art. 26.) 
are the required equations. 

34. if A is an^ constaM, ax + bi/-i-c + k(a'x+}/p + (f) = ...(1) 
re^esents a straight Une passing through the poini of ivih-sedimt, of 
the straight Uj^es atx + by + c = .--(2), and a'x+b'y + c'^O ...(3). 

Equation (1) represents a straight line, for it is of the first degree. 
Let {x^,t/i) he the co-ordinates of the common point of (2) 
and (3). 

The point (%, (/j) lies on (2) ; .'. axj^ + by^ +c = (4) 

(3); .-. a\ + b'y, + c = (5) 

Multiplying (5) by A, and adding to (4), 

axi + hJ^ + e + ^. {a\ + b\ + b) = 0. 
From this we see that the values ^,y-y satisfy equation (1); 
.'. the straight line represented by (!) passes through (se,, y^, 
the common point of (2) and (3). Q.E.D. 

35. If, -without transgressing the laws of Algebra, we combine 
the equations of two given straight lines and obtain a third 
equation of the first degree, this equation will represent a 
Btra^ht line passing through the point of intersection of the 
given straight lines. 

Consider the straight linos 

ai2 + 6i)/ + Cj = 0, (1) 

a^7i + h^^r.„ = (2) 
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Multiplying (I) by (X) and (2) by (li), where A and /j. are any 
constants, and adding, X{a.^x + l).ji/ + c) + ii{a^ + b^ + Cf^)=^0 ...{S). 

This equation is of the first degree, and therefore represents a 
straight hne. Also, any values of x and y, which satisfy bolli 
(1) and (2), satisfy (3) also. 

,', the line (3) passes through the point of intersection of 
(1) and (3). 



Multiplying the first equation by 5, 25»:- 10j(+20=0. 
,, ,, ,, second ,, ,, 4, 18a;- 12j( + 20=0. 
Subtracting, 9^ + 2y=0. 
This equation is of the first degree and has no 
it represents a straight line through the origin. 



The straight line Sx-7y + 9-{-M5x + iy-S)=G passes through the int 

seotioji of the given lines for all values of X. 

If it also passes through the point (0, - 3j, we have by substitution, 

21 + + \(-12-3) = O and \=2; 

.: to-7i' + + 2(5a:4-4j(-3)=O, 

or I3k + i/ + 3 = is the required equation. 

Esaraple Hi. The straight line 2a; - % + 3 + a (2k + 5jj - 3) =0 posaes throh 
a fixed point for all values of a. 

The line passes through the intersection of 

2ii!-5y + 3 = 0, and 2x + 5y-3 = 0, 
i.e. through the fixed jwint (0, 5). 

36. To cktmge ike origin to the point (ft, 5), i%e diredioiis of Ike a 
being rnichamged. 

Let O' be the point (A, k), O'x', O'l/ the new axes, 

(x, y) the co-ordinates of P referred to the old axes, 
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Drawing the ordinate PMN, 

a =- ON = OA + O'M = h + ie!. 

y=PN=0'A+PM ^k + y'. 
Hence, if in any equa- 
tioa we write x + b, for ^ 
X and y + k for y, the 
resulting equation is the 
eciuation of the same 
locus referred to parallel 
axes through the point 

Example. The oqiiation 
of the straight liue 

33: + %- 18=0, 
when referred to parallel 
ases through the point (4, 3) 



aj)_ 



3(3: + 4) + 2(j( + 3)-18=0 Fig. 30. 

or 3a: + 2y=0. 
This proves that the straight line 33^ + 2^-18 = passes through the 
point (4, 3). 

37. As the point (x^, j/j) moves from one side of ihe straight line 
Aa; + Bj( + C = to ihe other, the expression, Are^ + By, + O dtanges Us 
dgn. 

Let Pbe the point (x-^, j/,), EF the straight line Ax + By + C = 0. 
Draw the ordinate PN 
meeting EF at Q. 
The point (a^, QN) is 
'f^,-X) on the line 

As + B;/ -I- C -- ; 
.■. Aa;j + B.QN+C = 0; 
.'. A^|+C= -B.QN; 
.". At, + By, + C 

= By, - B . CiN 
= B(PN-QN). 
But as P moves to the 
other side of EF, 
PN - Q.N changes its sign, which proves the proposition. 
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When P is at the origin, fflj=.j^ = 0, 

and then toj + Bjij -i- C = C. 

.', if C and the expression Aj^^ + B;/, + C have the same sign, 
the point (x^, y^) and the origin are on the same side of the line. 

If C and AiBj + Byj + C have opposite signs, the point (%, y^) 
and the origin are on opposite sides of the line. 

Consider the straight line 3x + iy- 12 = 0. Here C= - 12, 

Nowwhen a; = 3 and y = 4, 3a;-!-4i/- 12 = 9 + 16-12=13, 
which is positive, white C( - 12) is negative. 

,'. the point {3, 4) and the origin lie on opposite sides of the 
line 33; + 4y-12-0. 

When » = 2 and y= -1, 3a + 43/-12 = 6-i-12= -10. 

.". the point (2, - 1) and the origin lie on the same side of the 
line. 

38. The length of the perpendicular from the point {x^, y^) upon Die 
straight line As 4- By + C = is equal to 

Ax, + Byi + C 




Let EF be the straight line, P the point (kj, y-^. 
Draw PK perpendicular to EF. 

Also draw PN perpendicular to 0,r, meeting EF at Q. 
L6tiOEF = a. 



At E, )/=0; .'. Ax + C^O i 



. 0E= - 
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In the same way at F, s = and 0F= - - ; 

■ tana = — =- and sm«. = ^-^^- B 

Also i.KFN3 = 90°-iKQP = 90°~iNQE = ct; 



,". PK = PQeos« = (PN-QN)c( 



But Q is on the Hne As + By + C = 0, and (Xj, QN) i 
co-ordinates ; 

.'. AKj + B.QN + C-O, whence QN = - ^^1^. 

fti?! + Byj + C 



Ja^+b^ 7a2+b 

Corollary. When P ia at the origin, the expression for the 



But when P crosses the lino, the expression ; ^ ' ., — 
changes its sign (Art. 37). VA + B 

.'. if P and the origin are on the same side of the line, the 

expressions , . and , ,, have the same sign ; and 

when P and the origin are on opposite sides of the line, these 
expressions have opposite signs. 

39. Second Method. 

Draw OL perpendicular to the straight line. 

First let \i& find the length of QL. 

^OL. EF = AOEF = |OE.OF; 

.-. ou-5y^ (1) 



y Google 



38 THE STRAIGHT LINE. [chap. ii. 

At E, y = 0; .'. Aa; + C = and 'x= -^, i.e. 0E= -% 

At F, M! = 0; .". B)/ + C = and 0F=--. 

Also EF = V0E-^ + 0F'^=^5 + g = ^VA^T^i 

.-. from (l)OL = -p=£=^ (2) 

Next transfer the origin to the point (x^, i/j). 

The equation of the line is now A(x + x-^} + B(j/ + y^) -i- = 0, 

or Ak + By + AiCj + Bj/j + C ,= (3) 

Also from (3) the length of the perpendicular from the new 

origin upon this line = — '^^r^^— , for AE| + B^j + C ia tlie con- 



stant term in equation (3). 

But the new origin is the point (Sj^, y^) refened to the old axes ; 

.■, — ^ ■'^_ — is the length of the perpendicular required. 

40. I'he egmHons of the bisectors of the angles between the straight 
lines a,x + bj^ + Ci = 0, a^.+ b0-i-f^ = () are 

ajX + bjT + Cj^ agX + b^y + Cg 
VV + V ~ VV + bg^ 

If {x^, )/,) is any point on either bisector, the lengths of the per- 
pendiculars from {%, y^) to the given lines are equal ; 



^h^ + Vi 



V + V VV + V ^ ^/A^+B2 ^ V 



But (ic,, !/^) is awj) point on either bisocuui-. 

Therefore, suppressing the suffixes in x^ and )/i the two equations 



Jai^ + b, 
the equations of the two bisectors. 
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CoROLliABY. If ABC, DBE are the given lines, and P a point 
on the bisector of the l ABE, 

the perpendicular PN is on the opp. side of AB to the origin, 




.'. the equation of BP (the bisector falling within the 
angle DBC as the origin) is 



In the same way it may be proved that the equation of the 
other bisector is 

ttyX + bji/ + Cj _ ffi^a: + &;y 4- Cg 
VV + V ^/V + V ' 

41, Note carefully the fallowing : 

A straight line passes through the origin if its equation 
contains no constant term. 

The straight lines a-y-O, x-{-y — () bisect the angles between 
the ftxes. 

The straight line y-^i = «»(!»-%) passes through the point 
(lEj, ^j) for all values of m. 

lie straight line k{x-x^ + B{v — y^) = Q passes through the 



point (iKj, y-y) for all values of A and B. 



y Google 



40 THE STEAIQHT LINE. [chap. ii. 

The striiigtt line \{ax + hi/ + c) + ii. (a'x + b'y + e!) = Q passes 
through the infcetsection of ax + b>j-i-c = 0, and a'x+h'i/ + c' = 
loi all values of X and ^u 

The straight bne A(%-Xj) + B(y-yj) = passes through the 
point (a^, )/j) and is parallel toAiB+By + C = 0. 

The straight line B(3!-Ki)-A(y- j'j) = passes through the 
point (a^, t/i) and is perpendicular to to + By + C = 0. 

Examples II. c. 

[These questions may he taken orally vdth advantage.'] 

Write down, or mention, any special featuro of the following straight 

1. hc+By^O. 2. Aa+C = 0. 3. B^z + C^O. 

4. 3r-y + 2=a 5. 3: + y-5=l>. 

6. What is the general equation of a straight line parallel to 

7. What ia the geaera] equation of a straight line perpendicular to 

[l) 3s:-5y^7. I^) | + | = 1. (3) i/=jw + c. 

(4) fe + Ey + O^O. {5)Ax-By^C. (6) ^-| = 1. 

_, What is the slope of the line 3 
of the acute angle it makea with the a: 

9. What are the slopes of tlie lines joining the following pairs of points ; 
tl) (0, 0}, (3, 4). (2) (0, 0), |ft, k). (3) (4, E), (5, 6). 

(4) (-2, 3], (3, -5|. (3) (5, 3], (-2, -4). 

10. Wiiat are the slopes of the straight lines perpendicular to the 
following : 

(1) y=bx + c. (2) 2/= -bx + o. (3) by-\-x=e. 

(4) 3*+4j<+l = 0. (5| |-|=1. (6) 1 + 1 = 1- 

Write down, or read off, without simplifying, the length of the 



erpendioalar from the 


point : 




11. (1, 1) t 


othe 


straight 


line 5a:-y- 1=0. 


12. (2, -1) 






3a;-2^ + 4 = 0. 


13. (0,0) 






4x-3y + 5=i}, 


14. (-2,31 






2y-3^-i = 


15. (A,*) 






ay -hx^O. 


16. (-2, -3) 






j/ = 3^. 
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17. 5x-3y-7=i}. (1) 

3a! + 8j( + 7=0. (2) 

Adding, 8a! + 5^=0 (3| 

laterpret (3) in conneotion with (1) and (2). 

18, What do93 the equation 3{t/-2) + 4{x-Z] = become when the 
origin is changed to the point (3, 2) ? 

19, What does the equation 2(y + 3}-3(a: + 5) = become when the 
origin is changed to the point (5, 3) ? 

Write down, or read off, without simplifying, the equations of the 
bisectors of the angles between the following pairs of straight lines, giving 
reasons for your answers : 

20. Sx + 4^-7 = [>, 5o^-12y + l^0. 21, a^-%=0, x + 3y-5=0. 



. y=^ 



y = m 



Examples. U. d. 
[When you nse a formula, quote It.] 
Find the equation of the straight line ; 

1, Parallel to 3^ -5a; -7=0, and passing through the origin. 

2. ParaEel toy = 33! + 5, and passing through the point |2, -5), 

3. Paiallelto3* + 7y = 5, and passing through the point (-1, 1). 

4, Passing through the points (3, 4), (B, 6). [Check your result.] 

(a, 6), (-«, -6]. 

(4, -5). (0, 0], 

(4, 0), (0, 0), 

(6,5), (6, -2). 

(3, -7), (-2, 5). 

(0,0), (0,-3). 

11. Pind the aoute angle between the straight linos a;=l)and !/=v3* + 4. 

12. Find the angle between the straight lines x + y=.t and x-y = 5. 

13. Find the tangent of the angle betweeu the straight lines y=5x-i, 

14. Find the aoute angle between the straight lines ix-Zy — \^ 
53;+3y-2=0. 

15. Find the angle between the straight lines 3a:-4y=12, 4!C + 3y=2. 

16. What do you see about the inolinationa of the lines y~mie = c. 



is of a;? 






17. Fmd the equation of the straight line through the point (2, 
perpendicular to y^2x + 3. 

18. Find the equation of the straight lice through the origin, and per- 
pendioular tjD3y-4:c + 5 = 0. 

19. Find the equations of the straight lines through the poin! 
and making angles of 45° with the asis of x. 



4) 
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20. Prove that the following three points are eollineai' : (-4, -5), 
(1, -1), (6,3). 

21. Find the ^nation of the straight line making an intercept 3 on tha 
axis of a and at right angles to j/ = 4a! + 5. 

22. Find the equation of the straight line through the point (5, 8) and 
making equal (positive) intercepts on the axes. 

23. A straight line passes through the point (3, 3) and the portion 
intercepted between the axes ia biseoted at that point ; find its equation. 

21. Find the equation of the straight line through the point (2, 6) and 
making equal intercepts of opposite sign on the axes. 

25. The equations c(K + &i/ + e=0, y—tnx + h represent the same straight 
line : find the relations between the ooefGoients. 

26. Find the equations of the straight lines through the point ( ~ 2, - 4) 
and making angles of 30° with the axis of x. 

27. Find the equation of the straight line through the point ( - 3, 4) and 
perpendicular to the line Joining (0, 0) and (5, 6). 

Find the perpendicular diati 

28. From the point (3, 4) to the straight Uue 3j;-4j^=7. 



(4. -% 
(1. -1) 

(», 6) 



&x-'ly-n=Q. 



34. From the lino y = 



37. 



Betwee* the parallels 33f-4j/— 12, Sm-iy — S. 

„ ,, lx + my + n—(i,lx-i-my-n—0. 

- + ^ = 5, - + ^ + 9=0. 



{In nnmiera 38 to 42 the \ method of Art. 34 mm/ be used with advantage.'] 

38. Find the equation of the straight line passing through the point 
(1, 26)andthepoint of interaeotiouof 5K-7)/ + 6=0and2j/-ftK-4=0. 

39. Find the equation of the straight line passing through the inter- 
eeotion of 33:-5!/ + 6=0 and Sa; -7^ + 4=0, and parallel to 133: -19y + 7=0. 

40. Find the equation of the straight line through the point of inter- 
section of 2j:+^-5=:0, and 7iK-9!/+ 1=0, and perpendioular to the former. 

41. A straight line passes through the origin and the point of iaterseotion 
of 1^-23^ + 2 = 0, and Sic + Sy- 1=0: find its equation. 

42. Find the equations of the straight lines passing through the inter- 
section of 63!-S^ + 13 = and 9a: - 5y + 11 :^0, and making angles of 45° 
with the axis of x. 
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What is the area contained by the following straight Unes ? 
43. x=<i, y=f), 4s;-% = 24. 44. a: = 0, y = c, y^mcc. 

45. x-y^O, x + y = 0, y=k. 46. 3!=0, y = 0, a:-5 = 0, i/ + 6 = 0. 

47. a:-s/=0, x + y^O, x~y + 5=<i, aT + y-7=0, 

48. Show that the area of the triangle contained by the straight lines 
whose equations are 2i;+a;-B=0, ^+2x-7=0, *- j/ + l=0, is |. 

49. I£ Ax + Sy=C and y=mx + lc represent the same straight line, 
proYS that q . 

50. H Aa; + Bi/ = C and !KC09a + 3/sino=p represent the same straight 
line, findjj in terms of A, B, and C. 

What are the equations of the straight lines bisecting the angles between ? 

51. tc-3j;=8and3a; + 4y = 10. 52. 3a^-)/ + 4 = 0and ii; + .V-5 = 0. 
63. x-y-O aad x-hy=0. 64. ax-hy + c = t), bx-ay + c-0. 
__ , 2m , , . 2m,' , , 

56. y=3;taQS, y— atnnSft 

57. In the equation y - mx - c -l-Xiy ~ m.'x - ^) = 0, Xis a variable quantity 
which may have any valne ; prove that the straight line represented by 
this equation passea through a, fixed point. 

68. Prove the same when the equation ia y-3x~U+\iy-2x-9)=0, 
and find the co-ordinates of the point. 

59. Prove that the straight line y + Xic=5 passes through a fised point 
for all values of \. 



LOCUS PROBLEMS ON THE STRAIGHT LINE. 

42. Example L A point moves so that the square of its distance _ 
point (6, -4) ia always greater than the square of Ha distance from t 
(3, 5) by 18 ; fnd its loevs. 
Let (a:, y) be any point on the loous. 
The square of its disfcanoe from (6, -4)=(iB-6)*+(y+4)'. 
(3, 5)^{x-Sf + {i/-5)': 
.: by hypothesis, (3:-6)H{y + ir'-{x-3f-{y-5)'' = 18. 
Simplifying --Sx + lS]/=<} 

,', the loous is a straight line through the origin, malting a 
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Esample IL A and B being fixed points, the vertex C qf the triangle ABC 
irawes 80 iAoi <;oiA+co!B=i, a cOTW(aH( : jfnd the locas o/ 0. 

[To find the equation of the loena we have to disoover the algebraic 
equation oonnooting (a;, y), the co-ordinates of any point on the loous, with 
the giveii constant and the length 
of AB.] 
Let AB=i2a, and biaeot it at O. 
Take OA as axis of x, and Otj at 
rt. i-atoOAasaxisof !/. 
Let {x, y) be any point on the 
and draw the ordinate CN. 
__. AN a-x 

0OtA = pirr = — - 




.-, hy = 'ia is 
the locus, a straight line parallel to AB the axis of x. 


the equation of 


Note. The choice of axes of oo-ordinates Is always a 
A position of symmetry should ire chosen when possible. 


Important step. 


Example iii. A point m 
straight Hnm 3« + 4&-5^Q 

iOCttS. 


Sx-iy-l^O arein the ratio of 1 to2: Jiiid Us 


Let {x, y) be any point o 
The perp, diatanoe of (x 


the loouH. 
y) from 




3.r + 4y-5 = 
The perp. distance of {x. 


Sx + iy-a 1 Aj^, -i-Bj/i + CX 


y) from 


; 


3a^-4y-7 = 


s 5 ■ \^ '■ 


) 


3x + 4y^5 lZx-iy~7 
5 "-^2 S 




or 6x + Sy-lO-±(3x-4:y--1j. 




With the positive sign, 


or K + 4jf-l=0. 


(!) 


With the negative sign. 


9a^ + 42/-17=0 


B 


The locus thcrofore is the two straight lines represented by (1) and (2). 
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qn clistaiit from the 

3, A point moves bo that ta d t 1 n t ght line is always 

twice its distemoe from a perp nd 1 t git hi Hnd the loons and 
draw it. 

. 4. The difference of the ja fthdtai fa point from the 

pointa (3, 0), (0, 3) ia always q al to 6 Fmd ts loo and draw it. 

5. The distance of a point fcom (3, 2) is always equal to its distance 
from ( - 4, 1). Mnd the equation of, and draw its locus. 

6. Find the equation of, and describe the locus of a point which moves 
at a perpendioular distance D from the atraight line Aa: + B^-C=0, and 
on the aame side of the line as the origin. Take A, B, and C as positive 
quantities. 

7. Show that the locus of a point, which moves bo tiiat the sum of its 
perpendicular distances from two given int«csBoting straight lines is con- 
stant, is a straight line. 

8. A point moves ao tliat the sum of its distances from two perpendioular 
straight hnea is eq^ual to 6. !Find its locus and draw it. 

9. P, any point on the line ^x + By + C — d is joined to the origin O. 
'Bind the equation of the locus of the middle point of OP and draw it. 

10. OA, OB are two fixed perpendicular straight Jines. The straight 
line AB moves in such a manner that OA + OB is always equal to 8. iFiDcl 
the locus of the middle point of AB and draw it. 

11. OA, OB are two fixed perpendioular straight lines, and perpendicu- 
lars PN, PM are drawn to them such thai PM - PN is always equal to 5. 
Find the locus of P and draw it. 

12. P, any point on the line Ax+By + C^O, is joined to the origin O, 
and OP is divided at Q in the ratio 1 : 3. Pind the equation of the locus of 
Q, and di'aw it. 

13. Through a fixed point O any straight line is drawn, meeting two 
given paralld straight lines in P and Q ; through P and Q straight lines 
are drawn in fixed directions, meeting in R. Prove that the locus of R is 
a straight line. 

[Take O as origin, and the axis of x at right angles to the parallel lines. 
If (a;i,^i) are the co-ordinates of P, (a;^, j/j) the oo-ordinat«B of Q, the equations 
of Pf? and QR may be taken as y-y,=j%(j!-a;i), }/-it2 = m^x-Xs), where 
m, and ma are constant. Also -- =— , and a;,, a^ are constant. 

From the above equations we now have to eliminate j/i and y^, ] 

14. The hypotenuse of a right-angled triangle slides between the axes 
of a: and y, its ends always lying on the axes. Prove that the locus of the 
vertex of the right angle is a straight line through the origin whose 
equation iay = x cot A, where A is tke angular point on the axis of x. 

15. Show that the locus of a point which is equidistant from the lines 
3a; + 4?/ = 24 and 4lk + 3u = 12 consists of two straight Unes. Find their 
equations, and draw a figure representing the four hnea. 
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Examples II. f. Miscellaneous. 

1. Bind the point in the locus y^—ix where the ordinate is 8. 

2. Find the oo-ordinates o£ the pointa wlicre the locus 

a^ + 33^ + V-3^-8y + 6 = 
cuts (1) the axis o£ x, (3) the axis of p. 

3. What does the equatioG (^-31' = 4(a! + S) become when tiie origin is 
changed to the point ( - 6, 3) ! 

4. Does the looua whose equation in 2a^ - 4iEy + y''- ICkc - 5i/ - 14 = 
paaa through the point (1, -S)'? 

5. With the equation 5a;-I3j/-l-51 = change the origin to the point 
( -5, 2). What do you deduce about the straight line represented by the 
equation ? 

fi, 'Bind the points on the locus j/*=4a; wliich are at a distance 2w'2 
from the point (3, 0). 

7. If the origin is changed to the point ( - 2, 3), what does the equation 
a^+j/'+fc^-S^^O become? 

8, Find the length of the perpendionlar from the origin upon the 
straight line joining the pointa (itoosa, wsino), (aoosjS, a sin (3), and prove 
that the perpendicular bisects the distance between these points. 

0, ProTe, by using rectangular co-ordinates, that the straight line 
joining the middle points of two sides of a triangle is parallel to the third 
side and equal i6 half its length. 

10. Find the equations of the medians of the triangle formed by joining 
the points (3, 4), | - 6, 2), (7, 6). 

11. Prove, by using co-ordinates, that the straight lines joining the 
middle poinfcs of opposite aides of a quadrilateral bisect one another. 

12. Find the perpendioular distance between the straight lines 

y = 3(x-i), y^3{x-9). 

13. IHnd the equation of the straight lines bisecting the angles between 

}/-l) = {x~a)taa26, p-b = (ai-ci)taaie. 

14. Find the equations of the diagonals of the parallelogram formed by 
the straight lines y=K, y=3x, y=x — i, y = 3af-6, 

15. Prove that the area of the triangle formed by the three straight 
lines y=m3;, y = m'x and i/=c ia equal to 






16, The portion, AB, of a straight line intercepted between the ases 
passes through the fixed point (h, k). Find the equation of the locus of the 
middle point of AB. 

17. Write down the general equation of a straight line perpendioular to 
--f-2 — 1| and hence determine the equation of a straight line perpendicular 

to^ + ^ = l, and through the point (a, h). 
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18, Knd the equation of a atraigit line through the pomt (1, 4) and 
making with tlie axes in the first qnadcant a triangle whose area ia 8. 

19, The portion of a straight line in the first quadrant cuts the axis of 
a; at A and the asia of y at B. The point (10, 3) divides AB in the ratio 
of 3 ; 5. Find the equation of the line. 

20, Prove that the straight line Zx{a + l) + iy[a-\)-&{a-\)^(l passes 
through a fixed point for all values of a, and find its oo-ordinatea. 

21, Find a point in the straight line 4k - 2y + 7 = equidistant from the 
points (2, 3), (-3, 4). 

22, The oo-ordinates of the points A, B, C, D aj^ respectively (3, fi), 
(8, 10), (12, 61, (3, 4). Find the oo-ordinates of the middle point of the 
line joining the middle points of AB and CD. 

23, Find the oo-ordinates of the centre of the oitoum-oirelc of the triangle 
formed by joining the points (-2, 2), (1, -2), (1, 3). 

24, Rod the co-ordinates of the points which divide internally and 
externally the line joining ( - 3, - 4) and ( - 8, 7) in the ratio 7 ; 5. 

25, Find the equation of the straight line perpendioalar to the line 
43; - Sy = 12, and meeting it on the axis of x. 

26, Find the equations of the straight lines parallel to the line 
l2s!-5y=T, and at a distance 2 from it. 

27, Find the conation of the straight line parallel to the line a; 4 2y = 5, 
and at the same instance from the point (3, 2). 

28, Find the equation of the straight line perpendieidar to the line 
- + | = 1, and thrangb the point (fc, a)- 

29, Find the co-ordinates of the points on the line a:-l-5y = 13, at a 
distaiioe 2 f rora the line l2x-5y-\-Q&—(i. 

30, Find the co-ordinates of the foot of the perpendicular from the point 
(a, 0) upon the line y='mx + ~-- 

31, Find the perpendicular distance between the lines 

)/ = (k - a) tan o, y = {x-a') tann, 

32, Find the equations of the straight lines ■which are equally inclined 
to the lines x-vy^a and x-y = a, and form with them triangles whose 

33, Find the equaticJns of the di^onals of the parallelogram whose sides 
have for their equationsa!=a, x = b,xiiOBii + yByaa.='p^, Eoosa-^y aina=pj. 

34, Prove that the area of the triangle formed by joining the points 
(aimf, anil), {'^^< "W' ("""aS i^W'a) i* ^(»h -"'2)('''a-'''aK'"3-'''i)' 

1 P any other point, 
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36. Find the equation of the straight lino through tho point {»[, j/j) and 
perpendicular to the straight line xsc^ + yy^ = a'. 

37. Find the oo-ordinates of the orthocentre of the triangle formed by 
joining the points (0, 0), (8, 0), (4, 6). 



, Find the equation of the strai 



3*-4i/ = 7 and ai; + 3^ = 9, and parallel to aT + ^ = 0. 



ight line through the interseoti 



, Find the equation of the strai 



40. Find the equatioi 



ight line through the interseoti 



'y + c'=0, and parallel to the a: 

ight line through the 



+ 6y + e=0 and a'x-i-b'y + ii =0, and parallel to the axis of y. 
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CHAPTER III. 

PAIRS OF STRAIGHT LINES, Etc. 

43. Let us consider the equation 

/-5a!y + fe2^0 (1) 

It may be written (y -Sx){i/- 2x) = 0. 

.'. if (x, y) is ani/ point on the graph or locus whose equation 
is y^ - 5% + hx^ ^ 0, these values of x and ^ must satisfy one of 
the equations y - Sic = 0, «/ - 2a = 0. 

In other words, the point (x, p) must lie on one of the two 
straight lines whose equations are y - 3!B = 0, i/-2x = 0. 

But each of these equations represents a straight line through 
the origin. 

.'. equation (I) represents two straight lines passing through 
the origin, and their slopes are 3 and 2 respectivdy. 

44. Ani/ iKrmogmeous equation of Ike second degree in x m.d y 
refpreamis two stradgU lines ihrmgh the origin. 

(Ke' + 2h3^+by^ = Q is such an equation. 

It may be written )/^+-t-k^ + t^^ = (1) 

Also if J/ - m-jX, y - m^ are the factors of the left-hand member, 
, the equation may be written 

(2'-«»i»)(y-%!^)=0; 

.'. if tx, y) is any point on the graph or locus whose equation is . 
ax^ + 2kxy + by^ = 0, 
these values of x and y must satisfy one of the equations 

and each of these equations represents a straight line through 
the origin. 

.'. the equation ax'^ + ^hxy 4- if/^ = represents two straight 
linos through the origin. 
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Corollary, We know, by Algebra, that if the expression 
aa? + '2hay + hy^ has real faetora, 

If h'^ < ah, the factors are imaginary, aiid in aueh a case the 
straight lines are said to be imaginary. 

If fi!^ = ab, the expression ax^ + 2}m/ + by'^ is a perfect square, 
and the two straight lines are coincident. 

Example i. The equation y^-10xy + 9^ = 
may he written {i/-9x){y-x)~0. 

,: tke locus is the two straight lines ^^flr, y = s:. 

Example ii. Tlie equation y" - 4x7/ + ix" =0 
maybe written (j/-2li)'=0. 

.■. in this qaae the locus is two coincident straight lines. 

Example ill Consider the equation i^'+Sxy + afi—O. 

Treating it as a quadratic for y, 

y= 3—== 

8 
.■. the equation may be written 

and thci straight lines are imaginary. 

45. Interpret the locus represented by the equation m/ = 0. 

Here we see that if x = or i/ = (independently of one 
another), the given equation is satisfied. 

.'. the locus is the two straight lines x — 0, y = 0, i.e. the axes 
of co-ordinates. 

Or, wc might look upon this as a particular case of Art. 44. 

46. Interpret the loms represented by the eguation x^ + y^ = 0. 

A square is necessarily positive or zero, and here we have the 
Hum of two squares equal to zero. 

.'. the only real solution of this equation is 



. the equation represents the point (0, 0), tiie origin. 
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N.B. The expression x^ + i/^ has imaginary factors x + i/>J -1 
and x-yj ~\, and therefore may be said to represent two 
imaginary straight lines. 

Thus we have two imaginary straight lines passing through a 
real point {0, 0). 

47. To find the angle between the two straight lines represented by 
theequaUm a«H2% + 6/ = 0. 

Dividing through by x% the given equation may be written 

iff *'"($)-"-"■ 

Hence, if the equations of the two lines are 
y = riijX, y = m^, 
Mj and m^ are the roots of this quadratic for ^. 

•■■".—¥.-' « 

%'%=| (2) 

Squaring (1), multiplying (2) by 4, and subtracting, 

.'. the angle between the lines = tan"^ -—i ^ 

2.JW^^ ^ 

= tan *■ =■ tan ^- r — (3) 



CoROLLAEY. If the straight lines represented by 
(KE^ + 2/iOT/ + 6/ = 
are at right angles, we see from (3) that a + i = 0, for tan ^ = co , 

Hence, if the two straight lines represented by a homogeneous 
equation of the second degree are at right angles, the co- 
efficients of x^ and y^ are equal, but of opposite sign. 
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When the actual values of a, h, and 6 are given, the ana 
between the lines ax^ + ^kcy-t-bi/^ — O is often best found 1 
factorisation. 



Find the angk between the 3(raightlmes2y''-xp -3x'' = (), 
The equation may be writtea (2y - 3x) (^ + a;) = ; 

■'■ y="H" si"^ ^= -X are the straight lines. 

.-. the angle leqd, ^tan'M - — 3^) f taii"^ . , _. — ) 

= taD-i5=78° 41i' from 4-figure Tables. 

* 48. To find the equation of the bisectors of the wngles behoeen tl 
straight lines aa? + 2h.x!j + by^ = 0. 

The given equation may be written f/^ + ^xij + -,x'^ = 0. 




If these lines make angles S^, f^ with O.i:, this equation is 
identical with (t/ - tan 6^x) (y - tan 0^) = 0. 

.'. tan^i + tan62= --T-... (1) and tan^itanfi5 = T--- (2). 

The two bisectors are at right angles ; .'. if one makes an 
angle $ with Ox, as in the figure, the other makes an angle 
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.*. the equation of the bisectors may be written 

or (i/-xt3,n$){y + x<iObe} = 0, 

i^. p'^ + (eot 6 - Um 6)xi/ - x^ = 0, 

f + 2(i(:}t2exy-a? = (3) 

Now from the figure we see that 8-6^ = 6^-6; 

:. 16 = 6^-^6^, 

, „, ,- ,, 1 -tan 6, tan ^, 

cot 29 = cot(f, + f,) = ■ ^ — 2—^^^ — o^ 

^ ^ " tan v^ + tan »g 

1 _^ 

= -^ from (1) and (2) 

~ 2A '' 

.'. from (3) i/'^ + —,— xi/-x'^ = 

a-s_«3 mi . ^, , 

or ■ T" = "r ^^ ™^ requ. equation. 

Examples III. a. 
What do the following equations repreaant ? 

1, {x-a){x-b) = t). 2. (x-af + {y-b)^ = 0. 

3. {y-mx-cnu-m'^c-c'j^O. i. [y-mx-c)^ + [y-m'x-cr^O. 

5. a!=-3/!=0. 6. !/'-3Ty=0. 

7. (»!+j/)''~a«=0. 8. y^-xy-6^=0. 

9. (»+J(-i}' + (3'-y-a)^=0, 10. Ky-c(a; + j/) + c3 = a 
Find the angles between the following pairs oi straight lines : 
11. 2x'-1xy + 3y^^0. 12. e^ + 6!cy'6y^^0. 

13. Interpret the equation ax'^ + by^—O, (1) when a and 6 have the same 
sign, (2) when they are of opposite sign. 

14. Eind the tangent of the angle between the straight lines represented 
by the equation 2y^ + 4ii;y-3j:°=0. 

15. Find the aoute angle between the Btraight lines represented by 
y'-xy-S3-^ = 0, and verify yonr result on squared paper. 
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16. Find the angls between tho two atrivight lines represented by 
aic^ + fiary + tj/'^O, and show that tlie one will make tlie same angle with 
the axis of x that the other doea with the axis oly ii a — c. 

17. Show that the straight lines represented hy lls' + 16a^-a;^ = are 
inGlined at an angle of 30° to the line x-i-2y = l. 

18. Mad the condition that the lines represented hy 

may be at right angles. 

49. To find the condUimi that mi equation of the second degree may 
represent two straight lines. 

Tke most general equation of the second degree is 

a<B2 + 2te«/ + i!,a^2ja; + 2/)/ + c-0 (1) 

(i) When a ia not zero. 

Treating the equation aa a quadratic for x, and solving, 
aa? + 2x{h^ + g) + bf + 2fy + c = 
and ^_ -3(fa/4-g)±2 V(% + g)^--«(i/ + 2/j/ + r) ^^^ 



Now if equation (1) represents two straight linea, its left-hand 
side must break up into real factors of the first degree, or lineai- 
factors ; therefore the quantity under the radical sign in (2) must 
be a perfect square. 

This expression may be written 

(h^ - ab)y^ + 2{hff - af)^ + f - ac ; 
:. ^h9-afy = -i{h^-ab)(f-ac) (b^ = i(w) 
if equation (1) represents two straight linea. 

This therefore is the required condition. 

It may he written aic - af^ - hg^ - ch^ + ^fgh = 0. 

The expresaion ah -af^- hg^ - ch^ -(- 2fgh ia called the Dia- 
criminant. 

(ii) If a is zero, but 6 not zero, we shall obtain the required 
condition by treating the left-hand member of (1) as a quadratic 
toTy. 

The condition will be found to be 

2fgh-hg'^-ch^ = 0, 
which is the same as (3) when a — 0. 
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) When both a and 6 are zero, the equation is 
2hxp + 2jra + 2/)/ + c = 

OP , + |„ + {y + i.O. 

If the left-hand member has linear factors, they must be of the 

.". the equation is identical with 

or mj + j3x + af/ + afi = 0; 
.'. comparing coefficients, 

h '^' h • 2ft '^■ 

the required condition. 

Here again we observe that the condition is the same as (3) 
when ft = and & = 0. 

Thus, whatever values a, h, and J may have, the condition 
thB.tax^-i-2hxy + bf/'^ + 2gx-i--2fy + c='Q may represent two straight 
lines is ahc-af- i/ - ck^ + 2fgh = 0. 

50. If aa;2 + 2% + &;/2 + 3sw-l-3^-f-c=0 (1) 

repns&rds two straight lines, they are parallel to the straight lines 
represmtedbi/ a^s + 2% + %^ = (2) 

By hypothesis, the left-hand member of (1) can be resolved 
into two linear factors. Let this left-hand member be equal to 
{IjX -t- m^y + Mj) {l^ + m^y + n^. 

Multiplying this out, we see that l],^x + m-^y)(l^-^'m^y), the 

terms of the second degree, must be identical with 

aa? -H 2ft(w/ + by\ 

:. equation (2) is identical with (ljX + 'i>iji/)(l^ + m^) = 0, and 

therefore represents the lines l-^x + m^ = and Lx + m^y = 0, which 

are respectively parallel to l{£ + m{y -h iij — and l^ + 'm^ -t- m^ = 0. 
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CoKOLLABY. If tlie equation a3? + Ihxy + 6y^ + 2gx + 2/«/ + c = 
represents two perpendicular straight lines, a + h = 0, or ike coefficients 
of x^ and j/^ are equal but of oppodte sign. 

Tlie lines are parallel to the lines represented by 
ax^ + 2hm/ + bf^0; 
:. a + b = 0. (Art 47.) 

51. If two equations are combined in any way, without 
transgressing the laws of algebra, the resulting equation re- 
presents a locus which passes through the common points of 
the loci represented by the first two equations. 

Take the equations 

ax^ + 2tey + hf = c, (1) 

lx + my = 'n (2) 

Consider the equation 

n{aa^ + 2ka/ + bf) = c{h + my) (3) 

We have multiplied the members of (1) by the epial quantities 
n and h+my. 

Also whenever Ix + my = n, (3) becomes nic- + 2kwy + by^ = c, 
i.e. any values of x and y which satisfy (1) and (2) also satisfy (3). 

In other words any point which liet- on (1) and (2) lies also on 
(3) vthiah proves the propoiition in this ca'ie 

The piopcation may be piO(ed in the time mav with any 
other equations 

62 To find the eqaaiiorh of the shaiaht linet, joimnf the oniim to 
Gie jpimts ofmtnseHwn, of 

as? + 1hey -^hy^ ■i-'2gx-\-'ify + c = fi (I) 

and te -1- )By + w = (2) 

The required equation will be homogeneous and of the second 
degree. 

In equation (1), 

multiply the terms of the second degree by ( - -rCf, 

„ „ first „ -'{h + m,y)n, 

„ constant term by (h-hmyyi 

[N'.B. These three expressions are equal for l'X + my= -w.] 
The result is 
n^(ax^ + 2hxy + byy-2n(h: + my)(gx+fij) + c(lx + myf = 0. .. (3) 
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m 



Now any values of x and p which satisfy equations (1) and (3) 
satisfy (3) also, for it is formed by combining equations (l) 
and (2) J 

.', the locus represented by (3) passes through the common 
poiiit« of (1) and (2). 

Also equation (3) ia homogeneous and of the second degree, 
and therefore represents two straight lines through the origin ; 
s the lines required. 




If PRQ ia the curve represented by (1), PQ the straight line 
represented by (2), (3) is the equation of the straight lines 
OP, OQ. 

53. -A homogeneous eqy/iMon of the rf' degree r^-e&etds n straight 
lines, which all pass ihrmtgh the origin. 

When the coefficient of ^, the highest power of y in the 
equation, ia reduced to unity, the equation may be written 

y" + ttiy^'^x + 0^"" V + . . . + a^" = 0. 

Dividing through by af, this becomes 

(|)"+.,(s)""+«>(i)"+-+«--» m 

Treating this as an equation for =^, it has n roots, for it is of 
the M** degree. ^ 

Lot m,, m„, m,, ...m„ be the coots. 
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Then the equation (1) must be identical with 

(i-".)e-^)(i-4'^g-"'^^» <^' 

Hence if (x, y) is any fotni on any rnie of the draigU lines, 
y-m^x = Q, y-m,^x = Q, ...y-m^ = ^, those values of x and y 
satisfy equation (1), for one of the factors of (2) will be zero ; 

.'. the given equation represents the w straight lines y - vti^x = 0, 
y - mjS; = 0, ...y - mjc = 0, all of which pass through the origin. 

Corollary, If some of the roots of equation (1) are imagi- 
nary, a corresponding number of the straight lines will be 
imaginary. 

Example. ^ 'l2x'-29xy+i5j/^ + 2x.-li/+\—0 r^n^sente two straight 
lines, find the value <^ \. 

The tei'ms of the aeooiid degree factorise into (4a;- 3y)(3a;~5y) ; 

.■. if the equation represents two straight lines, the loft-hand member 
must have factors of the form (4c - 3,'( + m) {to - 5y + n) ; 

.-, the espreasion 12a^-29a^ + 15y^ + 2a!-7y-l-X 
is identical with 

:. 3m-l-4)i = 2, (1) 

5w + 3«=7, (3) 

and mn = \ (3) 

Solving (1) and (2), to = 2, %=~1; 

.: \= -2, from (3). 

Examples III. b. 

1, Solve the equation ZK^ + Sf/^ + SLCj^ + l^Sa + Sj/ for y. Draw tho looua 
represented by the equation. 

2, Solve the equation :e^-'3xy + 2T/^ + ix-5y + 3-f>forx, and draw tlie 
locus represented by the equation. 

3. Solve the equation &y^ - 11 xy + 7x^=0 tor y, and draw the locus 
represented by the equation. 

In eaoh. of the following casea find a value of \ for whiuh the equation 
will represent two straight lines ; 

4. y''-S!i^ + 2x'^ + x+2y+'K = <i. 5. \ofy + l(Ke + ey + i=0 . 

6. V-7Ky+43:'-ll3; + 8y-3=0. 7. X3!^-/-fe + 8s'-15=0. 

8. 3x^ + \xy-iy^-Sx + Uy~6=0. 

9, Find the angle between tho atcadght lines in Example 4 above. 
m „ „ „ .. 5 „ 



yGoosle 



Bxs. III. b.] PAIRS OF STRAIGHT LINES, ETC. 59 

11. Prove that the equation SSx' - '2Axy - Z5y^ + 23: + 12y -1 = represents 
two straight linea at rigM angles, and find their equations. 

12. Mnd the single equation which represents the two straight lines 
which pass through the point (3, 0) and make angles of 46° with the axis 
otic. 

13. Show that a;' + 2a^ + y^=8(fiK + 8aj/ + 9a' represente two parallel 
straight lines, and determine the perpendicular distance between them. 

14. Find the condition that a^ + hy^ + x+-y — (i may represent two 
straight lines. 

15. rind the condition that the straight lines jw^-93^ + ry'=0 should 
be (1| ooinoident, (2) perpendicular, (3) imaginary. 

16. Given that aa;' + 2^il!j/ + &!/^+23a'+2/y + c=0 represents two straight 
lines, find the angle between them. 

17. Prove that if wx''-i-^}ixy + b-f-i-2gx + 2fy + c = (i represents two 
straight lines, these lines are parallel if lfi=ab. 

18. Prove that ^*-4ary + 4B*-ftB + 3y=0repre8ent8 two parallel straight 
lines, and draw them. 

19. It \ is any positive quantity, prove that the equation 

X!t;«-3/' + 8y-16=0 
represents two straight lines which intersect at the point (0, 4). 

20. In the previous example, what will the locus be if ?i is a negative 
quantity ? 

21. IFind the angle between the straight lines represented by 

xy-Zx + 2y^&=0. 

22. It the equation ^xy+2^x + ^fy + c=(i represents two straight lines, 
prove that 2fg = ch, and that these Unes and the axes form a rectangle 

whose diagonals are ^.--=0 and ■?++?=**■ 

23i Prove that the loons (y-2a!p + X{y + 5j;-7)=0paaEes throughaflxed 
point for all values of X, and fmd the oo-ordinates of that point. 

21. Find the equation of the two straight lines joining the origin to the 
points ot intersection of lc" -2iKy + 3y^ + 3ic -4^=0 and fe + 4^ = 1. 

^ Prove that the straight lines joining the origin to the points of 
interseotion of a;'-jEy + y' + 3(ic + ^)-2=0 and x-y-^=0 are at right 
angles. 

26. Prove that, if the straight lines joining the origin to the points of 
intersection of ^^-s^y + ^y' + ^-^ + i—d and '2x + ^y — \ are at right 
angles, 6\'-6X + 52=0. 

27. Prove that the equation y'^ - 2ccji sec o + k^ = represonta two straight 
lines inclined at an angle a. 
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*CHAPTEE IV. 

OBLIQUE AXES. POLAR CO-ORDINATES. 

54. When the axes sMDai', ijQ')j are not at right angles, they 
ire said to be oblique. 
In this case the ordinate PN must be drawn parallel to Oy. 
Thus in the figure (ON, NP) are 
the co-ordinates of the point P. 

The same rule of signs is used 
as with rectangular axes. 

The angle between the axes O* 
and Oy is usually denoted by la. 




'(;y,) 



N 



.", OP^ = ON' 

= s.-^ + yj^ + 2Xiyi cos w. 

56. To find the didwnce between 
the points (x,, y,), (x^ y^) wlim <a is 
the angle iehoeen the asxs. 

Let P and Q be the points. 
Draw the ordinates QM, PN, and 
also draw QR parallel to Ox to 
meet PN at R. 

From the A PQR, 
PCl2 = QR2+PR2-2QR,PRcosClRP 
(aS=;,3 + ^_26(;cosA) 



55. To find the distance of the 
point (Xj, y-i) from the origin, when la 
is the <mgle between tlie axes. 

Let P be the point (as,, )/,), and 
F draw the ordinate PN. 

i. ONP = x - /.PNa; = JT - 10 ; 
2 . N . PN COS (x - 0)) (a^ = 6^ + ^2 - 2itf cos A) 
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57. When o> is the angle between the axes, the co-m'dinates of the 
middle pmnt of the line joining the points (x^, y^), {x^ y^) ""'^ 

2 ' 2 ■ 

The proof of Art. 5 holds, for the A'QRE, RPF areabill similar. 

58. To find the co-ordmates of the point dimdmg in, a given ratio the 
line joining two given points, whm the axes are oblique. 

The proof ajid formulae of Art 6 hold, for A=QRE, RPF are 
still simOar. 

THE STRAIGHT LINE. OBLIQUE AXES. 

59. It will be assumed 
throughout that la is the 
angle between the axes when 
the axes are oblique. 

As in Art, 13, the equation 
of a straight line parallel to 
Oy, and making an intercept 
a on the axis ot x, isx = a. 

In the same way the equa- 
tion of a straight fine parallel 
to Ox, and making an inter- 
cept b on the axis of y, is 
y = b. 




60. To find the equatimi. of 




aight line through the origin and 
making an angle a with the 

If P {x, y) is any point 
on the str. line, and PN ite 
ordinate, d/rawn parallel to 
Oy, from the figure. 



jr_ PN_ 
~"0N~ 



n(<u 



is the required equation, 



This may be written 
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N.B. In all eases of obliaue axes it will be found tliat ' m ' is 
no longer the tangent of the angle which the line makes with Ox. 

61. The equation of a titraight line passing through ih-e origin and 
through the point (i-^, i/j) is ^ = — 

The method of pioof in Art. 17holdsfor this, for A'PNO, QMO 
are still similai 

62. To find the equation of a straight Um making an intercept c 
on the cms of y and an angle a with ihe axis of a:. 

Let P(k, y) be any point on the str. line PB which cuts Oy at B. 




Draw PMN parallel to 0,(/, and BM parallel to Oa; 

f ii. c PM sin a 

s rom the neure, — ■ = -,—, r, 

* BM sm((u-a) 



This may be written y = ma; + c, v 



sin(w-a) 

63. To jimd the angle which the straight Uney = m« + c makes « 
the axis of x. 

By the preceding Article, 



sin{(o - a) ' 
multiplying up and expanding, 
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Dividing by eoa a, and transposing, 

tana(l +TOCOSio) = »i 



64i The equation of a 
dvaight line making inter- 
cepts a and b on the axes 
ofx md y rfspedwely is 

a b 

The method of proof 
in Art. 19 holds for this, 
for the A= PNA, BOA are 
still similar. 



■. If the perpendimlar (p) frc. 
' s a, p with the axes of x 





a straight line 
! y respedively, tlie equation of 
the line is 

XCOSa + SrC03/3 = p. 

With the same construc- 
tion as for rect. axes in 
Art. 20, 

^ = OQ = OR-!-RQ 
= OR-(-PM 
^ONeosa+PNeoS;8 

which proves the proposi- 

66. If a straight Une passes 
through the poJmi (a^, y-^ and 
mahes an aiujU a with the axis of x, its egmtion is y-y^ = m(x- x{), 



Bnere m = -^ r. 

Either of the methods of Arts. 26, 27 may be u 
In the first method, we shall have -—",^=7^= 
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67. The egmtion of a straight line passing ^trough the two points 

Hi Vi »2 - *i 
Either of the methods of Arts. 28, 29 may be used to prove 
this, 

68. To find the co-ordinates of the point of intersection of two given 
straight lines. 

The method of Art. 23 holds good for oblique axes. 

69. To find the angle behveen the straight lines 

As in Art 31, if the lines make angles a, a' with Ox, 
tan a - tan a 
I + tan a tan a' 



tan 'p — tan (o ■ 



Now m = ^.J" (Art. 62.) 

.'. as in Art. 63, multiplying up and expanding, 

m sin ctf cos a - TO ooa (u sin a = sin a. 
Dividing by cos a and transposing, 

tana(l + m eoE to) = m sin to 

and tan a ^ ^ ■ — ■ — . 

1 + m cos uj 

1 ^1 i. ' m'sinio 
In thu same way, tan a = y— — , , 



/ m sin 01 \ / m sin *) \ 
\l+mco3w/ \1 +m'cosioj 



(m - m') sin <o 



-„ when 



l+{m + m') cos HI + mm' 
Corollary 1 . The lines are parallel if m - m'^ 
COKOLLARY 2. The lines are at right angles if 

1 + (m + m') cos ui + mm' = 0, 
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70. y (iBj, ^i) is a gveeii point on, a straight line, {x, y) <mf point 
on th4 line, a and /3 the angles the Une makes mth ike aaes of x ami i/ 
respediveh/, and r the distance between the points {x, p), {a-^, ^j), the 
equation of the straight line may he written, 

x-x^^y-y^^^ 



Let P be the point {z, ?/), Q the point (a;,, y^), so that PQ = ;■. 
Draw the ordinates QM, PN, and draw QK parallel to Ox to 
meet PN at K. 




/ M N 


X 


Fio, 4i. 




iPKO, |;^-£^.=;S, 




^^•£f=S = i4 




or ^r^ = ^J:ii = r, the reqd. eo 


[uatio] 



71. If \ is any constant ax + hy + c-¥>-{a'x-i-h'y+d) = <i represents 
a straight line passing through the intersection of the straight lines 
aK+by+c = and a'x + b'y + cf = 0. 

The proof of Art, 34 holds good for oblique axes. 
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[01. 



72. If in any eguaiimi, we write x + h fm- x and y-vk for y, the 
resaiUng egwoiim is the equation of Ihe same loots refetted to pa/iallel 
axes through ihe point (h, Ic). 

The proof of Art, 36 holds good. 

73. ^n the point (a;^, y{) moves from one side of the skaight km 
Ak + By + C = to the other, ihe expression to, + Bj/^ + C changes its 
sign. 

The proof of Art. 37 holds good 

74i To find the length of the perjieiiditulai diavin fiim the pomt 
(x-^, j/j) to the straight line to+B7/+C = 0, uhai lo j? the angle hetiieen 
the axes. 

Let the straight line cut the axes at E and F, and draw ON 
perpendicular to EF. Krst let us find the length of ON. 
^ON .EF= aOEF-|OE.OF6ino>; 
. „., OE .OFsinoi 




To find the length of the perpendicular from (a^, jij), first 
transfer tho origin to the point (x^, yj). 
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The equation of the line is now 

A(x + aj) + B{j(+j(i) + C = 

or to + Bj' + ASj + Bi^i + C = (3) 

Also from (2), the length of the perpendicular from the new 
origin upon this line = , - ... v _ =, for As, + By, + C is the 

constant term in equation (3), 
But the new origin is the point (x^, f/j) referred to the old axes. 
.'. the length of the perpendicular from the point (ic^ ^j) upon 
the straight line Aa+By + C = ia equal to 
(Ag, + By^ + 0) sin m 
s/a^ + B^ - 2AB cos (u' 

Examples IV. ar. 

[ui is Ike angls between the axes q/" co ord%naies anleas otherwise stated in 
the queatios,.'] 

Pind, without using the fomrala for the length of a bne, the distances 
between the following paira of poiuts, when the ates are inclined at an 
augle of 60° : 

1. (0, 01, (6, 9). 2. (3, 5), (7, 1) 3. (-2, 3), (2, -1). 

From a dii^am find the co-ovdinates of the middle point of the line 
joining : 

1 (0, 0), (4, 6). 5. (-2, 4), (2, a). 6. (1, 5), (3, 3). 

The angle between the axes being 60", find the angles which the following 
straight Imea make with the aitia <S x : 

7. i/=^-i. 8. ^/ = (^^ + l)a:. 

9. y=.c+6. 10. y-Sx+5^0. 

Without assuming a formula, find the equation of the strs.ight line ; 

11. Through the origin and the point (4, 6). 

12. „ „ „ „ (-4,6). 

13. Making interoepta 4, 4 on the axes. 

14. „ „ 4,-3 

15. Through the points (1, 1], (4, 4). 

16. „ „ (3, S), (6, 8). 

17. Through the point (iEi, 1/3) and perpendicular to the axis of x. 

18. „ „ „ ,. „ It- 
triangle formed by joining the points 
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20. Prove that the straight lines a;-y=0, x + y-0 biscot tlie angles 
between tie ases. 

21. Find the oondition that the straight lines i/=jraa; + c, p=m'io + e' may 
make equal angles with the axis of x on opposite sides of it. 

22. The condition that te + m^ + n^O and ?'a: + m'y + «'=OmayheeC[nally 
inclined to the axis of af in opposite directions is y + -jr = 2 cos w. 

23. rind the value of a if the lines j/ + 3k=4, 2i/-ax = 5 are at right 
angles when the ajigle between the axes is 60°. 

24. Prove that the lines 2y-x=5 and si(2oosu + I] + 3i(2 + co3u)=S 
are at right angles. 

25. Prove that the straight lines y = 33; + 4, ^y + 5x + i=0 are at right 
angles when 60° is the angle between the axes. 

26. B'ind the equation of the straight line through the origin and at 
right angles to ]/ + 2x—5, when 60° is the angle between the axes. 

27. Pind the equation of the straight line through the point (2, - 3) and 
perpendicular to Sx-y=4, when 120° is the angle between the axes. 

28. I'inrt the angle between the axes if the straight lines Sz + iy = 5, 
4k-%=4 are perpendicular. 

POLAR CO-ORDINATES. 
75. If Qt: is a straight line in a given plane, drawn from a 
fixed given point 0, tie position of a point P in that plane is 
known if the angle POs (6) and the distance OP (r) are known. 




(r, 6) are called ttc polar co-ordinates of P. 

r is called the vectorial co-ordinate, 6 tte angular co-ordinate, 

O is called tlie pole or origin, and Ox the initial line. 

The angle is measured thus : 

Let OA revolve about O, in an anti-clockwise direction, from 
the position coinciding with Ox until it coincides with OP; 5 is 
the angle it turns through. 
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The point {-r, 0) is the point Q, where OQ i 
the opposite direction to OP, and equal to it in magnitude. 

Thus we see tliat the points ( - r, 6), (r, ^ + ir) are eoincident. 

In the same way, the pointe {r, 0), (r, 6 + 23r) are coincident. 

Also if R is the point fr, - 0), 8 is the point ( - r, - 0), OS 
being drawn in an opposite direction to OR and equal to it in 



76. If (x, y) are the 
aaes Ox, Oy, md (r, &j twe 
when O is the pole amd Ox 
the iniHal line 

x=rcoB0, y = rBmS. 

Let P be the point (s, y). 
Draw the ordinate PN. 
OP = r, i^POx=6; 

:. 3i=ON = OPeosPON 



and !/=PN=OPsinPON 



inates of a point Teferred to n 
the polar ( " ■ 



■ordinid^s of the same point 



77. Tofhd the distance between the points (fj, ^-^), (r^, fl^). 
Let P, Q be the points. Join OP, OQ. 




PQa = Op2 + OQ2-20P.OQoosPOQ {a^ = b^ + c^ - 2k cos A) 
= r^^ + r^^-2r^r^cos{0^~0^); 

:. PQ= ^/rJ^ + r^^ - 2rf^ cos {0, - $^). 
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78, Tof/nd, ike area of the (ritrngle formed hy joining/ three points 
whose polar co-ordinates are given. 

"■^ >....; 

Let P, Q, R be the points 
whose polar co-ordinates 
•re (r„ S,), (,;, 9,), (,„ »,) 
respectively. 

Join OP, OQ, OR. 



A PQR = A OPQ + A OQR - A OPR 

= JOP . OQ sin POG + ^OQ , OR ain QOR - ^OP . OR sin POR 
= lr,r^ sin {&, - 6,) + }^r,r, sin {$, - 0,) - ir,r, sin (9, - 9,) 
= \ [r/g sin (^1 - 9^) + r/g sin (flj - 6^) + r^r, ain (6, - 6,)]. 

79. Tofmd the eguatiim, of a straight line in polar co-ordinates. 

Let P(r, B) he any point 
on the straight line PN. 

Draw ON perpendicular 
to the line from the origin 
0, and let ON =y, and make 
an i.ffl with Ox, the initial 
line. 

From the A OPN, 
ON = OP cos PON, 

i.e. p = rcos(^-a), 
the equation required. 

80. By transforming the polar to rectangular co-ordinates, ^ 
shall see that j) = )■ cos ( ^ - a) must represent a straight line. 

The equation may be written 

p = r COS ^ cos a -t- r sin 6 ain a. 
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which becomes in rectangular co-ordinates (Art. 76) 

p = xaoBa, + i/s.m a, 
an equation of the first degree in »; and y. 

81. To find tlie polar equation of the straight line passing tlwough 
the two given points 

(<■„ «,). (■■„ »,). 

Let Q, R be the given points, 
P (?■, $) any point on the hue. 
Join OP, OQ, OR, 

APOQ+ AC10R= A POP; 




This may be written in the o 
more aymnietrical form 

n-jsin (61 - dj) + rir^sm {6^ - %)^r^r sin {B^ - 6*) = 0. 

82. Th^ equatims p = reos($~a,), p' = rcos(6 + --a) represent 
kvo perpendicular straight lines. ^ ' 

{First method of proof.) 

The equations may be written ^ = r cos 6 cos n + )■ sin sin a 
andy=rsin(ci- 6) or / '=reos6sina-rsin6eosa. 
Putting these into rectangular co-ordinates, they become re- 
spectively, ^ = a; cos a -1- ji sin cc, 
y =3;sina-j/cosa, 
two peipendieular straight lines, (aa' + W = 0) 
{Second method of proof .) 

In the case of p=rao%{6 — ii), the perpendicular^ makes an 
angle a with the initial line. 
The second equation may be written p' = »-cos 6-\t!.-~\ ; 

.'. the perpendicular p' makes an angle a - - with the initial 
line. 
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[o» 



The difference of the angles a and n - ^ is a right angle ; 
.'. the perpendiculars p, p' are at rigtt angles ; 
.'. the lines are at right angles. 




I'^ote. If, in the polar eduatlon of a stralglit line, we write 9-f- for 8, 
■we have the equation of a perpemjicular straight line. By giving the 
proper value to the constant term, we can ohtain the equation of any 
perpendicular stra^ht line. 



Examples IV. b. 



1.(^-1). 2. (-3,1). a( 

4. (3,0). 5. (-S, ,). 6. ( 

Express the following equations in polar co-ordinates 



diagram tke points whose 

a (-2,^1). 



7. 3 



a-l-J<si 



9, ^-y^=a^ 10. y=4tM^. 11. ^-i/*=a*. 

Bspreas the following equations in rectangular co-ordinates ; 

(Interpret the equation in the first two oflsea. ] 
12. rcosfl = tt, 13. rcos(e-t-a)=p. 



14. A( 

16. ^■■ 



is2e. 



17. 



)s(fl^«). 
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18. Find the polar equation of a atraight line at right angles to the 
initial line and at a dietanoe a from the origin. 

19. Find the polar aquation of a straight line parallel to the initial line 
and at a distance a, from the origin. 

20. What is the equation of a straight line through the origin and 
making an angle a with the initial line ? 

21. A regular hexagon has its centre at the origin and one aide at right 
angles to the initial line. If each 3ide = a, find the equations of its sides. 

22. Find the oo-ordinates of the point of interaeotion of the two straight 
lines r oO8(0-4g°)=2, rooB(fl - 135°) = 2. 

Draw the straight lines represented by the following equations ; 
S3. e=\. 21 9=0. 25. l=siii(S^30°). 

26. rsinfl^a. 27. ?>=rsin(e + a). 28. J.=rsiii(9-a). 

29. What ia the equation of a straight line perpendicular to 

j.=rsin(fl + a) 
and at tho same perpendicular distance from the origin ? 

30. What is the equation of the straight line through the pole and at 
right angles top = rcos(0-a)? 

31. Through the point whose polar co-ordinates are {r, 8), two straight 
lines are drawn to maie eijual angles, ^, with the radius vector ; prove 
that their equations are !rsm(^±ff)T3/coa(0±e) = r8in^, the upper signs 
heing taken together and the lower signs together, 
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CHAPTER V. 
THE CIRCLE. (REOTANOULAB AXES.) 

83. To find the equation of the drde whose radius is a and whose 
Ktiire is at the origin. 

Let P be any noint on the circle and {x, y) its co-ordinates. 




Draw the ordinate PN, 

ON^ + PNS = OPl 
OH=x, PN=^, OP = ffl; 
y^ = a^ is the required equation. 

centre is at the point {a., /3 



But 



84. Tafiitd the equation of the circle 
and whose radiw is a. 

Let C be the centre, and take P any point on the oiirve, (x, y) 
being its ordi nates. 
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In the right-angled ACNP, 

CN^ + PN^^CP^. 
But CN = KM=ffi-a, 

PN = PM-CK=y-/3 and CP = a; 
.', (x-«)2 + {y-^)2 = a^ is the required equation. 
85. The equation (a; - c)» + (y~ jif = a^ 
may be written in the iorm 

ffiS + / - 2a!t - 3^1/ + a^ + /32 - t(5 = 0. 

Hence we see that the equation of any circle may be written in 
the form 

xs + ya + 2gx + 2ftr + e = 0. 

This is called the general eauation of a circle. 

Note carefully its characteristics, remembering that the axes 
are rectangular. The coefficients of x'' and y^ are equal, and 
there is no term involving the product xy. 

If c = 0, the curve will pass through the origin, for its equation 
is satisfied hy the values 0, of x and y. 
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+2ic-2!/-2=0, 



The eq^uation may be written {x + l)^ + fy-l)''—i. 

.'. the oentre is at the point ( - 1, 1) aud the radiu3=2. 



s^""^ ^"" 




_ J ^ __ ^_L L_ 


• 'N |_ 


hH+mrFttT^-'TP'-'Tw^ 


^^h-y^H-"^^-B" \ ■• -" 


_J ^-(-1i-)-- ■ 


==+l-\il " •■ - •• i ■-"■/===== 


— ^L-\l . 1 |_ |.! : , f-^-- 


^rKi4^-"^w-'44^q^"F^ 


F::.+ H-|H^r -r^Ly^^ ^: 


>- '^' ' '' + ' ' 


-_+ — ± 



. le It FtTtd the co-ordinates of tlte centre and the length of the mdiita 
of the drch u^ + j/' - 2gx - 2fy = 0. 

The equation may he written {x~gf-\-{y -ff = g''-\-f\ 
.". its centre ia at the point [g, f), 
and its radiua —iJ^Tf^. 

Examples V. a. 
Determine tlie radii of tlie eiroles ; 
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THE CIRCLE. 



77 



Find the oo-ordinates of the centre and the radius of eaoh of the follow- 
ing eirolsB. Draw tha oirole in ea«h case ; 

3, a? + i/^-2ax + 2ay=2a?. i. !i^ + y^ + 2x-2y^0. 

5. x'' + f-ix=0. 6. a:= + y=-)-6y=0. 

7. :^ + }f' + 2gx + ^=c^-/''-^. 8, 2{^+^)-S^+iy = <). 

9. a?+f-5x+7y=0. 10. to=+V- iaK+24y+29=0. 

Mud the equation of the oirole ; 

11. Whose centre is at the point (a, - a) and radius a. 

12. „ „ „ («, St „ s/^+P. 

13. Wliioh touches eaoh asis at a distance 3 from the origin. 

14. Which paaaea through the origin and maltes positive intercepts eaoh 
equal to a on the axes. 

15. Which passes through tie origin and the points (n, 0), (0, h), 

16. Which touches both axes and passes through the point (1, 2J. [Two 

17. Which touches the axis of x and has its centre at the point (0, - 4). 

18. Wliioh is described on the line joining (0, 0) and (^, ^) as diameter. 

86. Def. If the two points in whieh a secant cuts tlie circum- 
ference of a circle move up to one another, the ultimate position 
of the secant, when these points coincide, is the tangent to the 
circle at the point of coincidence. 

If (x,jf) is amy point on a curve and (x + Ax, ij + Aj) another point 
on it near {x, y), the slope (or 
gradient) of ihe tangent ai the -^ 
powd {X, y) is equal to the limiting 

■salue of -^ when ihe pdnis move 

up to one another and coincide. 

Let PQ be any curve, (eb, y) 
the co-ordinates of P, {x + ilc, 
y+^y) the co-ordinates of Q, 
a point near to P. 

Drawing 
QR perpendicular to O^ 
and 

PR perpendicular to Oy, 
we see from the diagram that ^^ = 
chord PQ. 




^, the slope of the 
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Now let the points move up to one another and iiltimateiy 
comoidc. 

As they approach one another, the slope of the chord ie always 

equal to -^r^ ; therefore when they eoinoide the chord becomes a 

tangent, and its slope is the limiting value of -^. 

In using the above notation the student must remember that 
AsB is a small increment of sb, and must therefore be regarded as a 
single quantity ; the A cannot be separated from the a;. 

Differential Calculus. If y —fix) is the equation of a curve, 

the slope of the tangent at the point (x, y) is -j-\- 

In finding the equations of tangents to curves the following 
wiU often be made use of. 

If Aa; and Ay are small quantities, (Aa)^, (Ay)^ and the product 
Aai.Ay are vm/ small, and may generally be neglected in com- 
parison with X and y. 

Thus if SB = I and A^ = -^rj^ = r— §■ ^"'^^mo' ^"'^ '■^ '"^ small 
compared with <c. 

Similarly, if Ak = j^, A)/ = j^, As . Ay = -^- and may generally 
be neglected. 

The student will doubtless have made use of the above in 
doing 'approximate' questions in Algebra and Arithmetic. 

87. To find the equation of the tangent to the drele a:^+y^ = a^ at 
the point (x^, y-,). 

Take a point (a^j + Aa:^, ^i + A^j) on the curve and near to the 
point (iCi, Ji). 
The point (atj, y^) is on the circle; ,'. x^^-i-yj^ = a^. 
„ {x^ + Ax^, ^/i + Af/J is on the circle; 

;. (aj-i-AKi)2 4-(j'i + A)/j)2 = «2, 
.'. by subtraction, 

2x^Ax^ + (Aa;,)^ + 3j^jAjj + (Af/^)^ = 0. 
.'. in the limit, when the points approach one another, 
2sjAa:^ + 3j^,Aj/^ = 0, neglecting (Aas,)^ and (A!/j)l 
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. A*/, ffi, , , ,. . 
. . -r^ = - -^ in the limit, 
^i ^1 
i.e. — I is the slope of the tangent at (%, y^). 
Vi 
Also, the tangent passes through the point {x^, ^j) ; 

;. iteequationis y-yi= -^Hx-x^) [y-yi = m{x-x^)] 
or J7j+«9^ = icj2 + j,^s_ 

Second Method by means of the Differential Calculus. 

x^ + i/ = a^. 
Differentiating with respect to x, 

'^ dx ax y 

.'. - J- is the slope of the tangent at the point (a^, y^) ; 

,'. y-y^= _-1(k-3^) is the equation of the tangent, 

i.e. 2^j + rai-V + ^i 

or xXj + yy, = a^, as before. 

88, Normal. Def. A straight line drawn at right angles to a 
tangent to a curve and passing through its point of contact is 
said to he a normal to the curve. 

To jmd the equation of the normal to the circle ir^ + «/^ = a^ at the 
point {x^,y^). 

The slope of the tangent xCj + ijy-f — a^ i& - — ; 

„ „ normal is '^-. {mm' = - 1) 

Also, the normal passes through the point {Xj, j/^) ; 

.', its equation is 3'-}'i = — {^-*i) or — = — 
Xj ?/i ^ 

Note. Thia is the equation of the radius drawn through the point 
(flii, i/[), and we have therefore verified the well-known geometrical fact 
that a tangent to a oirole is at right angles to the radius drawn through its 
point of ooiitaot. 
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89. Points of lateisectloa of Oircles ancl Straight Lines. 
Find the points of intenection of the drele 

3^ + 2^ = 25, (1) 

and the straight line x + y^7 (2) 

We might plot the graphi of ■■ + '/ — 25 and x + y = '7 as 
shown in the tigiire and iPid oft the coordinates of their 



.___, 1 LLL _ _L|_1_ 1 _U _ U |___ I___^_^ 


PTT^ 1 rti 1 ' ^'^rTi HmTitm 

1 -^::^_-:::-::::::: 




1 ■ ' --^^ r 1 1 1 ^ 


^- — -, --^^l 1 - — r ' 


" tr r ^^T^^ii — r^ 1 - 1 - 1- 


h^fl^^^i N, 1^ 1^ mW 


^;l^jZt^^^U::;;:: 


Fi^^^MTiB 


if ^"7 + = ^^ft#\t^-::: 


1 1 1 )l "" 


1 \ ■ H 


1^-^ l^- = ::-::-::^\:*:: 


^ii"lffi'fe'rS "^S 



common points, and tlie beginner should do this, but let him 
also take note of the following carefully : 

At the points where the straight line meets the circle, the 
corresponding values of X and t/ satisfy both equations, 
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The question might therefore be worded thus : 

Find what values of x and y satisfy both the equations 
x^ + y^ = 25 and a; + «/ = 7 : 
in other words, solve tlie eiinations. 

We therefore have to solve the equations in any way we please. 

Squaring (2) and subtracting from (1), -2xj/= -24; 
-■. from(l), x^-2x!/ + f=2D-2i=l, 



.'. the straight line meets the circle at the points (4, 3), (3, 4). 
This can of course he verified from the figure. 

90. The reasoning in the preceding article is quite general, 
and we thus deduce the following ; 

Given the enuationa of two curves, the points of intersection 
of the curves may be found by solving their eaiationa, treating 
those equations as simultaneous. 

91. To find the condition (hat the straight line y = 
touch the drde x^ + i/^ = aK 

First Method. At the points 
of intersection, we have by sub- 
.titution. ^, + („ + ,),_„,, 

3:^(1 +*»*) 4- SwMffi 4- c^ - ffi' = 0. 

If the straight line cut the 
curve at the points P and Q, 
the roots of this quadratic would 
give us the abscissae of the 
points P and Q. But when the 
line touches the circle, the points 
P and Q coincide, i.e. the roots 
of the quadratic are equal. 

.-. ■ imh^ = 4(1+ ffl^) (c^ - <i«), [b^ = iac] 

or c^ = «^{l+m^), the required condition. 

) quite general, and may therefore h 
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Second Method. We know that if a straight line touches a 
circle, the length of the perpendicular from the centre of the 
circle upon the straight line is equal to the radiua. 

In this case the centre is at the origin. 






or e^^a!^{\+w?), as l>efore. 

92. To find the egmHon of a tangent to the circle ^? + i/ = o?, in 
terms of Us slope. 
Where the straight line */=ffKe + c meets the circle, we have by 



e^(l+m^) + 2nia» + c^-a^ = 0. 




But if the straight line touches the curve, this quadratic for k 
will bave equal roots 

.-. 4ra2c3-4(c2-ffi3){l+m2), [&^ = 4<tc] 
i.e. <? = a^{l+m% 



We thus get two values for c. Therefore there are two 
tangents having the same slope, and their equations are 
y = mx + as/l + m^. 
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The tangents aie parallel to one another and touch the circle 
at Opposite ends of the diameter whose equation i&mi/ + x = 0. 

In the figure, for the tangent PT we must talte that sign 
which will make both intercepts on the axes positive, for PT 
that sign which will make both intercepts negative. 

If we put m = t9,n0, \Jl+m^ = B&id, and the equations of the 
lay be wiitten y=x tan S ± » sec $. 



Examples V. b. 

Without assuming the lormula hi a tangent, find the equiition of the 
tangent to the eirole ; 

1. a:«+y' = 25atthBpoiiit(3,4). 

2. x' + y''^ 5 „ „ (-1,2). 

3. a? + y^— 4, which makes an ajigle of 60° with the asis of x, 
1 x'+y' = K, „ „ 45° 

6, a?' + ^=64, which haa a slope equal to 3, 

6. Bind the radins of the circle whioh has its centre at the point 
( -1, 2), and touches the straight line 12y + 5ic + 7 = 0. 

7, Eind the radius of the circle ciroumBOribing the points (4, 9), 
(4,-2), (1, -2). 

Find the equation of the tangent to the eirole aj^+y^^"^ ; 

8. Which iH parallel to Ae + B!/ + C = 0. 

9, Whioh is perpendicular tioA3; + By + C = 0. 

10. Which makes equal interoepte of positive sign on. the axes. 

11. Eind the condition that the straight line j/ = n?ic may touch the 
circle 3?' + yS-aa:-3^=0, and hence write down the equation of the tan- 
gent to the otrcle at the origin. 

12. Eind the co-ordinates of the points where the straight line Zy-ix = l 
meets the circle a^-ny^- 4:^-6^-12=0. 

13. Eind the length of the line [i;=2 intercepted by the circle 3:'-h^ = 16. 

14. Prove that the straight line ^:=3;-l-a\^ touches the circle a;*-fy'=w', 
and find its point of contact. 

15 Eind the co-ordinates of the centre of the circle cirenmseribing the 
triangle (-2,2), (1, -2), (1,3). 

16. Find the equation, of the circle with radins rS and centre (1*5, 2). 
Show that it touches the line a:=0. Draw the figure on squared paper, 
unit one inch. 

17. Prove that the straight line g3: + 13y-4=0 touches the circle 

B^ + y'-6x + ij/ + 12=0. 
Determine the co-ordinates of the point uf contact. 
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18, Calculate the oo-ordinatea of the ir 

and 3K + 4y-2=0, and the length of the line between the points of it 
section. Check your results by a graphical solution. 

19. Show that each ot the eirolea 

1 equilateral triangle which has one aide lying along an 



Mnd the oo-ordinates of the second point of interaeotion of these circles. 

20. Prove that if the straight line 3;ooao + ^sina=)> touches the oirole 
(a;-ft)' + (y-S)'=r», then hoosa+ksina-p^ ±r, and explain the sign of 
the ambiguity. 

93. TuTigenk are dratrnfrom the point (Sj, y^ to the circle 3?-\-i/^ a^, 
to find the equaiion of tiievr chord of contact. 

Let P be the point (xi, y^}, PA, PB the tangents. It is required 

to find the equation of AB. Let (h„kj) be the co-ordinates of A, 

(h^, /i^) the co-ordinates of B. 




The equation of PA, the tangent at A, is 

The equation of PB is xh^ + '!/&^ = a^. 

But the point P{x^, i/j) Ues on both these lines ; 

.-. Xjh^ + y^k^ = a^ 

and Xjh^ + y,^ = «2 



..(1) 

,.(2) 
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.'. XiX + t/jy=a^ or «r^ + j«/^ — «^ is the equation required. 
For firstly it represents a straight line. 
Also from (T), we see that (Aj, t,) A lies on this line, 
and „ (2) „ {k„ k^) B 

.'. it is the equation of AB. 

94. Def. Pole and Polar. If tangents are drawn at the 
extremities of any chord of a circle which passes through a fixed 
point, the locus of their intersection is called the polar of the 
point. The fixed point ia called the pole of the polar. 

This locus will be proved to he a straight line. 

To find ikepnlar of the point (s^, y-^mth rested to the circle x^ + i/^ = a^. 




Let P be the point (a^, )/,), and PAB any choEd through P ; 
AQ, BQ the tangents at A and B. 
It is required to find the locus of Q. 
Let {h, h) be the co-ordinates of Q, 
Then the equation of its chord of contact AB is (Art. 93) 
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But (x^. ^i) is on this line ; 

But (h, k) is ani/ point on the locus ; 
.'. tlie equation of the locus is 

or xxy'rfy^ = a?, a straight line. 




^.5. When (3^, j/j) is outside the drcle, the polar is the same as the 
chitrd of contact of tangents drawn from {x^, y-^. 

For the geometrical construction of the polar of a given point, 
see Baker and Bourne's Geomeky, p. 371. 

95. If the pdar of the point P passes through the point Q, ths polar 
of the poirii Q -passes through P. 

Let (ej, J(j) he the co-ordinates of P, (a^ y^ ttose of Q. 
The equation of the polar of Pwith respect to the circle 
x^ + y'^ = a^ 
is xx^ + yyj = aK 
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This passes through the point Q ; .'. ajiKg + Jjj'g = a^ (1) 

But ■M^ + yy^ = a^ is the polar of Q, and by (1), this straight 
line passes through (^y, yJP, which proves the proposition. 

96. Given thai ke + By-VO = Qisa tangent to the drde x^ + i/^ = a% 
find the co-ordinaUs of Us point of contact. 

Let {%, y-i) be the co-ordinates required. 
Then xxi + yi/i = ts^ is the equation of the tangent ; 
.'. this equation must be idenUcai with 
M + By^ -C, 
for the two equations represent the same straight line ; 
,'. comparing coefficients, 

A B C 

, , _ _ ^ = - ^ 

enee k^ - ^, y^- ^ 

CoJiOLLAfiY. Since (x^, j/j) is on the circle, 

.■. Oi2(AS + B«) = C^ and C= ±(w'aHB2. 

97. Find the co-ordinates of the pole of ike straight line 

te + By + C = 0, 
with respect to the circle a;^ + y* = a?. 
Let {x^, If-,) be the pole. 

Then OTj + yj/j = a^ is the equation of the polar. 
Now proceed as in the preceding article. 

QS.Ifa straight line PAB cuts a cirele at A and B, and PC is a 
ta/ngent to the drde, to prove (analytimUy) that PA , PB = PC^. 

Ut !<? + y^ + ^gx + 2fy + c = (1) 

be the equation of the circle, (x,, y^) the co-ordinates of P, and 
let the equation of PAB be 

^ = ^i = r, (2) (Art, 30) 
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IB = iCj + r cos S, y = jj + )■ sin 5 ; 
where (1) and (3) meet we have by substitution, 
(xj_ + r cos Oy + (s/j + )■ sin Of + 2jr {a^ + r cos ff) 

+ 3/{i/i + rsin^) + c = 0, 
l.e. ^ + 2c(aj cos e+^^smB + g cos +/sin 6) 




...(2) 



Now PA, PB are the roots of this equation ; 

.*. PA . PB = 3;j2 + J'l^ + 2^j + 2/j'j 4- e, . 
and is constant in value, for it is independent of 6. 

Let the straight line PAB turn about P until the points A and B 
move up to one another and nltinaately coincide. 
The line becomes a tangent, and PA . PB becomes PC^ ; 
.'. since PA . PB is constant in value for all directions, 

PA.PB = PC^. 
COROLL-VRT. PC^ = PA . PB = a^^ + ^jS + 2^ + 2/^1 + c from (2) ; 

99. To pove that the length of the tangent dravm from the point 
(a^, 1/j) to the drde {x-ay + {y- j8)^ = ts^ js eqml to 
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If P is the point (x^, j/j), PQ a tangent, 
ths circle, PC=.(a!,- a)' + (?,-«', (Art. 4) 



C the centre of 




. PQ2 = PC^-CQ^ 

= (!(!i-a)H{yi- 



and PQ = V(% - af + (i/i- ^y - a*. 
100- Find the equation, of the tangent to the eirde 
a~i + / + 2^ + 2/j/ + c = 
at the pmnt (a;,, y-^. 

Take the two points (a^, y-^, (a^ + Aa^, J/j+^^i) on the circle, 
and near to one another. 

e (a^, y^ is on the curve, 

Kj2 + j^i^ 4- 2^ + 2/f/i + c = 0. 
e (Kj + Aa^, )/^ + A^j) is on the curve, 
{x^ + i^x-if + (yi + A)/j)8 + 2?{3:i + Aa^) + 3/{!/i + A?/,) + c = 0. 
.'. subtracting, 

a^iAa;, 4- (Aa;j)s + 2y^^y^ + {Ayj)s + S^Aa^ + 2f^y^ = 0. 
.'. in the limit when the points approach one another, 
Aaii(a!, + i?) + Ayi(2/j+/) = 0, 

and the limiting value of -r^= -^ — %. 
^ Aa;i y, +f 

.'. — - — ^ is the slope of the tangent at (a^[ , y^). 
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.'. the equation of the tangent is 

or Wi + yt/-^ + gx +fy = x^ + y^ + gx^ +fyj 

= -gx^-fy^-c, for (x^, y^) is on tlie circle. 

is the reqd. equation of the tangent. 

Note. Here, and in Art. 87, the following rules hold for WTltli^ down 
the equation of a, tangent to a, circle : 

■We obtain the equation of tlie ttu^ent at the point (a',, yj to a, oirele by 
taking the equation of the oirele, and writing 
xxj^ inetead of x^, 

y+y. ., 2y, leaving tHe oouBtaut term unohaneed. 

101. Second method by means of the Differential Calculus. 
Differentiating with respect to x, 

2. + %|+2j + 2/|.0, 

whence -^ = - ■- — -.. 

dx y+f 

.'. tiie slope of the tangent at the point {x^, y-^ is - -l — j. 

We now proceed as in the first method, 

102. If ta/ngents are drawn to the circle x^ + y^+ 2gx + 2fi/ + e = 0, 
the equation of their chord of cordact is 

i^i + Wi + ?(■'+%) +/(S' + !/i) + '^ = 0. 
This is proved by the method of Art. 93. 

103. The polar of the point {x-,, y.) with respect to the circle 
x^ -l-j/a + 2gra + 2fy + c = ss the siratghi line 

xx^ + Vyj + g(x + x^)+f(y-\-y{) + c = 0. 

This is proved by the method of Art, 94. 
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104. To find (he equation of the pair of tangents drawn from the 
point (kj, jIj) to the circle a? •\-y'^ = a^. 

Let Q.(x, y) be any point on either of the tangents PA, PB 
drawn from the point P to the circle. 

Let OP cut AB at N, and draw QM perpeiidieulai' to AB. 




From the similar A' AMQ, ANP, 
QW1_PN 



N"ow the equation of AB is a^ + f/y^ - «^ = ; 



QM-~ 



+ CTi- 



W + ^i^ ' ^ Va^+b 
QA = s/Q02-A0^ = JW+f^^, 
PA = v^2~^b^ = Jx,^ + y-^-a\ 



PN=- 



i'+.V- 



for PN ia perpendicular to AB. \/p=-~^=sL=—\ 
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.-. from(l) ^+m-«^ _ ^.^+V-a^ 

or (raj + ^j-«B)B = (a2+2,a-ffi2)(a^2 + jj2_fl2). 
But (x, y) ia any point on either tangent ; 

.'. this is the equation of the two tangents PA, PB. 

Szample L To fiiid the eqvatioiia of the tangents drawn from iJie point 
(4, 2) to the cirde K^ + y'=4. 

Let y-2~m.(x-i) be a tangent to the cirole. 

Since the line is a tangent, the length of the perpendieulaf from the 
centre (0, 0) of the oirole npon the line is equal to the radius, 2. 
-2 + 4m „ / As:i + By, + C\ 

^m-l^'Jl + vi". 
Squaring and solving for m, we have 

m=Q or 4. 
.-. y-2=0, and s'-2=^(j;-4), or 4iX-3y = lO, 
are the tangents required. 
Example il To find the eqiiatkin of a tangent to the cirde 

in terniB of its dope, m. 
jZ—mx ± r*/l + m^ touches the oirole sfl + y^ — a^ for all -values of m. 
:. transferring the origin to the point ( - a, - ^), 

is a tangent to the airele (K-a)^ + (j/-j3)'=j'^ for all Tallies of TO. 

Examples V. c. 

Find with respect to the oirolci 3?^y^ — <fi the polos of the following 
straight lines : 

1. y^mx-vo. 2. xxi-i-yyi^b^ 3. 2/=2((. 4. 2x^a. 

5, AB, AC are tangents to the oirole x''+y^ = a^ drawn from the point 
M^\} yi)- '3,{x, y) is any point on the ohord of contact BC. OA meets 
BC at N and is perpendieukr to it. Therefore 

AB=-AQ==BN2-QN«=0B=~0Q= 
AB==V + y,= -aMArt. 99). t<Q' = ix-X:,r-l-{y-y-,)K 
Using the equation AB'- AQ2 = 0BS-0Q= deduce the equation of BC. 

6. Find the condition that the straight line 6x + Sy = k may touch the 
circle x^ + y^- l(h:~0. 
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7. Find the oqnation of the atraight line which touches the circle 

x'' + y" ~ ^ - 5y = 1} 
at the origin. 

8. The equation of a atraieht line ie ax + bi/ + a' + b'^=0, and that of a 
circle, :fi+^ + ax + hii=0. Adding these equations, we have 

(x + ay+{y + b)^^Q. 
What does this prove ? 

9. Prove that the lines a; = 1 , y = 2 each tauoh the circle 

x' + y''~4x-2y + ir^0, 
and find the other oo-ordinatee of the points of contact. 

10, Find the equation of the otrole which has its centre at the point 
(9, 4) and passes Uirongh the point (1, -2), 

If tangents are drawn to this circle from the origin, find the equation of 
their chord of contact. 

11, Mnd the equations of the tangents to the circle x^ + j/^=a' drawn 
from the point (0, i). 

12, Find, by the second method of Art. 91, the condition that the 
straight line Ai + Bj/ + C = ahould touch the circle x^ + y'^aK 

■ 13, Find the quadratic equation which will give the abscissae of tJie 
points where y = mx + c meets the circle x'^ + i/' — o'. 

Deduce the condition that (1) the straight line may cut the circle, (2) 
the straight line ahould not meet the circle. 

14. Find the quadratic equation which will give the absoissae of the 
points where the straight line a!Xi + j/j/i=ffi' meets the circle ai' + y^ = a\ 

Deduce the condition that (1) the strair"-' ''- — ' '■'■- -=— '- 

the straight line may Irruch the circle, (3) iJ 
the circle. 

Give the geometrical interpretation to each result. 

15, Prove that tlie atraiglit Uae gx + fy = touolies the circle 

x=+y+gx+fj'=o 

at tLe origin. 

IS. Find the condition that Aa; + Bj; + C =^ may touch the circle 
{x-h)'' + {y-k)^ = r''. 

Note. TLe point (aooaa. aslna) lies on the circle x^ + y^=a^ for all 
values of n, for a' oob% + s? sin^o = al 

17. The equation of a tangent to the circle x^ + y'^ — a' may be written in 
the form arcoso + ^sina^a. 

18. If (^li J/i) is the middle point of a chord of the circle a:^ + J^ = a^, find 
the 6<iv»tion oi the chord, 

19. Find the length of the common chord of the circles 

{x-af + {y-hf=c\ {x-hf + fy-af^c-'; 
and hence prove that the condition that these two cirelea shoiild touch one 
another is 2i? = {a-h)\ 
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point {x„ y,) to th 


tl t th 1 
I +y- ] 


d { 1 
li Id 1 


t t i 
t d 


'.f.' 


from the 
i,I tth 


21. Tangents are 1 
Prove that tlie are t 
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^.t + 2/y + c=0maj 
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touch the axis 


oix. 








(2) 
(31 


have its centre 


y- 

< in the a; 


[is of X 







(4) „ >, ,. V- 

24, Where fcheoircleax= + y^ + 2si;+2/y + e = 0, x^ + y''-\-2g'a:-\-2fy-\-c'~li 
meet, we have by subtraction 2{g - g )x-v2{f~f)y + c~ c' = Q. Interpret 
the last equation. 

25, Add the equations x' + y^-2a3:-2by = i?, x' + y''+iaa: + %by = <P', and 
interpret the reault. 

26, Giving reasons, interpret tha oonoeotion between the circles 

and the straight line aa; + 6y = 0. 

27, IHnd the equation of the two straight Imes pmli^ the points of 
intersection of the circle x^ + y'^ + 2gx + ^fy=li and the straight line 
ax-¥by = l to the origin. 

28, iFind the equation of the two straight lines Joining the pomtf, of 
intersection of the circle i(^ + i/^-8i-6j/ + 21 = and the straight hne 
a! + y=8 to the origin. 

29, Find the equations of the tangents drawn to the circle ^" + j^^— 36 
from the point (8, 6). 

30, Find the pole of the straight line S3; + 4y -46=0 with reapeot to the 
circle a!= + 3(* -6a;- 81/ + 5=a 

[If (^it ^i) is the pole, the equations x3:^ + yy^-%(!l: + x■^-i{y•^■yf) + &=0 
and Sx + iy -45=0 represent the same line and are therrfore identical.] 
i 31. Find the equation of the circle which has its centre at the point 
{4, 3) and touches the straight line 5x- 12y- 10=0. 

32. Draw the cirole ic' + ^-8i!-4y + 16=0, and find the equations of 
the tengents to it which pass through the origin. 

33, Prove that the equation of the chord joining the points (a;,, ^1), 
l^a > y^l on the circle ii? + y^ = a' may be written 

(y-J'i)te + J']) + ('C-»'i)(a^ + ^i)=0. 
Deduce the equation of the tangent at the point (a;,, j/jj. 



y Google 



MS. V. c] THE CIRCLE, 96 

34. Prove that the common tangents of the oiroles a;'+y' + 2j:=0, 
«i^+S^-6x=0 form ac equilateral triangle. 

36. Form the equation of the circle which passes through the origin, 
has the line y—mx for a diameter, and tonohes the line my + x = a. 

36. Prove that the product of the absoisaae of the points when the 
straight line y=mx meets the oirole !l^ + y^ + 2gx + ^fy + e = <} is equal to 



37. A straight line is drawn through the point {x,, y^). A, making an 
angle 8 with the axis of x, and meets the circle ai^ + y^-2gx-2fy + CT^(> at 
the points P and Q. If B is the middle point of PQ, prove that 

AB.(i,-«h)o<«l>+(/-!/J«n». 

38. Find the eqnations of the tengents to the circle a? + y^~6x~Gy + Q = l} 
which are parallel to ^=a;. 

39. Draw the circle x' + y' ~2c}f=0. Take a point P{2a, 0) and bisect 
OP, O being the origin, at Q., and draw a straight line QAB through the 
centre of the oirole and cutting it at A and B. Find the equation of 
the oirole passing through the points P, A, 6, and siiow that it touches 
the axis of x at R 

[x'^ + y^-2q/ + \{cx + ay~ac) = is a circle passing through the intersec- 
tion of i^+j^-2ey=0 and ca; -I- bj(-(«;=0. ] 

40. Two circles are drawn to touch both the straight linos y = 



3?-2ih + ktma)x + h^ + i?^0. 

Find the equation of the common, chord of the two circles. 

41, Find tiie equation of the circle which passes through the two pointa 
(a, 0], ( -a, 0), and whose radius is ija^ + b^. 

Write down tie equation of the polar of the point {a, /3) with respect to 
this circle. If (a, (3) is a fixed point, a. a couBtaiit, and 6 a variable, prove 
that this polar passes through another fixed point. 

LOOUS PROBLEMS ON THE OIROLE. 

105. Example i. Pairs of straigJU Imee are drawn Ihrovgh the poirUa 
{a, 0), ( - a, 0), so that the angle beticeen each pair ia constant and eqnal to a. 
Find the locus qf their iitl^section. 

The eqnations of the lines may be written 

y=m{x-a), (1) 

y^m-fx + a) (2) 

Since a is the angle between these lines, 
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[Ws ha^e to find the algebraic relation between {m, v' 
of the intersection of (1) and (2), and the angle o.. \\ 
eliminate m and m' between equations (1), (2), and (3).] 

Substituting fi 




Thus we aeo that the locus is a oicolc whoscs centre is in the axis of y. 
The circle passes through the points {a, 0), ( -- a, 0). 

We have here an analytical proof of the geometrical fact that the angle 
in a segment of a oirole is oona&nt. 

Example U. Fiiid the locus givea by the equations a: = a + rcosS, 
y=b+rsin8, where 8 U a vwrialle. 

To find the equation of the locus, we must eliminate 6. 



Squaring and adding these equations, we have 

.'. the locus ia a circle wiioae radius is r, am 
point (a, b). 



y Google 



ESS. V. a.] LOCUS PEOBLEMS. 97 

Examples V, d. 
LOCUS PROBLEMS ON THE CIRCLE. 

1. Chords of a oirole are drawn tlirougk a fixed point ; find the loous 
of their middle pointa. 

2. Find the loous of the middle point of a line of constant length which 
moves so that its ends always lie on two fixed perpendicular lines. 

3. The length of the tangent drawn from a point to the circle 
Find the equation of, and draw 

4. A point raoTEs bo that the sum of the squares of ita distances frora 
the angular points of a square is constant. Prove that its locus is a oirole. 

5. A point P moves so that the length of the tangent from P to the 
oircle a:*+y*+2(pr + 2/i/ + c=0 is twice the distance of P from the origin. 
Find the equation o^ and interpret the loous. 

6. Find the locus of the interseotion of the straight lines 

nt being a variable quantity, a, ^, and c oonstanta. 

["Hie equation of the looua is found by eliminating m.] 

7. Ka;=a(l + cosa) antt y:=a(l + 8ino], find the loevis of the point (;c, y) 
when a is a variable angle, 

8. A point moves so that the sum of the squares of its distances from a 
number of given points is constant. Prove that ita locus is a circle. 

9. Prove that the loovia of a point from -which the tangents to two given 
circles are in a, constant ratio is a cirole. 

10. A and B being fixed pointa, a point P moves so that PA=m.PB, 
where m is constant. Prove that the locus of P is a circle, 

11. Two straight lines are drawn through the ^loints (o, 0), (-tt, 0) at 



[The equations of the lines maybe written j/=m{x-a), y= ---{x + a). 

If we now eliminate m between these equations we have a locus on 
which the two straight lines meet for all values of m.] 

12, Two straight lines are drawn through the points (jCj, y,), {x^, y^) at 
right angles to one another. Find the equation of the locus of their 
intersection. 

. 13, Show that the locus of the intersection of the straight lines 
3;coso+wsina=(*, K;3ina-ycosa=fc for all values of a is the circle 

14. A point moves so that the square of ita distance from the base of an 
isosceles triangle is equal to the rectangle contained by its distances from 
the equal sides. Prove that its loous is a circle. 

[Take the middle point of the base aa origin and the altitude as axis of y. 
The equations of the ec]ual sides may then be written - + | = 1, -- + | = 1.] 
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15. The straight lines ^-mx=\Ja''m^ + b\ wij( + a: = n/oTSW ara at 
right angles to one another. Pind the loous at tteir intersection when m is 
a variable c[uantity, a and b being oonatants. 

[To find the loous we have to eliminate m. This ean be done by 
squaring the ec[aations, and adding. ] 

16. Fin d the loo ua of the in terBect iou of the perpendicular straight lines 
y - inx='Ja^trfi + b^, my + a; = Ja^ - b^, m being a variable, a and 6 constants. 

17. Tangents are drawn to the circles 'j? + y^=a^, ^ + ^—1^ at right 
angles to one another. Find the loons of their point of intersection. 

[Use the ' m ' equation of a tangent.] 

18. A point moves so that the sum of the squares of its distances from 
the sides of an equilateral triangle is constant. Prove that its loous is a 
oirole. 

19. O is a fixed point and P a point which moves on a fixed straight 
line; in OP a point Q is taken such that the rectangle OP. OQ is constant. 
Prove that the locus of, Q is a circle. 

Bevision Questions on tlie Oircle. 
[These may be taken orally, or the answers may be written down with- 
out any working, ] 

What is the equation of the oirole whose centre is at 

1. The origin, and whose radius is 2 ! 

2. The point (1,2) „ „ 3! 

3. „ (0, -1) „ „ 1? 

4. „ (3,0) „ „ 4? 
What is the general equation of a circle 

5. Which passes through the origin ? 

6. Whose centre lies in the axis of a- ! 

7. „ „ „ yl 

8. Whose centre lies at the point ( - a, - 6) ? 

9. Whose radius is a ? 

What are the oo-ordinatea of the centre of the oircle whose equation is 
10. a!^+j^-43;-6i/ = 0! H. K= + !/= + 3a;- 8j/ = 1 ? 

12. x^ + y^ + x + i/=i^ 

What is the equation of any diameter of the circle 

13. 3;'' + yS = on 14. (ic-l]' + (j'-2)'=4? 

15. (3r + 2)* + {y-l)==9? 

16. What is the equation of the diameter of the circle 

which passes through the origin 1 

17. What is the equation of the diameter of the oirole a^ + y'^a" which 
passes through the point (3, I) ! 
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18. What is the slope, or gradient, of the diameter of the ciiule 
la:- l)^ + (i/-2)'=fi which pasaes through the point |5, 3]? 

What la the equation of the tangent to the cirolo 

19. a^ + !/^ = 5atthepoiiit(l, 2)? 

20. ^K^+it^^l afcthepoint (3^, !/i)? 

21. 3:=+^+i^+2g)/=0at the point (3^1, !/iJ? 

22. a;2+!^'' + 4a;-6i/ + 3 = 0atthepoint(l, 2)? 

23. 2!ES+2y=-6»; + 8j)-4=0at the point (k,, j/ij? 

What is the equation of the ohord of contact of tangents to the 
circle af+y^=9: 

24. Drawn from the point (5, 4) ! 25. Drawn from the point ( -4, 1)? 
26. „ „ 16,0]? 27. „ „ (0, -4)f 
GrivG the conditions that the following pairs of equations may be 

identical ; 

28. Ax + By + C~i), fe + mj/ + ii=0. 

29. 3*: + 4j(-l = 0, Ax + By + C = 0. 

30. Ax+By+C^O, fa-m=0, 

31. Aa: + ^ + l=0, 3j!-% + 1=0. 
82, Aa; + Bji + O = 0, fi,x-3p-i^0. 

Give, without simplifying, the length of the tangent to the circle 
33. a^ + y' +/x + gy + c=0 from the point (a:,, yj). 

{0, 0). 

(3, 5). 



35. 3^+!/=-4k-5j(-9=0 , 

36. (K-l)2+(!/-2)=-4 

57, («+l)'+te-3)==l 

What is the equation which give 
circle x^+y^+gx+/i/ + e—0 meets 

58. The axis of 0!? 

40. The straight line x = y^ 



the abscissae of the points where the 



J the condition that the oirole x^ + i^ + 2gx + 2Ji/ + c=0 should 
axisofic? 43. The axis of y? 
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CHAPTER VI, 
EEVISION" PAPERS. 

Revision Paper VL a. 

1, The straight line joining the points (2, 4], (10, 12) is divided into 
four «qutil jiarts. Find the oo-ordinfttea of the points of division. 

2, Find the area of the triangle joining the points (0, 0), (6, 4), (8, 2) 
when unity represents one foot. 

3, On squared paper plot the pointa (6, 8), (2, 4), unit half an inoh. 
Join the pointa and read off the values of the int^roepts tliia line makes on 
the ases of co-ordinates. 

Deduce the eciuation of the straight line, and check your result. 

4, Show on squared paper (unit 0"1 inoh) the lines ts + S\ — ^, fmd 
^-O-Sx-SQ, and measure the angle between them. 

Also find the angle to the nearest degree hy oaloulation. 

5, A cirole ia deseribed in. the first quadrant touching the straight line 
y=a:tan2a, and also touching the axis of x at the point {4,0). Prove that 
its equation is ic* + j/^ - 8k - 83/ tan a + 16 = 0. 

6, Determine whioh is the greater of the circles whose equations are 
x' + if ~iax-ia,y + 10^=0 and ^ + y''-3ax-iay=0. Prove that these 
circles touch one another. 

Bevision Paper VI. b 

1, Determine graphically, or by oaloulation, the 00 ordinates of the 
pomts of triseotion of the line joining the points (8, 3), (1, 7) 

2, Draw on squared paper the line bisecting at rif,ht ingles the line 
which joins the points (5, 1) and (2, 4), unit 1 inoh 

By inspection of your figure, write down the equation of the hue so 
found, and verify your result by working out the equation 

3, In the equation As-f Bu = C, interpret the constants when (I) A — 1, 
(ii) B=l, (iii) 0=1, (iv) A=+8^=l. 

4, In the oirole a;'+y— a(5a;- ISy) find the equition of the diametei 
through the origin, and the equation of the tangent at the oiigin 

6, Find the equation of a cirole (radius a) referred to a diameter and 
the tangent at its extremity as axes. 

Show that the straight line 3^ - 4;/ + 2a = touches the cirole, and find 
its point of contact. 

6. Find the 00-ordinates of the middle point of the chord which the 
cirole a^-l-^ -ac-f2y =2 onta off on the line y — x-l. 

Find also the equation of the locus of the middle points of all chorda of 
the circle whioh are parallel to tlie line j/^x - 1. 
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Eevision Paper VI. c. 

1, Plaeethepomt3(l, 2), (-3,2), (2, -l),(-2, - 3) on squared paper, 
taking rcotanguW axes, and am inch as imit. 

State the oo-ordinatea of the middle points P and Q of the lineB jgining 
the first two points and the last two, and find the absoiasa of the point 
■where PQ cuts the axis of x. 

2, Oraphieally, or hy oaloulatioa, find the oo-ordinatea of the centre of 
gravity oi three equal masses at the points (0, 1), (J, 2], and (3, 0). 

3, rind the equation to a line passing through the point ( - 3, -2) and 
perpendionlar to the line 2a; + 3^ = 3. 

!Knd also the equation to a, line passing through the origin and the 
intersection of the two mutually perpendicuuu' lines. 

Verify the equations obtained by showing the lines on squared paper, 
explaining the nature of your verifloatlon. 

4, Show that if a'M' + 2ai=l, the straight line fo; + n!^=l will touoh the 
oirolea:*-l-y^-2aa;=0. 

5, I'ind the equations of the two tangents which can be drawn from the 
origin to the circle a;*+u^ + 10(iB + y)-l-40=0, and determine the ai^le 
between them. Also fled the equation of the concentric circle which 
passes through the origin. 

B. Find the length of the tangent from the origin to the circle 

What is 



Revision Paper VI. d. 

1. Draw on squared paper the line 2j! + 0-7i/=2-5 inches. 

li'ind to one decimal place the lei^th of the perpendicular to this line 
from the origin, and oheek your result. 

2, ABCD is a rectangle having AB 5 inches long and BC 3 inches long. 
The diagonal AC is drawn, and BO let fall perpendicular to it and 

Sroduoed to X. With OX and OA as axes of a; and y, and unit one inch, 
nd by drawing and measurement, or by calculation, the equations of the 
sides AB, BC, CD, each in the form --i-x = li giving a and b in each case 
to two significant figures. " 

3, A parallel being drawn to the base of a triangle so as to cut the sides, 
find the loous of the intersection of perpendionlara to the sides through 
the points of cutting. 

4. Find to one decimal place the length of tho tangent from the point 
(fl, G) to the circle »;= + !/= -43! + 4y = 0. 

6, A circle is described to pass through the origin and to touch the 
lines x = l, x-i-y = 2. Prove that the radius »■ is a root of the equation 
r2(3-2\'2)-2)-\/2 + 2 = 0. 
6. I^d the equation of the common tangents to the circles 
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Bevision Paper VI, e. 

1, On squared paper draw a quadrilateral with its corners at (3, 5), 
(1, 4), (0, 3), (3, 1), the unit being one inch. 

Find the area of the quadrilateral in any may yon please, stating your 
method 

2. Draw on squared paper the line 3^ + 4^ = 10, unit one inch. Find (a) 
by measurement, (6) by calculation, the length of the perpendicular from 
the oriain on the straight line and the co-ordinates of the foot of the 
perpencUcular. 



be completed, show that the co-ordinates of the foot of the perpendicular 
drawn from P to AB are (aoos^, aaia^B), where 8 ia the acute angle AB 
ma^es with Ox, 

4. If the equation of a oirole is a/' + y'^+2ga!-¥2fy + e=0, find the con- 
dition that must be satisfied by the parameters g,fi e, in order that it 
may be possible to find a point, or pomts, on the circle at equal perpen- 
dioular distances from the axes. 

5. If the point (A, i) do not lie on the perimeter of the oirole 

interpret the expression (A - a)' + {k-pf--i^ geometrically. 

6. Describe the circle afl + ^=e', and draw the lines 

{X'J3 + y-cH-x'JS + y-c)^0. 

Find the equation of the line joining the feet of the perpendiculars upon 
these lines from any point {a, b) on the oirole. 

Frave that this line also passes through the foot of the peipeudicular 
from the point (a, 6) upon the line 2y + c = 0. 

Revision Paper VI. f. 

1. Determine the equation of the straight Une which passes through the 
origin and the point of interaeotion of the lines 6:i-3j/=ll, x + 2y = \f}. 

2. Find the cosine of the angle between the straight Unes whose 
equations are ax + bt/ + c = 0, a'x + b'y + c'=0. 

3. If the axis of y is measured vertically upwards, prove that y' - ma/ - b 
rejTesonfB the vertical height of the point (a:',^') above the Une whose 
equation is y=nK»; + 6. Deduce the length of the perpendicular from the 
point {x', y') on the line y = ma: + b. 

4. Show that the circles x'' + y^ + 2x-8y i-8=0, 3>^ + y^ + 10x-2y + ^=Q 
touch each other, and find the point of contact. 

5. Show that the distances of two points from the centre of a circle are 
to one another in the same ratio as the distances of each point from the 
polar of the other with regard to the oirole. 

6. Prove that the equation of the circle circumaoribing the quadrilateral 
formed by tlie four straight linos y = 2a;, a;=2^, x + y = a, x + y-2aiti 

9{x' + y'')-15a{x+y) + l<ki^=<i. 
rind the equations of the tangents drawn to it from the origin. 
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Beviaion Paper VI. g. 

1. What is the general iiature of the family of straight lines obtained 
from, tho equation «=mK + 2'2, by giving various numerical values to j» ? 

Show on aquftced paper the three lines of the frnnily for which m has the 
values 1 '8, -I'S, 6'4. 

2. Find the area of the triangle whose sides are formed by the straight 
lines y=3f, y=^, 35 + ^-6=0. 

3. Find the equations of the straight lines Useotii^ the ajigles between 

3x + 43/ = 5, 12a!-% = 41. 

4. Solve the equation 2a!*+2^ + fia;y+l = 3a! + 3y for y. 
Give the values of y when it;=0'l, 0*2, 0'5. 

Draw the loons represented by the equation. 

5. Having given y='J<^-3:'', where ti[=2 inches, find (by putting 
ic — a sin fl, or otherwise) a number of seta of corresponding values of x and 
y i and henoe trace the curve represented by the equation. 



Kevision Paper VI. li. 

1. What is the general equation to a straight line through the point of 
intersection of the given straight linos 

aa: + hy = \, Ia; + n»^ = l! 
Find the equation of the straight line passing through their point of 
interseotion and also through the origin. 

2. Find the equations of the straight lines parallel to \2x-5y = W and 
at a distance of one unit from it. 

3. Straight lines parallel to y-kx are drawn to cut the given hues 
y=mx, y='iix. Find the equation of the locus of the middle points of 
the paraUel intercepts. 

4. Prove that the equation a?^■^xy + y'^~^x-^ + \-ii lepreaent'* two 
straight lines. 

Bind the angle between these lines, and prove that the on oidmatea 
of their point of intersection are - 1 and 3. 

5. Find the equations of the tangents to the circle a^ + y* - 2ax = which 
are parallel to the line 5x+l2y=0. 

6. Find the equations of all the common tangents of the circles 

x' + y'' + 2x = and x' + y''-&c=0, 
and draw a figure. 
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CHAPTER YII. 

ORTHOGONAL CIRCLES. 

106. The angle between two curves at their point of intersection 

s the angle between their tangents at that point. 

When two circles intersect at a point so that the tangents at 

that point are at right angles, the 

circles are said to cut one another 

orthogonally. 

Such circles are often called ortho- 
gonal circles. 

If two circles cat one another miho- 
goncdhj, the sum of the squares on their 
radii is equal to the squa/re m (he line 
Joining their centres. 

This is at once seen from a dia- 
'^"'' ''^" gram, for a tangent to one circle will 

pass through the centre of the other. 

Examples VU. a. 

1, Two cirelea of radii a and i iiitorBOot at an acute angle S. Prave tliai 
tlic length of their common ohord is 




2. Knd the aogle at which the circles 

3. Prove that the circles a^ + y'-ZoiK + e^^O, x^ + iJ^-^y-ifi^O out 
one another orthogonally. 

4. Prove that the eirclaB 

a;= + !/=+2sj! + 2/jf + C=0, 3:2 + 9^ + V^ + W+e'=0 
cut one another orthogonally if 2g^ + 2ff'—c + ii. 

5. Find the equation of the circle which outs the circles 

a;2+j,5-8j/ + 12=0 and x^ + y^-ix-6y -3 = 
orthogonally and passes through the origin. 

6. Pind the equation of the oirole which onta x' + y'^a' orthogonally 
and has its oentre at the point (h, h). 
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7, Thiee oirales are deBoribed of equal radii (r), liBving their ceatres 
at tlio points (0, 0), (0, b], {a, 0). Find the equation of the oirale which 
outa them all orWiogonally. 

8. Find the general equation of the oirolea which out the oirale 

at right angles at the point {1, 1). 

0. Find the condition that the circles 

x^+y'^-2ax-c''=0, x^+y^+2bx-c^=0 
may out orthogonally. 

10, Find the equation of tlie circle wliich passes through the oiigin and 
cuta orthogonally the eiroles whose equations are 

K= + ;/=-63; + 8=0, a?+y^-23!~2)/ = 7. 

11, Find the loeua of the centres of circles which cut the oirclos 

orthogonally. 

12, A circle, whose centre is in the axis of x, outs the circles 

ic= + ;/=-6j( + 5=0, x' + ^ + Qx-Sl^O 
orthogonally. Find its equation. 

RADICAL AXIS OF TWO CIKCLES. 

107. Ifef. The locus of a point, whicli moves so that the 
tangents drawn from it to two given fixed circles are equal, is a 




straight line perpendicular to the line of centres of the cu-clcs, 
and is called their £a4ical Axis. 

■ Let {x-af + <^-l3f = a% {x-o.y-^-{y-'^f = a!^ be the equa- 
tions of the circles. 
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Then if P{x^, j/^) is any point on the locus, 

{^i - ^? + ih - ^f - «^ = (^i - «)^ + (?! - PT - <^'' (Art, ! 
or 2l^(a' -a) + 2^1 0' - y3) + a2 4- ;82 - ci'^ - /3'a - a3 + ft'S = 0. 
.', suppressing suffixes, 

is the equation of tho locus. 

Being of the first degree, this is a straight line. 



Its slope = - oT 



p' 



Tlie product of these slopes 
= - 1 ; (mm'— - 1) 
.'. the radical axis is per- 
pendicular to the line of 
centres. 

Note 1. When the ooeffioients 
of x' and y' are unity in the equa- 
tions o£ two oirolea, the eqnatioa 
of their radical axis is at cinoe 
obtained by aubtraotioa. 

Note 3. When the eiroles inter- 
sect, their commoii cHord is their 
ladieal axis, 

Thifi ia easily proved geometric- 
ally, for from the figure, if P is 
any point on the commoii chord, 
PA= = PC.PD-PB3; 
.-. PCD is the radical axis. 

108. For the sake of breyity, let S = x^ + y^ + 2gx + 2fy + e 
and S'^3? + f + 2ff'x + 2f'y + c', 
so that 8--0, S' = are the equations of circles. 

Let us consider the equation 8- AS' = 0, (1) 

A being any constant. 
In this equation the coefficients of a^ and y^ are equal, being 
(1 - A.), and there is no term involving the product a^ ; 
.', 8 - A8' = represents a circle. 
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n points 
of S " ■■ ~' " 

Also, hy givine A different values, this circle S-AS' = may 
be made to pass tnrougli any third point. 

.'. S-A8' = is the general equation of a, circle paBBing 
through the common points of the clrclee 8 = 0, 8' = 0. 

109. 8- A(Aa+Ei/ + C) = is a circle through the ccmmon piAitis 
of the circle 8 = and the skaight line Ae + By + C = 0, A, being any 
constant. 

The method of the previous article proves this at once. It is 
left as an exercise for the student. 

Notice that A3;4*B!;-|-C = is the radical axis of the circles 
S = 0, S-A(A3; + B)/ + C) = 0. (Note to Art. 107.) 

110. The previous articles will be seen to be applications of 
the following important general theorem : 

If 8 = 0, 8' = represent any two curves, 

S - As' = represents a curve passing through their common, 
points, A having any constant value. 

For any values of x and y which make S = and S' = 0, also 
make S - As' = 0. 

111. The three radical cuces of the circles 8, = 0, 8j = 0, 8g = are 
concwrent. 

8j - Sj = is the radical axis of Sj = and S^ = 0. 
85-83 = „ „ 83 = and 83 = 0. 

.'. by the above theorem, 

(S^-S2) + (S2-Ss) = 0, 
i.e. Sj-Sg = 0, passes through the common point of Sj -8^ = and 
83-85 = 0. 

But Si - 83 = is the radical axis of S^ = and Sg = 0. 
.'. the three radical axes are concurrent. 
Def. The common point of the three radical axes of three 
circles taken in pairs is called their Eadical Centre. 
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112, A lumng any w 
rep-eseaU a system of d 



! ani a beitiff constant, x^ + y^ + }^- 
13 haimg the axis of y far 



The equation represents a circle, for the coefficients of x^ and y^ 
' md there is no term involving the product xy. 

Also, whatever be the value 
of A, it passes through the 
common points of 

x-'^f-a^^Q (I) 

and x = Q (2) 

The common points of (1) 
and (2) are the fixed points 
(0, ±«). 

.'. the line joining these 
points, i.e. the axis of y, is 
the radical axis of every circle 
in the system. 

Corollary. In the same 
way it may be shown that 

ic2 + j-a + Ay - (i^ = 
is a system of circles ha^dng 
the axis of x for a common radical axis. 

Def. Such a system of circles is said to be co-axal. 

113. SxEunpIe i. Find the equoMon of a eyatem of eii cles which all have 
the straight line 3x-5i/ = 7 for their radical aana, one circle of the eyslem 
having its centre at the origin and radiiis i, 

x^ + lf - IS + \(3a: - 5y -7) — ia the required equation where X may have 
any value; for it r^resents a circle passing thtough the common points 
ot the oirole x^ + y'-l&^O, and the straight hne 3j.-5y-7 = 0. Also 
j^+y»_ig=0 is one ot the circles of the system, for this is what the 
equation of the system becomes when we take X equal to zero. 

Example iL Mud the equation 
poinls of ivter^ectwa, of 3^+1^+'. 

and aleo through the Origtil. 

The general equation of a circle through the intersections of the g 
oirclesia 3^ + yi+4x-8i,-H + Mx' + y^+2a: + ^-2)^0. 

But the required oirole passes through the origin (0, 0). 

.■. the values (0, 0) must satisfy equation (1). 
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.-, 4-2\ = and X = 2. 
Substituting thia valno of \ in equation (1), wo have for the required 

Examples VII. b. 

1, Find the equation of the radical axis of the circles 

3^ + !/' = l. 1(^ + ^-43! -6y + 11=0. 
Draw a figure on squared paper, unit one inch. 

2, Prove that the radical aatia of two circles bisects their common 
tangenta. 

3, Find the radical axis of the oircles 

;B«-l-S-^-2t:-2y + l = and ^afl + Sy^-ix-fiy-i^f}. 

4, Find the radical axis of the circles 

^ + y'^ + 2ax-<^ = and x' + i/'' + 2bx'c''=0, 
and prove that the distance of any point on the first circle from the radical 
axis boarE a constant ratio to the square of the length of the tangent 
drawn from that point to tJie second oirele. 

5, Find the equation of a syBtem of circles which have the line x-y — O 
for their radical axis. 

6, All cirolee represented by the equation 

have a coffimon radical axis for all values of X. 

7, rind the radical axes and the radical centre of the oirolee 
(a!^l)3 + (;,-2]i'=6, (a!-2)= + (j/-3)= = 8, (3:-3)= + (!^- 1}= = 10. 

8, Find the equation of the circle passing through the ii 
a!' + j(^ = l and a^ + y = 6»; and through the point (- 1, 1). 

9, F'ind the equation of the circle passing through t 
a^+j'' = 20and 23^-^=4, and also through the point (-3, 0). 

10. Show that the square of the tangent which can be drawn from any 
point on one oirole to another is proportional to the perpendicular from 
the point on their radical axis. 

11. DAB, OCD are two perpendicular straight lines, and AC, BD inter- 
sect at E. Prove that the circles drawn on AD, BC, OE as diamotera have 
a common radical axis. 

12. Find the radical axis of the system of circles represented by 

where X may have any value. Draw two oirolca of the system on squared 
paper. 

13. 2r-i/ = is the common radical axis of a systen 

the cirolea has its centre at the origin and . "^" 

.represent the system. 
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no RADICAL AXIS OF TWO CIRCLES. [i^hap. vii. 

14, Interpret the equation a;' + y* + ic(Ji-4) -2)/(Xh-3) + 9 - ^^0, where 
\ may have any value. 

15 Find the equation of tlie ayatem of cirolea having the same ladioal 
axia aa ari + j^^as, and (x- Ip + fe - lp=27. 

16, Find the condition that two circles of the system a;' + y^- 2A3--c^=0 
may out orthogontdly, c being constant and \ variable. 

17, Find the equation of the circle through the intersection of the cj 
^" + ^^ = 8 and the straight line 2x + Sg — 5, ' ' ...... 

point (6, 0). ALao find Qie co-ordinates of it 

18, I'ind the equation of the circle which passes through the origin 
and through the points of intersection of x^ + y'-i-Gx-Sy + i—d and 

19, X being a variable quantity, prove that 3^ + ji' + X(af + 2j/)-20=0 
represents a syateni of oiroles passing tlirough two fixed points. Find the 
oo-ordinatea ot the pointe. 

20, Find the equations of the circles of radius 7 which pa£s through the 
oommon points of the circle a^ + j5=24and the atraight line 3a;-4y=0. 

21, \ being a variable, prove that each circle of the system represented 
by a:' + j^ + \af-2Xy-16=0 passes through two fixed points. Illustrate 
with a figure. 

THE CIRCLE. OBLIQUE AXES. 

* 114. To find the equation of the circle whose radiiis is a o/nd whose 
cenke is at the origin, vt being 
the angle between the iims of 




Let P be any point on the 
circumference and {x, y) its 
co-ordinates. 
%:.j/) Draw tlie ordinate PN 

parallel to O^. 
In the A OPN, 
x' LOUP — Tf - LX0y = i7 ^ta; 
:. OP^ = PN2-l-ON2 

-2.PN.ONeos(x-<o), 



- 2xij cos (it - u)) ; 
.'. X- + y^ -)- 2xy cos oj = a' is the reqd equation. 
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AKT. 116.] OBLIQUE AXES. lU 

*115, Tujindthe equation ofthedrde whose ratUm is a and whose 
centre is at. the point (a, /3), oi being the angle between &e axes of 
co-m'dinates. 

Let P be any point on the 
circumference and (a:, y) its 
co-ordinates ; C the centre of 
the circle. 

Draw the ordinates at C 
and P, CM and PN, parallel to 
Oy, and also draw CK parallel 
to Ox to meet PN at K. 

iCKP = ^0NP = 7r-(»; 
-■. in A CKP, 

Cp2 = CK^-l-KP2 

-2CK.KPcos(7r-o.), 
[flS ^ ja + 1,2 _ 26c cos A] P'o- '2. 

o. a2 = {^-a)s + (3,-p)s + 2(^-«)(y-/3)eos«,; 

is the reqd. equation. 

The above equation may be written 
ic^ +/ + 3«7/ ooa tu - 2x(a + jfl cos oi) 

-2y{l3 + a.cos<^) + a^ + l3:! + 2al3cos>^-a^ = 0. 
We therefore see that, with oblique axes, the general eqnation 
of a circle is 

x^ + t/^ + 2xp cos<o + 2gx-i-2fi/ + c = 0. 

* 116. EqttaUon of a iangmt when the axes are oblique.. 
If {%, )/i), (a;, + AK„ j/j + Ay,) are two points on a curve near to 
one another, the equation of the chord joining them is 

yi + ^yi~yi iCj + Aa^-a:, Ay^ Ak, ' 

Hence, as with rectangular axes, we have to determine the 
limiting value of -Ji when the points approach one another, and 
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THE OIECILE. 



[OE 



ultimately coincide. 




If this value is m, the equation of the 
tangent at the point {x^ y^ is 

We see from the figure that 
with ohliaue axes the value of 
Ay 
-^ is not the slope of the 

chord as defined with rect- 
angular axes, 

*117. To find the eguaiim of 
the tangent to the circle 

icH / + 23^ cos W = ffl^ 
at the jmnt (x^ , y,). 

are two points on the circle near 



to one another, the equation of the chord Joining them i( 






AS!, 



.,(1) 



Since these points are on the circle, 

x^ + y-^ + SiKj^jCos (0 = a^ 
and (ii:i + Ait]j)2 + {y^ + iyj)2 + 3{a, + Aa^)(yj + A7/j)coS(o-a5; 
.'. by Eubtrsiction, 

SK^Aa^ + (AsJ^ + as/iAji^ + (Aj'i)^ 

+ 3(i/iAa!j + iCjAy^ + Aj^Aj/j) cos w = 0. 
But when the two points are very near to one another, 
(Akj)^, (Ay^)^, and the product Aic, . Ai/j are all very small ; 
.'. neglecting these quantities, 
iCjAs^ ■\- y^A^j + (^j Aie^ + ^i^y-d <*os «> = 0, 
whence Aj/j(i/^ + a;jOOSu))= - Aa;i(a^ + ji^cos<o); 
.'. by multiplication with equation fl), 

(2'-2'i)(?/i + ^cosai)= -{x-x^){x^ + y^co&m) 
is the equation of the tangent 
It may be written 

xa^^■yy-^ + {x^y + y■{J^)<iw<^^x^^■^y^^■'Zx-^y-^mito 
or OTj+yyj + (a3)/ + */ja:)cos'o = aii. 
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OBTJQLiR AXES. 



1. Draw the eirole whose eqiiafcion is 

tc^ + yi^xy^a^ 

2. Find the equation of the circle which passes through the origin and 
cuts off interoepta k and h from the axes of co-ordinates (oblique). 

3. Qiven that the straight line lot + m,y = n tonohea the eirole 

it? + ^ +2^;^ ooB 111 — a?, 
find the co-ordinates of its point of oontaet. 

4. If the equation 25{x+y-af-\^!cy represents a ciitle, find the 
angle between the axes of co-ordinates. 

5. Prove that the circle !i? + y^ + 2a^ ooa a - 2ax - 2ay + 0,^ = touches 
Iwrth axes, and find tlie oo-ordinates of its centra. 

6. Find the condition that the straight line y^mx may touch the circle 

lt2-HJ(2-|-23^0O9U+%C + 2/y+C = a 

7. Find the angle between the asea when the equation 

represents a oirole. Also find the radius and the co-ordinates of the centre. 

8. Find the equation of the circle oiroumsoribing the triangle formed 
by the axes of co-ordinates and the straight line a; + 2^ = 6, when 00° ia the 
angle between the axes. 

9. Prove that the straight line 2x+y=2a, touches the circle 

x'' + y'^+3^=a\ 
and find the co-ordinates of its point of contact. 

10. Find the equations of the tangents to the circle x^ + y'^ + iry-a^ at 
the points where it outs the axis of y. 

11. Find the equation of the straight line which touches the circle 
a? + y^ + Ky-*^-6y=0 at the origin. 

12. I'ind the equation of the tangent to the circle 

K' + y= + aEj/ cos i., + 2i,x + 2fy = 
at the origin, and the equation of the radius which passes thi-ougli the 
origin. 



POLAR EQUATION OF A CIRCLE. 

118. Tke polar equation of a mck of radius a, whose centre ii 
the origin, isr = a. 

This is evident from the faet that every point on the circi 
ference of the circle is at a distance a from the origin. 
B.A.G. H 
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114 POLAB EQUATION UP A CIRCLE. [chap. vii. 

H9. The equation of the tangent at tlie point {a, a) on the circle 
r = a is a = rw,s{d-a). 

Let Q bo the point {a, a), and P{r, 6) any point on the tangent 




i POQ = L. POx - L 
:. OQ = OPeos(£'-a), 
i.e. a = i-cos{0-a) is the equation of tlie tangent at Q. 

120. To find the polar equation of a circle of radius a whose eir~ 
cttmference passes 
^■^) th-migh the wigiai 

and 1 } ose ei fie 
lies i fl imii 1 

Let P(r 6) he 
any point on the 
circmalerence ai d 
OA the dianietei 
through the o 
i.OPA 1 t L 




. OP-OAC03P, 



»' = 2a cos a is the required equation. 
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POLAR EQTJATIO:S" OF A ClfiCLE. 



121, Tojmd the equaii 
fke point (r,, ^j). 

Let P be the point 
{r-^, dA the centre, 
PK the tangent, OK 
the perpendicular on 
the tangent from the, 
origin. 
i.KOP = i^OPC = i.POC 

-e, ; 
.". OK -OP cos S, 
= »-j cos Oj 

AIsoi.KOK=3(?i; 

.', the equation of 
PK is 

'2a cos- 9, = )■ 



122. To find the polar equation of a circle ivhich passes 
the migin and has its centre, at the, pomt {a, o). 

Let P(r, 6) be any pt. 
on the circle, its 
centre, and draw CK 
perpendicular to OP. 

i.OPC = ^POC = f'-a; 

.■, 0P = 20K 

= 30Ccos(e-ct); 
.-. r = :jflcos(S-a) 
is the fequired equation. 

Alternative Method. 
If OB is the diameter 
throogh O, 

OP = OBcos POB ; 
ijefore. 
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POLAR EQUATION OK A CIRCLE. [cii 




iionis 

Let PK be the tan- 
gent at the point 
P{)-j, Oj), and draw OK 
perpendienlar to it. 

K C(a, a) ia the 
centre of the circle, 

.iKPO = ^-.:.OPC 



= |-(f3- 

.-. OK = aPsin[^-(^,-a)J = riCos{9,-a). 

Also LKOx = lKOP + -POx = {di- a} + $^^-29^ -a; 

.■. the equation of the tangent PK is 

rjC03(«j-ii) = rcos(6'-29| + «). [p = rao!i(0 - a)] 

121 To jmd the polar 
equation of the drck 
whose ee-nire is at the 
poini (c, 0) in the initial 
Une and whose radius 

Let P{r, ff) be any 
point on the circle and 
C the centre of the 
circle. 
From the A ORG, fig, 79. 

OP^ + OC^ - 20P . OC cos POC = CP3 ; [b^ ■^c'^- 2hc cos A = a^] 
,'. r^ + c* - 2c}' cos 0--=a^ is the equation required. 
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ART. 1^11.] tOLAK EQUATION OF A CTECLh;. 

125. To find the polar egwiion of the drcle whose centre i 
point {c, a) and whose radius is a. 




Let C(c, a) be thu centre of the circle, aiid P(-c, 6) any point on 
its circumference. 
From the AOPC, 

Op2 + OC2-20P.OCoosPOC = CP^; [h'' + c^ - 2hcoo»A = o:^] 
.'. r^ + c^- 2i!f cos (&-(t) = a^ is the required equation. 

126. In the preceding article, if OP meets the circle again at Q, 
we see that OP, OQ are the roots of the equation 



d as a quadratic for r ; 
.'. OP. 0Q = the product of the roots = c^-ffi^j which, is constant. 
Also if OA is a tangent from to the circle, 
cS-aa = OCS-CA2 = DA2, 
.'. OP . 0Q= OA^, a well-known geometrical fact. 
Again, if R is the middle point of PQ, 

20R = OP + OQ = th6 sum of the roots of the above equation 
= 2ccos(^~a); 
.'. the polar equation of the locus of R is 

which represents a circle on OO as diameter (Art. 122). 
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118 POLAR. EQUATION OJ? A CIEULK 

Examples VII. d. 
Draw the following loci : 

3. r-4(eoae + sm0) = O. 4. 

5. Find the oonditioD that the line pr oc 
circle r—2a oosfl. 

6. J'ind the oo*oi'dinates of the centre of the circle r='lcos8 + isaiS. 

7. What docs the following equation represent ? 

r=Aco8(fi-a) + Booa(S-^) + Cco9(e-7)... 

8. The polar equation of a circle being r=3c 003 fl, show th t th i 
tion "21! cos oos a — r cos [p + a-d) represents a chord sucl that ti ad 
drawn to its extremities from the pole make angles a, ,8 with tl t al 

9. Show that the polar equation r = a eos B-k-b sin 6 rep t a 1 
through the pole, and find the polar co-ordinates of its cent 

10. Find the polar equations of the circles passing thr gh th pomta 
whose polar co-ordinates are [a, gj, [h, gl, and touchin th t It 
line 8=0. 

11. Draw the circle r=2cosS, unit one inch. From first p pl ft d 
the equation of the tangent at the point on the circle wl sc ng 1 

ordinate is =. 

12. Through thepointon the CLroler-2neos& whoseang 1 d t 
is jT a ra-dius is drawn ; find its equation, 

13. In the circle j--2fficos(e- ci], fintl the equation of the tangent at 
the origin. 

14. In the circle r^-acf'OOH 6 + c'^-<^=0, find the equations of the tan- 
gents which are perpendicular to tlie initial lino. 

15. OQ is drawn from the fixed point O to .meet a fixed straight Une AQ 
at Q. In OQapomt P ia taken so that OP.OQ^a^ Find the locus of 
P, uamg polar co-ordinates. 

16. is a fixed point on a circle OPB of radius d, and OP is produced 
to Q so that OQ^fi, OPr find the locus of Q. 
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CHAPTER VIII 
THE PARABOLA. 

127. Definition. A Conic Section, or more shortly a Conic, is 
the locus of a point whicli moves so that its distance from a fixed 
point is in a constant ratio to its perpendicular distance from a 
fixed straight line. 

The fixed point is called the Focus. 

The fixed straight line is called the Directrix. 

The constant ratio is called the Eccentricity, and is d 
by,. 

When the eccentricity e is ec 
Parabola. 

Hence, a parabola is the locus 
of a point which moves so that 
its distance from a fixed point, 
called the focus, is equal to its M 
perpendicular distance from a 
fixed straight line, called the 
directrix. 

The name Conic Section is 
olitained from the fact that 
these curves (there are others 
besides the parabola) can be 
obtained by taking plane sec- 
tions of a right cone. 

128. To find the equation of o, 
parabola,. 

Let 8 he the focus, MM' the 
directrix. Draw SX perpen- 
dicular to the directrix and 
bisect SX at A. ^'°- ^^■ 

SA=AX; .'. by definition, A is d point on the parabola. 

Take AS for axis of x and A?/ at right angles to AS as axis of y. 

LetSA = rt = AX, 
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130 THE rARABOLA, [chap, %'1(I. 

Let P be any point on the curve and («, ij) its co-ordinates. 
Draw PM perpendicular to the directrix and PN perpendicular 
to AS, produced if necessary. 

By def., SP= PM = NX = n + ^; 
.'. {a + xf = SP^ = SN'^ + PN^ = {x - af + -f. 
Whence y"^ = 4ax, the required equation. 
This is the simplest form of the equation of a parabola. 
N.B. The equation )/^ = 4(!3: may he written PN^=4AS. AN. 
The point A is called the vertex of the parabola. 
The line ASN „ axis „ „ 

The point X „ foot of the directrix. 

PN is called the ordinate of the point P and the chord PP' a 
double ordinate. 

129. The form of the parabola. 

Consider the equation of the cuive ^' = 4«.c. 

When y = 0, the only value of x is zero. .'. the curve passew 
through the vertex and cuts the axis at no other point. 

The equation may be written y— ± -Jiax. 

.'. for any value of x we obtain two equal values of y, but of 
opposite sign. 

This shows that the curve is symmetrical about the axis of x, 
the axis of the curve. 

If X is negative, y^ is negative, and y is therefore im.aginary. 

.'. the curve lies entirely on the positive side of the a'xis of y. 

As ic increases indefinitely, the two values of y also increase 
indefinitely in magnitude. 

.', the two portions AP, AP" of the curve never m.eet, and are 
of infinite length. 

130. Latus Rectum. The chord L8L' of the curve through 
the focus 8, at right angles to the axis, is called the latus rectum 
of the parabola. 

The latus rectum=4AS = 4a. 
Draw LK perpendicular to the directrix. 
SL - LK (by def.) = SX = 2AS = 2a. 
:. LL' = 2SL = 4a. 
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THE PARABOLA. 



ISl, If the point (x, y) is mtsida 
the parabola i/^~iaa^ ^>iao:; if 
the ]mnt {x, t/) is inside the parabola 
y^ = iax, 1/ < iax. 

Let P be the point {x, y), and let 
the ordinate PN meet the curve 
at Q. 

When P is outside the cuito 

BiitQN^ = 4AS.AN=4m. 
.■. PN^ or / > iax. 
Similarly when P is inside the 
curve, PN^ < QN^ and y^ < iaa;. 



X ' ^T.^' -^ 
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132. To^m , 
(This is moat easily done 
oil squared paper.) 

Let S be the focus, Mffi' 
the directrix. Draw 8X 
perpendictikr to the di- 
rectrix and bisect SX at A. 

8A = AX; 
.'. hy definition, A is a 
point on the parabola. 

In AS, or AS produced, 
take any point N, and 
dva.w PNP' perpendicular 
to SX. 

With centre S and 
radius XN describe a 
circle cutting PNP' at 
P and P'. 



Draw PM, P'W!' perpendicular to the directrix. 
ThenSP = XN = PM; .'. by def. P is a point o 



the parabola. 
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THE PARABOLA. 



[<,! 



Also SP' = XN = P'M'; .■. by def. P' is a point on the p 
We may obtain other points Q, Q' ... on the curve in the same 
way. 

Joining them by an even eurvS we have the locus. 

133. Find ike eqitaMoit. of a parabola refmred to Us cms as cms of 
X wnd directrix as axis of y. 

\i Method. If AS = a, the co-ordinates of the focus are (2(t, 0). 
If (ic, y) is any point on the 
curve, 

the distance of (a^ y) from the 
focus {2a, 0)='J{x-iaf + y\ 

The distance of (x, y) from the 
directrix = x ; 




.-. J{x-^af+f=x 
by definition. 

Squaring and simplifying, 
f = U(x~a) 
is the required equation. 

Second Method. As in Art. 138, 

NX^ = SN^ + PN^. 

But NX =3!, SN=a;-2u, PU=y; 

:. a--i = {3;-2a)2 + j^, asbefore. 

134. i'ii>d the eqaation of the ■parahola whose foms is at the point 
(x^, y-f) and whose Mrect/m: is ihe straight line Ax-i-By + O = 0. 
Let (x, y) be any point on the curve. 
The distance of (x, y) from the focus {x^, y-^ 

= sl{x-x{,-^ + {^~y^f. 
The perpendicular distance of (x, y) from the directrix 
Ax + Bi/4-C 

.'. by definition of the parabola, 

^ — , ,„ hv-i-By + C 



y-i-C = i 
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AKT. 136.] THE PARABOLA. 

Multiplying up and squaring, we have 
the required equation. 




Corollary. Transposing all terms to the left, the terms of 
the second degree = x%A^ + B"^ - A^) - 2ABkv + !/^(A^ + B^^ - B^) 
= B-% AB y + K J^ 
= (Br A^)* a perfect s ] 
Th e th t n the equation of any parabola the te n ■? 
of the second deg ee form a perfect square 

Ttt s tl e d t h n h te st t tl | t i 

pa dl ola 

135 2Va^ iJe pa abola // =8x, 8/ dfi I (1) II juat f 
it axis (2) the equatMn of U d cinx (3) He -oaid ates of ts 
ve tx (4) ile co-o dt ates of t p s 

We shall reduce the given eq at on to tl e tan kr 1 fom 
j( = 4a. by cha gi g the ong n 

The given equat on n ay be written / + 8 / = fe 
or 2/24-8»/4-16 = 8(a! + 2), 
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Chanang the origin to the point ( - 2, - 4), i.e. writing x-2 
for X and y - i for y, the er|uation booomos y^ = 8a;. 
.'. the new origin A is the vortex. 



y Google 



Exs. VIII. a.] THE PARABOLA, 125 

i.e. the co-ordinates of the vertex referred to the old axis are 
(-3, -4). 

Plotting thia point, and noting that the curve passes through 
the old origin, we have the curve as shown in the figure. 

Its latua-reotum -- 8, .'. measuring AS -^2 along the new axis of 
X, 8 is the focus. 

Its co-ordinates referred to the old axis are (0, — i). 

The equation of AS refeiTed to the old axes is y= -i, for 
0S= -4. 

Producing 8A to X, and malting AX = AS = 3, and drawing XM 
at rt. L° to XA8, XWl is the directrix. Its equation is iK= -4, 
for SX= -4. 

Examples VIII, a. 
l-ime the curves 
1, 3^=iay. 2. y^=-4ii^. 3. x^--4ay. 

4. Find the equation of the parabola taking the directrix as axis of x, 
and the axia of the curve as axis of y, 

5, The ordinate of a point P on the parabola y^ — to is equal to 12. 
"Find tJie length of the fooal diatauoe SP. 

6, A cireie passea through a fixed point and touches a fixed straiglit 
line. Find, and draw, the locus of its oeiitre. 

Find the equation of the parabola with ; 

[Malie a freehand drawing of the curve in each case.] 

7, foous (3, -4|, directrix af-y + 5=0. 

8. focua (o, 0|, directrix fl: + a = 0. 

9. focua ( - a, 0), directrix x-a — Q. 

10. foous (0, 6|, directrix S( + 2& = 0. 

Pind (1) the co-oidinates of the vertex, (2) tlie co-ordinates of the foous, 
(3) the equation of the axis, (4) the equation of the directrix in each of the 
following parabolas, and draw the curve in each case ; 

11. y'=4(!c-2). 12. aT=-4(3/-3). 13. y^ = 6y + ?.^. 
14, ^ + 2ax'ia]/ + a.^+4ab-0. 15. K=-6y + 4a!=0. 

136, To find the eguaUort of the tangent at the point (Sj, «/j) on the 
parabola y^ = iax. 

TaJce a point {x^ + Ax^, ^i + Ay^) on the curve and near to the 
point (Xj, j/i). 
Since (tr^ + Ax^, ^^ + Ay^) is on the curve, 

(y^ + Ay^f = ia{x^ + A^.^), 
i.e. !yj^ + 2yjA!/j + (A)/j)2 = 4(Ki^ + 4«Aa:|. 
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But )/^^ = 4a3;„ for (a^, y,) is on the curve; 

.'. by subtraction, SyjAy^ + ('^^i)^ = ia^Xy 
And in the Hrait when the points (ft\ + A,f[, i/^ + Aj/j), (^.^, j/j) 
approach one. another, 

yjA//j = 2((A[iij 

, Aw, 3o 
and -r^ ; 

.'. — is the slope of the tanftenc. 
Also, the tangent passes through the point {:i\, ;(/j). 
.". its equation is i/'ii-^ = ~{s■.~x^), [?/-yi = "<(''-''i)l 

J7^ - icLT^ = iax - 2(!ii;„ 
yy, = 2a(x + Xi). 
Note that the slope of the tao^ent at (x^, yj is - -- 

CoEOLLABT 1. Tte equation of the tangent at the I'ertex 
(0, 0)is,r = 0, the axis of ^. 

.'. the tangent at the vertex is perpendicular to the axis. 

Corollary 2. In the same way it may be proved that the 
equation of the tangent at {a^■^, y^) to the parabola x^ = ■tai/ is 

The student should work this out for himself. 

137. Second Metlml. By means of the Differential Calculus. 

y^ = iax. 
Differentiating with respect to x, we have 

■' dx ' d:r. y 

2a 
.'. the slope of the tangent at the point {a\, ?/,) is ■- 

We now proceed as in the prcccdina article, 
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138. To find the equation of a tangent io the pamhula y'^ =- iax in 
terms of the dope of the tangent. 

Let m be the slope of the tangent. 

We may take p = mx + c to be the equation of the tangent, 
where c is unknown. 

Where this line meete the curve, we have by substitution 
for X from the equation y'^ = 4ax, 

!/ = jnj- + c or my^ - 4ay + 4a(^ = (1) 

But by hypothesis, y — mx + c is a tangent; therefore this 
quadratic has equal roots. 



.'. y—m,x\-— is a tangent to the parabola i/^ — iax for all 
values of m. 

C0R0IJ,AKY. The sum of the roots of the quadratic (1) is — ; 

. . each root = — , 
i.e. at the point of contact y — —. 
Also x^-( — -^. 

.'. the line y = mx-i-— touches the parabola y- = 4ax at the 
point / a_ 2a\ 

N'. B. The point f ^; . — 1 lies on the parabola y" = 4ax for all 
Van- m/ 
values of m ; and m is the slope of the tangent at that point. 

The point iam^, 2am) also lies on the parabola if'^^atx for 
all values of 'n\ but iii does not now represent the slope of the 
tangent. 
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139. From a gitm pomt two tangents, and only two, can guneraliy 
he drawn to a ft 



it to the parabola ■^ = iax for all values of ni. 
If this passes through the point (s^, t/j), 

i/j = 'mx^ + — or m^,^-9JM/j + (i=0. 

,', this quadratic tor wi gives ue the slopes of the tangents 
which can be drawn from (Kj, i/j) to the curve. 

Also, a quadratic has two roote, and not more than two. 

.'. we can generally draw two tangents to a parabola from 
a giyen point. 

If the roots of the quadratic are imaginary, the tangents are 
imaginary, and cannot be drawn. 

140. Tofiiid the condition that the straight liiie lx + my-i-n = may 
ioudi the parabola ifi = iaa;. 

Suppose that this line touches the curve at the point (sj, y^. 

Then yy^>='>,a{x-{-x^ is the equation of the tangent. 

.'. this equation, i.e. ^ax — yy^ + 2£ia^ = must be identical 
with lx-hm,y + n = 0, for the two equations represent the same 
straight line. 

a- ■ . '2a y, 2ax, 

.. corapanug coeriioients : — -=^— ii = 1; 

whence y^ = - "-v— and x-^ = -r. 

But y-f^ = iax, for {x^, )/j) ja on the curve ; 
, 4o%J^ ian 

■■ "W^^ 

or am^^ln is the required condition. 
We might have found this condition in the following manner : 
From the equation y^ — iax, substitute for x in the equation 
lx-i-iny+n = 0, 
and we have at the points where the line meets the curve 
g + ™,+ ..0 
or ly'^ + iamy+ian^O, 
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But if the line touches the parabola, this quadratic lias equal 

.'. am^ = Vn is the required condition, as before. 

141. Tojmd the equation of the wyrmal to &te po/rabola y^ = iax at 
tlie point (a^j, ^j). 

The equation of the tangent at (Kj, 7/j) is i/i/j = 2a{x + x^). 




Its slope = — ; 

.'. the slope of the normal, which is peipendicular to the 
tangent, is -|i, (mm'=-l) 

Also, the normal passes through the point (a\, t/-,) ; 

:. itfl equation is )/-2/i= "1^(3:- Kj). [y-^/i^mix-x^)] 

142. Tangents are drawn from the pomt (x^, !/j) (o tk^ parabola 
^ = iax ; to find fke equation, of their chord of contact. 
Let R be the point (x-^, y-^ ; RQ, RQ' the tangents, 

TJ.A,C. [ 
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[CF 



It is required to find the equation of QQ'. 

Let (^|, h-i) be the co-ordinates of Q, (h^, h,^ the co-ordinates 

of a'. 
The equation of RQ, the tangent at Q, is yk-y = '2a{x + h^). 
°>^' „ Q', is yk^=2a{x + h^). 




Cut the point R(xy j/i) is on both these lines; 

.-. 2/jij = 2a{^, + ftj) (1) 

and ^jfej=2a(i^i + A3)i (2) 

.'. y■^y=^{x^^■^■y)| or 3/y^ = 2t((!;c+%) is the equation required. 
For, firstly, it repreaenta a straight line. 
Also from (1) we see that Q(A^Aj) lies on this line, 
and from (2) „ ^'(^2^2) 

.'. it is the equation of QQ', 

143. Pole and Polar. Substitute the words "conic section" 
for "circle" in the definition of Art. 94, 

To find the polar of the poini (a,, y,) mtk respect to the pm-ahola 

Let P be the point (a^, y^ and PAB any chord through P; AQ, 
BQ the tangents at A ana B. 
It is required to find the locus of Q. 
Let (ft, k) be the co-ordinates of Q. 
Then the equation of its chord of contact AB is 
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But (it^, y^) is on this line ; .'. y-Jc = 2ffl{3;, + h). 
Also (ft, k) is <my poimi, on the locus ; 
.', the equation of the locus is 

or jyi = 2(((a! + 3;,), a straight line. 

N.B. Whm (.(■„ !/j) is mtside the parabola, the polwr is the same 
as the ihm-d of contact of tangents drawn frmn {x^, j/^). 




Tn the figure, QA, QB are tangents at A and B, 
Q'C, Q'D „ c and D, 

Q"E, Q"F „ E and F. 

Q"Q'QH is the polar of P and PH is a tangent at H. 
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e point Q, the 



144 // the folwr of the point P passes th\ 
polar of the point Q jraases through the point P. 

Let (kj, jij) be the co-ordinates of P, (x^, ^/^ thoae of Q. 

The equation of the polar of P with respect to the parabola 
if^iax IS OT^ = 3a(a!-i-a^), This passes through G; 

.-. ^2--^^ + ^) (1) 

But iiy^ = ia(x^-x^ is the polar of Q, and by (1) this straight 
tine passes through (^, y^P, which proves the proposition. 



a chord of the system, malting an angle B with the 
t. 
■dinates of V, its middle point. 

The equation of the chord 
may be written 

cos(9°'Hni'"'' 
iS = iCj + r cos 5 
and y = ?/, + r sin 9 ; 
.'. where the chord meets the 
curve, we have by substitution, 
(.Vi + r sin 0)^ = ia(z^ + r cos 6) 
or j^sin^^ 

-i-3)-(?/jainf^2flcos9) 
+ y^^ - 'iaXi = 0. 
The chord meets the curve 
at Q and Q', and VQ, VQ', the 
roots of this quadratic, are 
equal but of opposite sign ; 
.'. ^j sin ^ - 2ffi cos ^ =^ 0. 
But (sj, yj) is any point on 
the locus ; 
d~2a cos 6 is the equation of 




This may be written ,{/ = -■■■■ ? , and represents a straight line 
parallel to the axis, ^" 
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Def. The straight line which bisects a series of parallel chorda 
s called the diameter of those chords, and the semi-chords are 
tailed the ordinates of that diameter. 

146. If the diameter PV meets the curve at P, the ordinate of 

3 ordinate of V = ;:;^^^ = — ', where m is the slope of the 



. the 



tan B 
of P = — 2, iind )/ = 



s the tangent at P. 

Therefore the tangent at the end of a diameter is parallel to 
the chords bisected by that diameter. 

This may also be seen by letting the chord QQ' move parallel 
to itself until V coincides with P. 

The ec[ual portions VQ, VQ' vanish together when V coincides 
with P, and the chord becomes a tangent. 

147. To find the eguatwn of a chotrl of the parabola if = iax in 
terms of the co-ordinales (%, )/i) 
of Us middle poini. 

Let QQ' be the chord whose 
middle point is V(iB,, j',), and 
let it make an angle & with 
the 'axis of a. 

Its equation is 





-^.^ = , 


•(1) 




x^a^ + rcosO, 




ij = yi + rBme; 
.'. where it meets the cmvo 
we have by substitution, 
(j/j + r sin 9)5' = 4(11 (ij + '■ cos f) 
or r^sin^^ 




+ 2r(yjsin(y-2acos^) 
Now this chord meets the c 




.-. VQ and VQ' 


iret 




the roots of this quadi 
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Also VQ,' and VQ are equal bvi of opposite sign ; 

or j^isiii^=2acos^ (2) 

Multiplying (1) and (3) so as to eliminate 6, 

{y - y^yi = 2a(x ~ .tj) is the equation of the chord, 

148. The equoMon of the chord joining the two points (s,, jj), 
(^ 1 P2) "" '^ piMohda y^ =» iax may be written in the form. 

TKe equation of the line joining the two given points is 

y-Vi .^ ^-^i (1) 

But (Kg, f/g) is on the curve. .'. y^ = i:a3:^. 
For the same reason, y{^ = 4ike, . 

.'. by subtraction, {y^-y-^(.yi-^y-^ = ^{^i-'3'ii (2) 

Multiplying (1) and (2), the equation of the chord is 

Cor. From this equation we might deduce the equation of 
the tangent at the point (a^j, j(j). 

Let the two points move up to one another so that % becomes 
equal to x-y and «/, to y-y. 

The equation becomes 

or yyy = 1ax-2afCy + yy'^ 

= 2ax - 2aa;, + liiiKj 
or yy^ = 2a(x+x^, the equation of the tangent. 

149. To find ike Imgth of the portion of {he straight line 
y = xta.n6 + c trUercepted by the pwraboU y^ = tec. 

Let (a^, yi)P, (a^, ^/aJQ be the points where the straight line 
meets the curve. 
Draw the ordinates PN, QWl ; and QK parallel to the axis of x. 

The required length -PQ.j^g^- 6;^ (1) 
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Where ^=xt&n6 + c meets thi 



or y^t&nO-iay + iac = 0. 

Now s-j, y^ are tlic roots of this 
quadratic. 

_ 16a3 16nc _ 16a , , 

""tan^ii tSrS^ tanks''' ctan^). 
.'. from (1), 





PQ = - 



sin () . tan S 



JV, B. If PQ cuts the curve as 
in the second figure, PK is still 
equal to the algebraic difference 
of the roots of the quadratic, for 
the oj-dinate of Q is negative. 

150. InfimU roots of a gmdratk 
e^iatmi. 

Take the quadratic 

as^^hx + c^Q, (1) 



1 



1 



and let ?/ = -, so that x^ 
■' ^ y 

On substituting in (1), we have 



or a/ -\-byA-a = 
Now if « = 0, one root of (2) is Z' 



I, i.e. one value of y 
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y' ^ ' 

,'. if a = 0, one root of the quadratic as?^h: + e. = is infinity. 
In other words, we may look upon the equation 

as a quadratic, one of whose roots is infinity. 

Again if k = and h = Q, both roots of equation (2) are zero, 
and therefore both roots of equation (1) are infinity. 

Thus we may look upon the equation 
0.3^ + 0.a; + £ = 
as a quadratic, both of whose roots are infinity. 

This may be seen in another manner. 

When we solve equation (1), 



__ {-b±Jb^-iac][-hTJh'^- iac} 
■2a[-6 + V^^- iac 
63 - (Jfi - iac) 

= 2c 

-h^-Jb'^-i.M 
As a diminishes and approaches zero, 

■Jb^ - 4mc approaches Jb^ or 6, 
and when a = 0, the two roots become 
2e j 2c 
-Tb''" 



.andTT, or -^anda 



Again if 6 = also, the roots are both infinity. 

.'. we may look upon the equation 

O.x^ + O.x+c^O 
as a quadratic, both of whose roots are infinity. 

The proposition might be stated thus : 

7/ TO the eqimHon aafl + hx + c = the values of a and b he made 
smaller and smaller, both roots become largej- and larger. 
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151. The points of mteisecHm of the parabola if^iax, and ike 
straight Utie y=mx + c. 
Where these meet we have by substitution, 






or mif - ioAf + iac = 0. 
This is a quadratic equation, and every quadratic has two 
roots, real and diiFerent, equal, or imaginary. 

Therefore every straight line meets a parabola at two points, 
real and different, coincident, or imaginary. 

When we solve this quadratic for f, the quantity under the 
radical sign —IGa^-lQacm {b^-iac) 

= 16a(a-cm)- 

(1) If a = em, the roots are equal, and the line is a tangent as 
in Art. 138. 

(2) If a> cm, the root* arc real and unequal, and the line 
meets the parabola in two points. 

(3) If a < cm, the roots are imagiriary, and the line does not 
meet the p ' ' 



(4) When m = (in which case ,v = c), one ixiot of the quadratic 
is infinity, and the other finite. 

In other words, a straight line parallel to the axis {a diameter) 
meets a parabola in only one point at a finite distance. 

Examples VIII. b. 

1, Without asaiiniiiig the formula for the eqiiafcion (if a tjuigont, find. 
the equation of the tangent to the parabola y^=%x at the poiut (2,4). 
Also find the equation of the normal at the same point. 

2, Prove that the atraiglit line ^—ix + S9 touches the pambola 

3, Find the equation of the choid joining the points 

on V. pajabola ; and deduce the equation of the tangent at the isoinl 
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5. What IB the equation of a tangent to tlie parabola y^^iax which 
outa off equal interoepts on the axes ? 

6. Write down the equation of a tangent to tie parabola y^—^x 
parallel to the line 2x-3i/ — i. 

7. Find where the straight line 41/ + 3^ + 6 = meets the parabola 

8. Prove that the straight Une 2x-2y-l is a tangent to the parabola 
^+2j;-43/ = 0, and find its point of contact. 

9. Use the method of Art. 138 or 137 to fuid the equation of the 
tangent to the parabola 3:'=46y at the point (xj, ?/,). Write down the 
equation ot the normal at the same point. 

10. Find the equation of the tangent to the parabola y''-{-ax-t-by=0 
at the origin. 

Write down the equation of the normal at the same point. 

11. Find the equations of the tangents drawn from the origin to the 
parabola (y -k)'' = ia{x- h), 

12. Prove that the latus rectum is a harmonic mean between the 
ordinates of the points where the straight line ic-9y+18a=0 meets 
the parabola y'^iax. 

13. Find the equation of the chord of the parabola y^ — ix which ia 
bisected at the point (4, - 1), 

14. The circle described on a foeal radius of a parabola aa diametei' 
touches the tangent at the vertex. 

15. Find the length of the portion of the straight line 12y = 5x + 3S 
intercepted by the parabola ^ = 8ic. 

16. Find the equations of the tangents to the parabola y''-dx drawn 
from the point (5, 13). 

17. Find the eqmition of the diameter of the paiubola Sy'^—iGx which 
bisects all chords parallel to 2x -i- Sy + le=0. 

18. Form the quadratic equation which will give the ordinates of the 
points where tiie normal at [xi, y,} meets the parabola y^—4ax. Find 
the ordiuate of the point, other than {x,,y,), where the normal cuts the 

19. The length of the chord of contact of tangents from {x,, y,) to the 
irabola j^=4c(K ia 



parabola 



of the triangle formed by the tangents from the poini 
r chord of contact in the parabola y^ = 4ax in 



20. The 
(^i,yi)an<! 
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22. Where the parabola (K-y)'=3(3; + 2^-3) and the straight line 
K + 2y-3=0 meet, we have by substitution (a:--^]' = 0. Wliafc do you 
deduce ? 

23. Pind the length of the ohwd 4y-3a:-4B intercepted by the 
parabola y^—6ix. 

24. Tangents are drawn to the parabola y^—is: from tho point (4, 5) ; 
find the angle between them. 



LOCUS PROBLEMS ON THE PARABOLA. 

152. To find the loous of the intersection of a twngent to a 
and the jierprndiculair drawn to it from fftefoeus. 

Let y = fliK + — ... (1) be the equation of the tangent. 
The co-ordinates of the focus are (a, 0). 
.■. the equation of the perpendicular is 

To find the locus of the intersection of (1) and (2) we have to 



By subtraction, = x(in.+ -]. 

Now m + — cannot be equal to zero, for in thai case m would 
be imaginary ; 

.'. x=^0 is the equation of the locus. 

This is the axis of y. 

Hence, a tangent to a parabola intersects the perpendiculax 
to it from the focus on the tangent at the vertex. 
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153. Tangmls are drawn, to the pa/mbola y"^ = ioa, making angles 
0^, flg mih the axis of x : find the bms of thm vnierse^ion when 
cot S^ - cot 6g= c, where c is constant. 

Let (A, k) be any point on the locus. 

y = mK + — is a tangent to the parabola !/^ = 4(Ki; for all values 
ofm. ™ 

If this passes througli the point {!i, k), k—mh + —, 

or mVt - mk 4- « ' 




This equation therefore gives the slopes of the tangents which 
are drawn from the point {ft, k) to the curve- 
.'. tan ^j, tan fi^ are the roots of this quadratic ; 

,'. tan ft '+ tan ft, = r and tan ft tan6„ = T i 
^ - ft ^ ' ft 

.". (tan d^ - tan f 3)^ = (tan Q^ + tan Q^"^ - 4 tan fl^ tan Q^ 

W ia J^-iah 



Jk^ - iah 
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Squariag, li? - ^ah = <^i?. 

But (A, fc) is any point on the locus ; 

.'. "y^ - 4aa! = k^c^ is the equation of the locus. 

This may be written j^ = 4fl(ic + -j-|. Heneo the locus is a 

parabola, whose vertex is at the point f - "T' ^\ whose latus 
rectum is 4rt, and the curve is co-axial with the given parabola. 

154. Perpendicular tangents to a parabola intersect on the 
directrix, and their chord of contact passes through the focus. 

Let (A, i) be any point on the locus of the intersection of 
perpendicular tangents. 

^ = wia;H — is a tangent to the parabola y* = 4«!K for all values 
of m. "* 

If it passes through Qi, k), k = mh + —, 

or m^h-mk + a = 0. 

This equation therefore gives the slopes of the tangents which 
are drawn from (h, h) to the curve. 

In this case the tangents are at right angles, therefore if 
jKj, TOj are the roots of this quadratic, m-^m^ = - 1 ; 

.'. T= - 1, or /i + a = 0. 
ft ' 

But (h, h) is any point on the locus. 

.'. i + a^O is the equation of the locus, and represents the 
directrix. 

Again, we may take ( - ft, k) as the co-ordinates of any point 
on the locus, and the equation of the polar of this point is 
% = 2ft (a - ft). [v.Vi = 2a(!t! + asj)] 

This straight line passes through the focus {a, 0). q.e.d. 
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OOKOLLAKY. If /-^, — \ are the eo-ordinates of one end of a 
focal chord, m is the slope of the tangent at this point ; 

.'. {am^, - 2am) are the eo-ordinates of the other end, for 
the tangents at the ends are at right angles. 

155. Find the locus of the middle points of the focal radii of Ike 



Let P be any point on the curve, and let f—^, — J be its 
co-ordinates. Join 8P, and bisect it at Q. *" 

We have to find the locus of Q. 
Let (x, y) be its co-ordinates. 
The co-ordinates of S are (a, 0), 

those of P(-^, -"- ) ; 

.'. the co-ordinates of Q, are 

--K'+i) « 

and y = | (3) 

To find the locus of Q, we have 
to eliminate 5« between these 
equations. 

From (2) l^^; 

.'. substituting in (1) 23: = an -1-=^], 

or y^ = 2a(x-^\i& the equation of the locus. 

This is a parabola, whose vertex is at the point (-^ OY whose 
latus rectum is 2a, and it is co-axial with the given curve. 
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Exa^mples VIII. c. 

tit is generally advisable to use f -^, — j as the oo-ordinatBE of any 
point ott the parabola y^=4as.l * -' 

1, Find the locua of the middle points of tlia ordinates ot ft parabola. 
Draw the locus. 

2, Find the e 
chords of the paraoola jf-4ax through the vi 

3, Through P, any point on a pai'abola, PQ ia drawn parallel to the 
axis, and SQ is drawn through the focns and parallel to the tangent at P. 
Find the loons of Q. 

4, In any parabola, the perpendicular on the directrix from a point P 
and the perpendicular from the foons upon the tangent at P meet on the 
directrix. 

5, A oirole Kraiohea a given circle and a given straight line r find the 
locua of its centre. 

6, By changing the origin, find the equation of a tangent to 

in terms of its slope. 

7, Prove that the loous ot the intersection of tangents to i/^=4a(3: + o), 
^=4a'{3: + a') whioh are at right angles is the straight line x + a + a'=0. 
Prove also that this straight line is the common chord of the paraholaa. 

8, Chords of the parabola y^—4atx are drawn through the point {h, 0) 
on ita axia ; lind the equation of. and draw, the locus of their middle points. 

[Use the equation ot a cliord m terras of the co-ordinates of its middle 

9, PN is an ordinate of a parabola, and NQ is drawn perpendicular to 
the tangent at P to meet the diameter through P (produced) in Q. Find 
and draw the toous of Q. 

10. If the normal at P on a paiahola meets the axis at G, find the locus 
of the middle point of PG. 

11. Pairs of tangents are drawn to a parabola ao that the sum of their 
slopes ia constant : find the loous of their interaeetion. 

12. Find the locus ot the middle points ot chords of a parabola drawn 
through the foous. 

13. Prove that the locus of the middle points ot chorda of the parabola 
y'^iax which pass through a fixed point {h, k) is another parabola, and 
find the co-ordinatea of ita vertex. 

14. Find the locus of the intersection of the straight lines 

y-m[x-<i)=:0, y + {i>-m){x + a) = 0, 
m being a variable quantity, h and a constants. 

15. Pflira of tangents are drawn to the parabola ^—4ax ao that the 
product of their alopes is constant : find the locus ot their interaeetion. 
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16, Pairs o! tangents are drawn, to a parabola bo that the eum o£ tie. 
angles each pair makes with the axis is oonatanfc ; prove that the loons of 
their intersection is a straight line through the foons. 

17, Through the middle point of the ordinal* PN of a parabola, a 
straight line is drawn parallel to the axis to meet the tangent at P in Q : 
find the loons of Q. 

18, Tangents are drawn to the parabola y'—iax at the points P(3^, yjh 
Q(*2i ^s) '■ prove that the oo-ordinates of their point of intersection are 



V 4a ' 2 }• 



Hence find the loons of the intersection of these tangents when (1) the 
snrn of the ordinates at P and Q is constant ; (2) the rectangle contained 
by the ordinates at P and Q, is constant. 

19, The area and base of a triangle being given, find the looua of ita 
orthocentre. 

20, Pairs of tangents to a parabola are inclined to the axis at comple- 
mentary angles : find the locus of their intersection. 

21, IE tangents to the parabola if^iax intersect at a oonwtant angle a, 
prove that the equation of the loons of their ii 



23. A tangent to the parabola ^^=iax meebs the parabola j/*= - iax at 
Q and R ; prove that the tangents at Q and R to the second parabola 
■ n the first. 



24. Chords of a parabola through the vertex are divided in a oonatant 
ratio : prove that the locus of the dividing point is a parabola. 

156. To Jmd ike equation of a normal to the parabola y^ = iax in 
terms of its slope, m. 

As in article 141 the equation of the normal at the point (%, j/,) 

y-yi=-|(^-^); 0) 

^^ '*''"4a~ 4o ~ ■ 

,'. substituting these values of it^ and y^ in (1), we have 
y + 2am = m{x-am^) 

or y^mx- 2am - am^ is the equation required. 
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157. iH general, tiwee ai/i-aigM lines can he dravm from a gwen point 
which are normal to a pa/rabola. 

^ — mx - 3am - am^ is a normal to the parabola y^ = 4ffif. 

If this passes through the given, point (%, )/j) 

y^ = mXj^ - 2am - am", or am^ + 2am - inx^ - !/j = 0. 

Thus we have a e^Mc equation for m, and a cubic equation has 
three roots, 

.', we can generally draw three normals to a parabola from a 
given point. 

If some of the roots of the equation are imaginary, the 
corresponding normals are imaginary, and cannot be drawn. 

Moreover imaginary roots occur in pairs, therefore we can 
draw three normals or one. 

It must be remembered that y — nuc - 2flm. - am^ is wii the 

nonnal at the point ^— ^, — Y 

With the co-ordinates (~, —\ in is the slope of the tangent, 
.'. in that case - — is the slope of the nomial. 

168. Two nonnah are drawn to a fm-abola so that the p-odud of 
their skpes is e&nsfami (c) .- find the locus of their intersection. 

y=me-2am-eim^ is a normal to the parabola ^^ « 4(KC for all 
values of ra. 

If this passes through {h, h), k = mh- 2ftm - am^ 

OP m' + ™?tl* + --0. 

If m^, fflj, mg are the roots of this equation, they are the slopes 
of the normals drawn from the point (k, k). 
By the Theory of Equations 

TOi + mg + ms^O, (1) 

2a -h ,„. 

WiiMij + mgnig + wignii = — - — , ( J ) 



k 
Also in this case, by hypothi 



(3) 

m^m^-e. (4) 
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From (2) and (4) ^^(mg + m^) = ^^^- - c. 

. . from (1) -m^^ = — .(5) 

Also from (3) and (4) %= — (6) 



.'. ^=a!-2a-i-ac ia the equation of the locus. 

This may be written i/^ = ac^(x-2a-ae), and represents a 
parabola whose vertex is at the point (2a — aa, 0), latus rectum 
ac^, and co-axial with the given parabola. 



Examples VIII. d. 

1. Find the equation of the normal tu the parahola i/^=^4a^ at the point 

2. The atnught line y — mtc - 2am, - am' is normal to the parabola at the 
point ((Mrt^ -2ara). 

3. If three normals are drawn to a parahola from a given point, prove 
that the algebraic Bum o£ their slopes is zero. 

Henoe prove that if these lines are normal to the curve at P. Q, R, the 
algebraic sum of (die ordinates of P, Q, R ia zero. 

4. Find the co-ordinates of the second point where the normal at tho 
point (uni^, -2am) meats the parabola ^'=4(13;. 

5. The normal at P ( — j > — ) to the parabola y^^iax meets the onrve 
again at Q, and V is the middle point of PQ : find the co-ordinates of the 
point R where the diameter through V meets the onrve. 

6. If the normal ^^jiM- 2am -am° meets the curve 92=4a^ at P and Q, 
find the oo-ordinates of the middle point of PQ. 

Deduce the equation of the locus of the middle points of a series of 
nonnal chords. 

7. Prove that the chord y -j;\/2 + 4a\'2=0 is anormnl to the parabola 
^=iax, and that it« length is 6\/3. a. 

, If the sum of the slopes of two normals to the parabola y^—4ax is 
■ t ( = i), find the locus of their intersection. 
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9. Pairs of normals to the parabola y^-iax make oomplenientary 
angles with the axis ; find the loous of theii' iiiteraaotion. 

10. Prove that the normal y = mx-2am-am^ to the paralx)la ^=403; 
meets the perpendicular normal at & point whose absoiasa is 



•K-i) 



PROPERTIES OP THE PARABOLA. 

159. If the tangent at P, o, point ore a parabola, meets the a 
and PN is the m-dinate at P, AN = AT, and SP = ST. 




Let (Sj, j/i) be the co-ordinates of P. 
Then the equation of the tangent PT is y1/J^=■2a{x + x^). 
At T, a point on this line, f = 0; 
.'. 2«(a-i-%) = 0; .■. iK= -a;j (for ffl is not equal to zero), 
or AT = AN, but is of opposite sign. 
The opposite sign shows that AN and AT are draivn in opposite 
directions. 

Also SP=PK=NX = AX + AN-AS + AT = ST. 

Def. . NT is called the subtangent. 

Hence the subtangent is bisected at the vertex. 

160. The tangent at P, a point on a parcd)ola, bisects the angle 
between PK tlie •perpendicidar on the directrix, and SP the focal distance. 
For L KPT = L PTS, by parallels, 

= ^SPT, for ST = SP, 
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161. if ihe perpmdiotdar from the focus upon the tangent at P 
onsets U aty, She pmnt Y lies on the t/mgent at the veHex. 
This is proved in Art. 152. 



162, If 8Y is drwam from the foci 
at P, SY2 = AS.SP. 



S ai right angles to the tangent 




With tho above figure SYT is a right angle, and YA is at right 
angles to ST, 

.'. from the siinilai- A= SAY, SYT, 

SA_SY 

SY ""■ ST ' 



^ = ^; .-, SY2 = A 



163,- Sub-normal, If PN is t/ie ordinate at Sie point P on a para- 
bola, and PG flie normal meets the uas5 at G, then NG, which is called 
the sab-nonnal, is equal to Gie sermAatxts rectnm 2a, amd SP = SG. 

Let (xj, ^j) be the co-ordinates of P. 

The equation of the normal at P is 

At G, a point on this line, y = ; 
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Le. AG - AN = 2a, 
NG = 2a. 




164. The length of PG is generally called the length of tlie 
normal at P. If PG meets the curve again a,t Q, PQ is called 
the normal chord at P. 



The length of the normal at p = PG = VpKPTnG^ 

= Vs'i^ + ia^ = Jiax^ + ia^ 
= Jia{x^ + a) = 2jfi.S . 8P. 

16B, The poriioii of a tangent intereepted between the poimt of contact 
and the directrix siibtrnds a right a/tigle at the foeus. 

Let the tangent at P meet the directrix at R. Join SR, 

Draw PM perpendicular to the directrix. 

In A'BPR, MPR, SP=PM, PR is common, and ilSPR = _ MPR, 



i.PSR = /.PMR = 



ight a. 



gle. 



Q.'E.n, 
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, TangenU at the ends of a focal cbm'd intersect at nght rmgles 
on the direc^^ 

The portion of a tangent 

interceptecl between its 

point of contact and the 

Sireeti-ix subtends a right 

igle at the focus. (Art. 

i.5.) 

-■. if PSQ is a focal chord 
and SK is drawn at right 
les to it, 




111 A=SPK, IVIPK ^IVI = . 



tangent at P meet on the 
directrix. 

In the same way, SK and 
the tangent at Q meet on 
the directrix. 

.'. tangents at the ends of 
a focal chord meet on the 
directrix. 

Draw PM, QWl' at rt. l' to 
the directrix. 
S (rt. L'), lW\PK = lSPK and KP is 



Similarly, from a' M'QK, 
SQK, z.ClKM' = i.QKS. 

.". z. PKQ = ^ (the foui' 
angles at K) = a right 
aiigle, 

167. Tliesemi-laiiis rectum 
M a harmonic mecm letween 
the segments of any 
chord. 

Let PSQ be the focal 
chord and ('.1, t 
co-ordinates of P, 

The tangent at Q i; 




at rt, ^' to that at P. 
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and the co-ordinates 
SP=NX = B-t--^, SQ=MX = o + (m2. 



.'. the slope of the tangent at Q, 
of Q are {am\ - 2am). 



2SP.SQ 






li-Iatus rectum. 



af2 + wM 
= . ^ A -o"". = 2a = the s( 

168. Tmigmts at the ends of a chord of a parabola int&rsed <m the 
diameter which Useek that chtrd. 

Let RP, RQ be the tangents, PQ the chord, V the middle point 
of PQ. 

Let («j, y^) he the co- 
ordinates of R. 

The equation of PQ, the 
chord of contact, is 

■Where this meets the 
curve if^ = 4a(K, we have by 
substitution, 



W,-2.(£ + «,) 



or ^ - 2OTi + iate, = 0. 

The roots of the quad- 
ratic are the ordinates of 
P and Q. 

The ordinate of V, the 
middle point of PQ = half 

the sum of the ordinates p,g j^j 

of P and Q 

= half the sum of the roots of the quadratic 
=yj = the ordinate of R. 

.'. RV is parallel to the axis, .which proves the theorem. 
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. If from T, any poini on tlie tangent at P, perpendimdars TR, 
I to the focal distance SP and the directrix, SR = TM. 
(Adams' Proposition.) 

Let the tangent meet tlie 
directrix at F. Join 8F. 




i.FSP = a rt. L.; 
.'. TR and F8 are parallel ; 
. SR_FT_TIV1 
SP^FP" PK 
from tlio similar A" FMT, FKP. 
But SP = PK; 
.'. SR = TM. Q.B.D. 
170. Twngenis to aprn'oibola subtend equal angles at tkefoeus. 
From tlie point T, where tlie tangents at P and Q moot, draw 
TR, TR' perpendicular to SP and SQ respectively. Also draw 
TM perpendicular to the directrix. 




Then SR = TM by Adams' Proposition 
= SR' „ 

Also in the A'TSR, TSR', the z.' at R and R' are right a 
.'. z.T8R = i.TSR', which proves the proposition. 
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171. Gimn a parabola, its foeus (md directrix, h draw tangents to it 
from an external point. 

Draw TK perpendicular to the directrix from the given point 
T, With centre S and radius equal to TK descriha a circle, and 
draw tangents TM, TM' to it. Join SM, SM' and let them meet 
the parabola at P and Q. TP and TQ are tangents to the parabola 
at P and Q. 




Draw PH perpendiculai' to the directrix, and produce PT to 
meet the directrix at R. Join SR. 



But TK - SM, and PH = SP ; 



li the point T 
N\Qpi«htciil uill n 



.'. SR is parallel to TM. 
■ iRSP = a right angle. 
RP torn hes the parabok at P. 
Similaih TQ is a tangent, 
lb on the =ade of the directrix opposite to S, 
Lft the p«-ibo]a at a point of contact. 
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s a parabola, find {geo- 



172. Given a eimie which is known to I 
mehically) Us /mis, focus, amd directrix. 

Draw any two parallel chords and bisect them at V and V. 
Then since a diameter is the locus ol the middle point of a series 
of parallel chords, VV is a diameter. 




Draw any chord at rt. /J to VV' and bisect it at N. Draw the 
diameter ftN meeting the curve at A. AN is a diameter bisecting 
a chord at right angles ; 



Let VV' meet the curve at P, and at P draw PT parallel to the 

chords througli V and V to meet the axis at T. PT is the tangent 

at P. 

At P make the l TP8 = l PTN, and let PS meet the axis at S. 

ThenSP = ST; 

.'. since PT is a tangent, S is the focus. 



KX 



Produce SA to X a 
the directrix. 



id make AX = AS. Draw KX at ri. ^' to AN. 
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173, To find the value of y-^ « '^ax-^ in connection icitk the parabola 
y^ = im^ when (a;^, y^), is not on the tmne. 



Let P be the point (a,, )/,), 
and draw PN perpendicular to 
the axis to meet the curve in Q 
and Q', 
)/j2 « iax^ = PN^ » i<i . AN 

= PN« ^ QN^ 

= (PN + QN)(PN«QN) 

= PQ.PQ', 
for QQ' is bisected at N. 





174. Jf through the poini 
O {x„ j/j) a chord OPP' of the 
parabola y^ = iaa: is Saium 
making an angle 6 mlh the 



Iher, 






sm-O 
The equation of OPP' 
may be taken to be 

cosf sin^" 

a = ^, + r cos 6, 
'!/ = yj^ + rsiaO; 
?e OPP' meetw the 
., we have, by sub- 
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But OP, OP' are the roots of this quadratic for r ; 

:. OP, OP' = the product of the roots = '^^ ~ ' iB ' 

Corollary. If from, the point 0{\,y^ a tangent OP is 
drawn to the parabola y^ = iajx, making an angle B with the axis 

of ai ,1 2 _ J^g. 

" "" sin^f " 
In this case OP=OP', .'. the proposition follows from the 



175. If thrimgh any poini O, dtords OPP', OQQ' are drawn to a. 
parabola in constant direcUons, the ratio of the redmigles OP, OP', 
OQ . OQ' is constant. (See fig. in preceding article.) 



Let the chorda make angles 6, ff with the axis of x. 
As in the preceding article, OP.OP' = ^^ . ^„ ^ . 



Similarly, OQ . OQ' = 

. OP. OP' sin'6 



sin-S' ' 



,_ ,, which is a constant ratio, for the angles 
OQ.OQ' sinks' ^ 

and ff are constant. 

Corollary. If tangents OP, OQ to a parabola make angles 
e, & with the axis of x, 

OPdny 

OQ " sin f 

In this case OP = 0P' and OG = OQ'. 

, . OP _ sin & 
' 0Q"sTir5' 

176. If P^ is the diameter through the point P mi o, paraiola, and 
a chord Q,VQ' is drawn parallel to the tangent at P, to prove that 
QV^-iSP. PV. 

Let the chovd QVQ' and the tangent PT make an angle 6 with 
■the axis. 

Let (iCj, j'j) be the co-ordinates of V, the middle point of QQ'. 

Since PV is parallel to Ox, we may take (x^, ^i) for the co- 
ordinates of P. 
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Also % = — 5 where Ift = tan9. (— g' — ) 
Tlic equation of QVQ' is "^^^ = 't^' =r. 



, » = fl;^ + r. 



y = y-y+ r am 6. 




.'. where this line meets the curve, y^ = iax, 

,|. ,.s sijjB^ 4. .2y(yj sin ^ - 201 cos S) + j,2 - idiTj = 0. 

Now the roots of this equation are QV, Q'V, which are equal 
>ut of opposite sign, 

.'. -QV^ = the product of the roots = ' ^ . .^ -i. 

But y-f^ = 4ax^ for (x^ ^/■^) is on the curve, 



.'. QV2 = 



^'0 



yGoosle 
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h> ^''-a„M <'" ^''-^•^>- t.„g..i„2» -ai»'J 

.". from (1), QV- = 4SP.PV. 

*177. To ^0^ ihs egtmtimh of a parabola referred to a diametsr as 
n-w of X and the ta/ngeni ai the extremity of the diametm- as oask of y. 
With the figure of the preceding article, PV and PT' are the 
axes of X and y. 
First, prove as in that article that 

CIV2 = 48P.PV (1) 

Now, if {x, y) are the co-ordinates of Q, 
QV = */, PV = !t;. 
8P is now constant and eqnal to the foca! distance of the origin. 

Let SP = <i', 

Then from {1) y'^ = ia'x is the equation of the curve, where 

a' = acoseo^^, Q being the angle between the axes of co-ordinates. 

*178. We see that the equation of a parabola referred to a 
diameter and tangent at its extremity as axes is of the same faim 
as when, referred to its axis and tangent at the vertex. 

yy^ = ^a'{x + x^) 
is the equation of the tangent at the point (x^, y^). 

The method of Art. 136 niay be used to prove this, remember- 
ing that y - ffi =m(x — x^) is the equation of the tangent, where m 
is the limiting value of -^, <See Art. 116.) 

^ = miX + — touches the parabola j'^ = 4(i'», for all values of m, 

at the point Q^ ^\ The proof of Art. 138 holds. 

In thia equation m= -r ,„ — — ,-, where is the angle between 
^ sin(fl-a)' " 

the axes of co-ordinates, and a the angle which the tangent 
makes with the axis of the parabola. (Art. 66.) 
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yy^^2a'(x + x^) is the chord of eoiitaet of tangents drawn from 
(a^, !/i). The proof of Art. 142 holds. 

jrt/j = 2ffl'(^+Kj) is the polar of the point fe, y^). 

The equation of a normal to the curve y= =- ia'x will not be the 
same as with rectangular axes, for the condition of perpendicu- 
larity of straight lines is not the same. (Art, 69.) 

At the point {x^, y^ the equation of the normal is 
/y,+2a'cose\. , 

^-^^='( 2a' + y,cos^ )<^-^>' 
& being the angle between the axes. 

At the point (—^ — J, its equation is 

_2ffi' / l + mooaff \/ _a^\ 

^ m~ \ m + cos f A m^f 
The proofs are left as an exercise toi the student 

*179. If OQ, OQ' are tanqeiih to a parabola, aTiil the diameter 
through O meets the eui'veat P and the ilwnl of (oniirf QQ it V, 
OP=PV. 

OPV bisects QQ', and 
the tangent PT at P is 
parallel to QQ'. 

Taking PV and PT as 
axes of co-ordinates, 

y^ = ia'x is the equa- 
tion of the 
where SP = ft'. 

Let (x^, y^) 
ordinates of Q. 

The equatioi 
tangent at Q is 

At 0, a point on this 
line, y=0, 



The opposite signs of PO and PV stow that these lines are 
Irawn in opposite directions, 
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[C!^ 



*180. Second method of 



Ui.nyetits to a parabola from em 
exteTTiai point. (See Art. lYl 
for first method.) 

LetO be the external point 
and draw OPV parallel to the 
axis to meet the curve at P, 
and make PV = OP, From 
SA produced cut off ST = SP. 

PT is the tangent at P. 

Draw QVQ' parallel to PT 
10 meet the parahola at Q 
and Q'. 

OQ, OG' ai-e tangents at Q 
and Q'. 

For QQ' is parallel to the 
tangent PT, 

.■- QV = QV. 

Also OP = PV. 

,'. OQ and OQ' are tan- 
gents at Q, and Q,'. 

*181, To fiiid the equation of a pair of tangents draimi to tlie 
parabola y^ = 4axfrom the point (iCj, i/J. 
Let OD, OE be the tan- 




' point 



gents, P{x, «/) . , 
on either tangent, 

Draw OL, PM perpen- 
dicular to DE the chord 
of contact. Let OPE make 
an angle with the axis 
of <c. 

From the similar 
A'EPM, EOL, 



PM 


PE 




■(1) 


Art 


174, 


Cor. 






nps:. 


?i!_ 


iaxj 




„.(2) 
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The eq^uation of DE is ^y^ = 3(((oi + ij;^) ; 

Also PM= ''^\...- -'■ -. ^' - ( „ ^1 ) 

V^i^ + ia^ 
y^ - icis, 

:. from (1) and (2) _i^+i^=^^S. 

Jy^^ + ia^ 
Squaring and multiplying up, 

Also P ia (my point on exiher tangent, therefore this ia the 
equation required. 

ExEunples VIII. e. 

1. Prove that y — mx + e toaohes tho parabola. 

y^=4a(iB + a) if c=om +— . 

2. Through the vertex of a parabola a perpendioular is drawn to any 
tangent meeting it at Pandtheourveat Q, Show that AP. AQis ooiistaiit. 

3. If two tangents be drawn to a parabola making complementary 
angles with the axis, their chord of contact must pass through the foot o! 
the directrix. 

IB of the tangents drawn fromthu point (I, 3) to the 



6. Find the equation of the parabola whose vertex and fooits are eaoh 
on the axis of a at positive diattmceB a, and a' from the origin. 

7, If on a given base triangles be described such that the enm of the 
tangents of the base angles is constant, prove that the locus of the vertices 
ia a parabola. 

8, The tangents at the ends of the latus reotum of a parabola meet an 
oi-dinate PN produced at R and R': prove that RP . R'P = SN^, where S is 
the focus. 

9. The equation of a focal chord PSQ of the parabola may bo written 
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10. If SY is drawn perpendicular to the tengent at P the point (3>„^]) on 
the parabola ^ = 4(«c,'AY*=a»fi. 

11. Given a curve which ia Itnown to he a parabok, draw a tangent to it 
which is parallel to a given Btraight line. 

12. H PSd is a fooal ohord of the parabola ^=4aa;, prove that the 
produat of the ahsoissae of P and Q ia equal to a^. 

13. K a circle outs the parabola y' = 4ax in four points, the algebraic sum 
of their ordinates is zero. 

14. Tangents ace drawn to a gi 
third tangent making equal anglef 

15. Eind the equation of a parabola when the axes of co-ordinates are 
two tangents, drawn from the foot of the directrix. 

16. The chord PQ is normal to a parabola at P, and is bisected at V. If 
the diameter through V meets the curve at R, prove that RP=RV. 

Prove also that the tangents at R and P meet on the directrix. 

17. Two equal parabolas are co-axial but have different vertices ; show 
that the portion of a tangent to the inner one intercepted by the other is 
bisected at the point of contact. 

18. Tangents are drawn to the parabola y^=iax from the point (iEi, j/i) : 
find tlie equation of the Zinea joining the vertex to. their points of contact. 

19. Chorda of a parabola subtend a right angle at the vertex ; find the 
locus of their middle points. 

[Use the equation of a ohord in terms of the oo-ordinates at ita middle 
point, and the method of Art. 62. ] 

20. Tangents OP, OQ, are drawn to the parabola ^"=403;. Prove that 
the orthocentre of the triangle POQ will be at the vertex if 2mm' + 1 = 0, 
where m, m' are the slopes of the tangents. 

21. If a normal to a parabola make an acute angle with the axis, 
show that it wUl cut the curve again at an angle tfln^(itan^). 

22. Prove that two parabolas, having the same focus and their axes 
in opposite directions, out at right angles. 

23. The triangle which has any ohord of a parabola for base, a nd its 
vertex at the vertex of the parabola j(^=4[[a;, haa an area As^F - 4ah, (h, k) 
being the pole of the chord. 

24. Tangents to the parabola y^^iax are drawn at points whose 
abaoiasae are in the ratio ;i : 1 : prove that they intersect on the curve 

25. If P, Q, R be three points on a parabola whose ordinates are in 
geometrical progression, prove that the tangents at P and R meet on the 
ordinate of Q. 

26. A point V ia taken on an ordinate PN produced, of a parabola, and 
NE ia taken on NP a mean proportional between NP and NV ; if the 
diameters through E and V meet the curve in R and Q, prove tliat PQ 
meets the axis in the foot of the ordinate of R. 
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Exs,viii.e.] PEOPEETTES OF THE PAEAEOLA. 

27. Tiitf DormaJ at P meets the parabola y''=iaa: again at Q ; if a;; i 
absoisea of P, prove that PQ^=— ^(aii+a)^ 



29. Perpendionlar lines AP, AQ are drawn from the vertex of a parabola 
to meet it in P, Q t prove that the normals at P and Q, interaeot on a 

pBTG-bolB,. 

30. TPZ ia a tangent at P to a parabola cutting the axis of the curve at 
T, and PZ is taken in a constant ratio to TP ; prove that the locus of Z is 
a parabola, and find its parameter (latus rectum). 

Revision Questioi^ on the Parabola. 

[These may bi; takyn orally, or tJie answers may be written down 
without any working.] 

What are the equations of the directrices of the following parabolas ; 

1. ^=4tt3^ 2. y'=:~ia,x. 3, x^=iay. 

4. i'=-4ay. 5. aa;S + &jr=0. 6. a^=h/. 

Give the co-ordinates of the verticea of the parabolaa : 

7. i/'=4*((x+w). 8. 3;^=8»(s/-2o), 9. (j'-t)==4o(!c-A). 

10, {x + h]^=afy + h). n. {y + W=2a{h-x). 12. (a;-3)H2!, = 0. 

What is the equation of the latns reotiim of the parabola : 

13. y^^iax. 14. y^=2ax. 15. r'^ -2ax. 

16. x'^4ay. 17, 3?=-i!i,y. 18, x^ = 8ay. 

What are the co-ordinates of the focus of the parabola : 

19. y'^-ax. 20. x'^ay. 21. x^= -ay. 

Give the equation of the axis of the parabola : 

22. d'^by. 23. x'^^-iy. 24. {y--ky=ia{x-h}. 

25. (x+hf=ia{y-h). 26. (^0-2)2=4^. Zl. ^^i(.x-S). 

28. If })^=iax, y— ±2n/o!C ; what do yon deduce as to the shape of the 

Give the equation of the tangent at the point (x„ y,) to the following 

29, x'=4ay. 30. y'^-iax. 

31. ax^ + by = Q. 32. (KK= = 4fc^. 

In each of the following curves, give the equation of a tangent in terms 
of its slope : 
33. y'^Sa^. 34, y^=-4«x. 

35. o!/= = 6k, 36. x^ = 4t.y. 
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164 PEOPERTIES OF THE PARABOLA, [chap. viii. 

37. What is the equation of the tangent at the origin to the parabola 

38. H a tangent to tlie curve y^=4ax makes an angle of 45° with the 
axis' of the ourve, what are the oo-ordinatea of its point of contact ? 

39. The point {o/o?, 2a«.) is on the parabola y^—4aa> : what is the slope 
of the tangent at thia point ? 

40. Give the co-ordinatea of any point on the parabola y'= - 4ax in 
terms of the slope (m) of the tangent at that point. 

41. If D=inx:+c is the eqiiation of the tangent to a curve at the point 
{k, k), what is the equation of the normal at Wiat point ? 

42. What is the equation of the normal to y^ = 'ia/x at the point 



43. What is the equation of the polar of the point (4, 6) with respect 
to the parabola y^ — 2x''. 

41. What is the equation of a parabola whose latus rectum is S, vertex 
at the point {h, i), ajid whose axis is parallel to the axis of sot Two 
parabolas can be thus drawn. 

45. What would be the equations of the curve in the preceding question 
it' its axis were parallel to the axis of ^ ? 

46. Where the straight line k=1 meets the parabola a;'=«j/ + 6, we have 
7i'*=oiy + b. What oan you deduce? 

47. What is the equation of the tangent to the parabola y^ = &x which 
is parallel Uiy — Sx + i^ 

48. What is the equation of the normal to the parabola y''-<h: which 
is paraUel to ^ = 2a; ? 

49. !f—ma:+~, y= — (ar-a). Subtracting, we have 3:=0. Give a 
geometrical interpretation to thia, 

50. A point moves bo that the square of its perpendioulaj' distance from 
one fixed straight line varies as ita perpendicular distance from another 
fixed straight line at right angles to the first ; what is its locus ! 

61. Prove that on; + 6^ = is a tangent to the parabola {y -h'?=iix-\rlnj. 

52. If Aai+Bjv + Cisa tangent to a parabola at the point (ft, fc), what is 
the equation of the normal at the some point % 

53. Prove that fe + mj/ + n=0 is a tangent to the parabola 

How would you find the point of contact 1 

54. W2int is the equation of a normal to the parabola u' = 4«k in terms 
of its slope ? What can you deduce as to the number of normals which 
can be drawn to tlie parabola from a givon point ? 
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CHAPTER IX. 

REVISION PAIPERB. 
Revision Paper IX. a. 

1. Show in a diagram the lines ; 
Fiiid the oo-ordinfttea of their ii 

contained by them. 

2. Determine the equation of the bisector of the aout* angle between the 
lines 12x + Bj/=^i, and 2i^~1x-^. 

3. In the equation 2a 2ty interpret the result 
(i) whenK^O; (ii) w ta 

Draw the oirale. 

4. Find the equafc h d d ine joining the 
points (4,6), (I, -2) dm 

5. I'ind the equat E ''' '' *''^ point (2, 1)) 
aod whose directrix h 3 ^ D gh sketch of the 

6. On squared paper draw tlie parabola y=2(a; + 3) and find the equation 
of its directrix. 

7. IFind the equation of the chord of the parabola ^^ = 2.1; which is 
bisected at the point (3, - 1). 

Revision Paper IX. b. 

1. l^d the (jquaticm and length of the perpendicular from the intersection 
of bx + ay=al), and ax-by = ab upon ax -by = Q. 

2. Taking an. inch na the unit of length, represent in a figure the three 
lines 2j; + %- 6=0, 4e-3^ + 3=0, 6ic + )/ + I=0! and show tfiat the area of 
the triangle they form is half a square inch. 

3. A oirole of radius a, with both co-ordinates of its centre positive, 
touches the axis of x ajid the straight line 3^ = ie. I^d ita equation. 

4. Draw the oirole a^ + ^-2aiE-2aytana-t-B''=0, and find the equatiouB 
of the tangents drawn to it from the origin, (a < SCf. ) 

5. Find the value of c if the straight line y = x + c touohes the parabola 

6. Double ordinates of the parabola j/^=4ax are drawn. Find the 
equation of, and draw, the loous of their points of trisection. 

7. Prove that y-i-2x = 12a is a normal bo the parabola y'' = 4aa:, and find 
the oo-ordinatcs of the point wliere it outs the curve at right angles. 
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166 BEVtSlON PAPERS. [ohap. ix. 

Bevision Paper IX. c. 

1. Prove that if the line joining the origin and the point {Xj, y^) is at 
right angles to the line joining the points (a, 0)(i:^,y^), then 

2. T'iiidtheareaof thetiTaiigleinoIudedb^thethreepDints(3,2), (-3,1), 
(4, - 6), and the co-ordinates of a point equidistant from them. 

3. I'ind the equation of the tangent to the oirele x^ + y'^+lix~7y = at 
the origin. 

4. Find the locus of the intersection of the straight Imea y-mx—^-ma, 
aadniy + a:=in^' + a', where ra is a variable quantitj 

5. Show that the roots of the equation y' 4v' + Si/" -9 = are the 
ordinates of the points of intersection uf the circle ^" + ^' = 9 with the 
parabola (j/- 1)^=1+1. 

Find two of the roots by drawing the ouives on squaied paper. 
What do you deduce as to the oQier roots 



6, Trace the parabolas x'^Say, i/'=27ax, and show that they 
at right angles and also at an angle tan~'-j^. 

7. Find the locus of the vertex of a parabola having a given point as 
focus and touching a given straight line. 

Eeviaioii Paper IX. d. 

1. Find the equation of the straight line joining the origin to the 
intersection of the straight lines a; -j/- 4=0, lx + y-^W=0; and show that 
it bisects one of the angles between them. 

2. If lines are drawn parallel to the axes of co-ordinates from the points 
where the line a:cosa + j/sina-p=0 meets the axes, so aa to meet the 
perpendicular on the line from the origin in P and Q ; prove that 

PQ=4peot2o . ooseo2a. 

3. Write down the equation of the tangent to thecirolei<;^4-!/^=169at 
the point (5, 12). 

Deduce the equation of the tangent to the circle {x-2)^ + {j/ + 3)^~lS9 at 
the point (7, 8|. 

4. Find the equation of the straight lines joining the origin to the points 
of intersection of K' + ^-23!-f3y+4 = and 2a; + %=i. 

Find the values of i for which the lines are at right angles to one another. 

5. Show that the equations a^=4oi(3i + a_),!/*= -4i(a;-6) represent a pair 
of parabolas having the same focus and axis. Find the co-ordinates of their 
points of intersection, and prove that at each of these points the tangents 
to the two parabolas are at right angles. 

6. Draw the curve a:' =4(1 -)/) and find the equation of its directrix. 

7. The normal to the parabola y^ = iax, at any point P, meets the axis 
in G, and GP is produced outwards to Q so that PQ^PQ: find the 
loous uf Q. 
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REVISION PAPERS. 
Bevieion Paper IX. e. 

I of the straight line which pi 
Lcular to the straight line 3a; ■ _ 
a of the triangle contained by these lines and tlie axis of x. 

2. Fiad the angle between the straight lines represented by 

3. Find the oondition or conditions that the circle 

3;2-[.y2 + Aa;+B)/ + C = 
(i) should touch the axis of x ; (ii) should touch the axis of 



Eind the tangent of the angle between the lines. 

5. Trace the curve y=2x-x^, taking an inch aa unit. Find, approxi- 
mately, the oo-ordinates of the point where it outs the line ^+4=0. 

6. Prove that if two tangents are drawn to the parabola i/^ = 4ckk from 
ft point on the line x= - 4a,, their ohord of oontaot subtends a right angle 
at the vertes. 

7. Asflumii^ that j/ = mx H — is a tangent to tlie parabola y' = 4aiC, show 



Revision Paper IX. f. 

1. Eind the equations of the two straight lines joining the point (a, 2it) 
wilji the points in which the straight line a; + 2y=2a. cuts the axes of co- 
oninatea ; and find the angle between the two hnes. 

2. Eind the equation of the two straight lines drawn through the point 
(1, 1) which are parallel respectively to the straight lines given by the 
equation a;^ + 5a;y +2^=0. 

Find also the equations of the two diagonals of the parallelogram formed 
by the four hnes. 

3. Prove that y(a2-c^) = (a3±c^'o' + |3^-cV are the equations of the 
tangents drawn from the origin to the circle (!(;-a)* + (y-^)*=c'. 

4. Find the equation which represents the two straight lines ioioing the 
origin to the points of intersection of the line x+4y—2a, and the circle 
x^ + y^=aK 

Find the angle between the lines. 

5. A circle is described with its centre on the axis, and to pass through 
the vertex of a parabola ; show that it will not o\it the parabola in any 
other point unless the centre is at a riistanoe from the vertex greater than 
hcJf the latua rcctuiH. 
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1B8 REVISION PAPERS. [ciiaf. i^. 



„ . ^ la !/^=4aa;, a^ = 46y interaeot at the origin and at P. 

Jind the equationa of OP, and of the tangents to the curves at P. 

7, In a parabola, the diameter bisecting the normal ehorf meets in Q the 
parallel to the normal through the foens : prove that the lomie of Q is the 
parabola y^ = 2a{a:-a). 

Revision Paper IX. g, 

1. SolTe the following quadratic for y, and draw the loeus given bv the 
equation: 4a^' - V - 23! + ZTsi - 20 = 0. 

2. Prove that the length of the portion of the line 2y=3: + 2 intercepted 
by the circle x^ + y^=i is — ;=. 

3. Prove tliat the line 123; + By-240=0 is a tsjigent to the oirole 

a;= + j/' - to - 1% - 111 =0. 

4. If the polar of the point (2, 3) with respect to the circle 3^ + ji^=17 
tonohes the oirole {x-S)^ + {y-5)^—r\ prove that )•=—=. 

5. From first principles find the equations of the tangent and normal to 
the parabola sf=2ai/ at the point (x^, j/j). 

6. Erom the point (6o, 0) a normal is drawn to the parabola y^=4ax ; 
prove that its length is 2 v'S . a. 

7. Eind the equation of the parabola whose vertex is at the point (0, 2), 
whose axis is parallel to the axis of y, and which passes through the point 
(2,5). 

Revision Paper IK. h. 

1. Write down the general equation of a straight line through the inter- 
section of aB-2j/=4, and 5a: 4-^=7. 

Deduce the equation of the straight line through their point of inter- 
section, and havmg a slope equal to -2. 

2. Eind the equations of the tangents to the circle 

a:» + j/''-ft); + 8y + 21 = 
which are parallel to the axis of x. 
Verify by a figure. 

3, Determine the co-ordinates of the centre of the circle cireumscribiag 
the triangle formed by joining the points (0, 0), [i, -6), (1, - 3). 

4, Eind the equations of the tangents drawn to the circle ai'-fy'^SS 
from the point (10, 0). 

6, Eind the equation of the diameter of the parabola y^ — Sx which 
bisects chords paralla! Uiy — 2x. 

6, Find the equations of the tangents drawn from the origin to the 
parabola (y-3f=i(^-i). 

7. If i! — n>^ + c is a ohord of the parabola p'i'—iax, find the oo-ordinatea 
of its middle point. 
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Eevision Paper IX. k. 

1. Uae the formula for the eqiwtion of the straight line joining two 
given points to determine the equation of the straight line joining the 
points (2, 3), (2, -5). 

2. Find the equations of the tangents to the oirolea:^+i/^ + 2;K- 2^ + 1=0 
which are parallel to the axis of y. 

Verify yoiir reiaaltB by means of a figure. 

3. Determine the oo-ordinates of the centre of the circle inscribed in 
the triangle formed by tlie lines a; = 8, y = Q, % = 4a;. 

4. Find the equation of the oirole paasing through the points (2, 4), 
(2, 6}, (4, 10). 

5. Prove that ny = x + aii^ is a tangent to the parabola y^=4(W and find 
the co-ordinates of its point of contact. 

6. Given a. parabola and its axis, draw a tangent to the curve at a given 

7. Prove that the straight line x + 2j/ + \ = nuts the parabola 

{s: + ^f=i{x-y) 
at one point only (not two eoinoident points). What do you deduce ? 

Bevision Paper IX. L 

1. Two straight lines are drawn through the origin, eaoh at a perpen- 
diotdar distance p from the point {h, k). Prove that the equation of the 
lines is {U-hy)^^pHx^ + y^]. 

2. Tangents are drawn to the oirole 3^ + ^-6^-2y + 9 = from the 
origin ; find their equations. 

3. If is the acnte angle between the tangents at a common point 
of the circles {x-2f + {y -1)^=16, and (3:-l)^ + (j/-3)= = 4, prove that 
cose = ^. 

4. Under what condition will the straight line y=7iia: + a touch the 
oircle x' + y^^^ayl 

5. Prove that iy—2x-9 is a normal tti the parabola y^ = 8a:. Find the 
equation of the tangent at the same point. 

6. Write down the equation of a tangent to the parabola ^'=93! in 
terms of its slope. 

Deduce the equation of a tangent to the parabola (j/-2)'=9(a; + 2). 

7. Use the property PN'=4AS. AN to determine the equation of the 
X)arabola which haa ite vertex at the point (4, 0], 3a: + 4^ = 12 for its axis, 
and which passes through the point |12, i). 

Draw a rough sketch of the curve. 
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THE ELLIPSE. 

182, A conic section whose eccentricity is less than unity is 
called an ellipse. We may therefore define an ellipse thus ; 

Bef, : All ellipse is a curve traced out by a point which moves 
so that its distance from a fixed point, called the focus, is in a 
constant ratio, which is less than unity, to its perpendicular 
distance from a fixed straight line which is called the directrix. 
The constant ratio is called the eccentricity of the curve. 



y 






K 


(^ 




\>. 


A'l C 


^ 


1 Ia 





To find the equation of an ellipse. 

Let 8 be the focus, KX the directrix, e the eccentricity. Draw 
SX perpendicular to the directrix, and in it take a point A such 

that — = e. By del., A is a point on the curve. 

Since a line can be divided internally and externally in the 
same ratio, we can find a point A' in XS produced so that t^ = ^ 
This point A' is also on the curve, by definition. 
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ART. 182.] THE ELLIPSE. 171 

Bisect AA' at C, and let CA = « = CA'. 

SA' = 6 . A'X, and SA = t . AX ; 
.'. SA' + SA = «(A'X + AX), 
or 2a = e {CX + CA' + CX-CA) = 2e . CX ; 

.-. CX=J (1) 

AlsoSA'-SA = e(A'X-AX), or (CA' + CS - CA^~CS) = 2fl6; 
.'. 2CS = 2(K, 

.■. CS = ae (2) 

Now take CX as axis of x, and Ci/ at rt. l' to it as axis of y. 
Let P(x, y) be any point on the curve, ant! draw PK per- 
pendicular to the directrix, and PN perpendicular to CX. 
By definition, SP = e . PK = e, NX ; 

.-. SP2 = e"- . NX% 
SN^ + PN2 = e2.NX-3. 



But 8N=CS-CN=aE-i«, PN = ;/, 




and NX = CX - CN = - - a ; 




.-. (ae-xy + f = f^(^--xy, 




Rearranging, x^{l -e^) + f = a^l -e^), 




or ^^% f . 1 


... (3) 


a^^aHl-e^) ^ 


Let)/ = fi, wheni!; = 0. 




■^'^«" a^ii'^r' ''^^^^^^(i-^^)' 


,.,,(4) 


and equation (3) becomes ^ + ?^ = i. 




This is the simplest foi-m of the equation of an ellipse. 




Important. CS = ae, CX = -- 
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179 THE ELLIPSE. [chap. x. 

The different forms of (4) 

We notice that the terms of the second degree, -^ + 4. are 

in the form of the sum of two squares, and therefore have no 
real factors. This will be found to be the distinguishing 
characteriatic of the equation of any ellipse. 




, Fmrn of the eUipse. 
The equation may be written 



b'^' 



-l- 



'V"^ 



for any value of x, we have two values of v/, equal but 
sign. This proves that the curve is symmetrioal 
about the itxiB of x. 

Also a is the maximum value of x, and -a i 
value, for if £ > a or < -a 
are imaginary. 



s negative, and the values of y 



The equation may also be written, 



'■^±V- 



b^ 



.'. for any vajue of i/, we have two values of x, equal but 
opposite in sign. This proves that the curve ts symmetrical 
about the axis of y. 
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(o, as above, we see that b is the maximum value of y, and 



AA' (2u;) is called the major axis. 

If the curve meets the axis of j^ at B and B' 

BB' {2b) is called the minor axis. 

The axes AA', BB' are called the principa,! axes of the ellipse. 

Observe that if the curve is folded about AA', the upper and 
lower parts then coincide. Also if it is folded about BB', the 
right and left hand parts then coincide. 

The symmetry of the cun'e shows that it has two foci, and 
two directrices. 

In XC produced take CS' = CS, and CX' = CX, Draw K'X' 
parallel to KX. Then it is evident^ by symmetry, that the same 
cwve might be drawn with S' as foeus and X'K' as directrix. 

Since x cannot be greater than a, and ,*/ cannot be ^eater than 
b, we see that the eUipae is a dosed cwve, lying entirely withiii 
a rectangle whose sides are 2a, and 2b. 

Again if (x^, t/j) satisfy the equation -i + j^=^! l-x-^, - jj) 

also satisfy the equation. If P and P are these joints, we see 
from a figure that POP' is a straight line, and CP = CP'. 

Hence every chord through C is bisected at C. C ia therefore 
called the centre. 

Bef. A centre of a conic is a point which hisects all chords 
of the conic drawn through it. 

1 ellipse drawn through the centre is 



184. The point (x^, y^) is mdside or in^e Ike ellipse -2 + Tg=li 

according as ^ + -p- - 1 is p'eater or less Hum :sei-o. 

Let Q be the point (is^, y-^) and let the ordinate QN meet the 
ellkise at P. 

fi P is outside the curve, 

which is equal to zero. 
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74 THE ELLIPSE. [cuav. x. 

For CN . PN are the co-ordinates of P, and P is on the ellipse 

IB ^ «2 

Similarly -V + w - 1 < if (^ii ^i) is inside the curve. 

185. To find the equation of ilie ellipse whose focus is ai ike 'point 
(A, k), dweclrix tlie straight 
line Aic + Bj + C = 0, mid 
encimiricity e. 

Let {x, y) be any point 
on the curve. 

The distance of {x, y) 
from the focus (h, h) 

= J{x~hf + {y-kf. 
The distance of {x, y) 
from the directrix 
_ A» + B^ + C . 

""VaN^'b^"' 

.'. by definition, 

J(x - hf + {y- k}^ 
_ e{fiX + By + C) . 

:+By + Cf 




A'' + B 



.'. squaring, (x - h)^ + (p- ^)' 
is the required equation. 

186. When we have multiplied both sides of the above 
equation by A^ + B^, and transposed all terms to the left-hand 
side, the terms of the second degree 

=3^[A2(1 - e^) + B2] - 2xi/e^ . AB + /[A2 + B2(1 - e% 

This expression will have no real factors if 

4eWB2 - 4 [A2(l - «2) + B2][A2 + B2(l - e'^)] is negative. (h^ - iac) 

Let us see if this is 'the ease. 
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ART. IST.] THE ELLIPSE. 175 

This last expression 

= 4[^W8S - A^(l - e^) - B*(l - fiS) _ A^B^ {(1 - e^f + 1}] 
= _4[Af(l-e2) + B*(l~62) + A2B2{(l -e2)^ + (l-,!^)}] 

which, is negative for e^ < 1. 

Thus in tte equation of any ellipse, the terms of the second 
degree have no real factors. 



44' 

SP = a-ex, S'P = a + ex, ami SP + S'P = 2; 



187. // S, S' are the foci of the ellipse -g+M^ 1' ''^^ P(^' V) ^ 
any point m the cwve "' 





B 


:'' 






K 






--^ 


\ 




X 


A'l S' C 






V 

11 


X 



From the figure, 

SP = e. PK =e. NX =e(CX - CN) = ef- -3;J = ft-e; 

S'P = «. PK' = e, NX' = «(CX'4-CN) = e^- + aW(H-e 
Adding, SP -I- S'P = 2a. 
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188. The laius rediim — - — ■ 

If LSL' is the latus rectum, the co-ordinates of L are (C 
)r {aii, SL), and this point is on the ellipse '-\+j^=^ J 



" }fl 



= 1. 



.^ = 6^(1- 


= 


"ffi2' 


,= -and LL':' 


_2ft^ 


■ (j'-3)« 


Jll 


-213_ 



To d/raw the ellipse .„ 
jin is uliaiiged. to the point (3, 2), the give 



Thus we aee that the given e([uation repreeents an ellipae whose centre 
is at the point (3, 2) and wkoae semi-axes are 4 and 2 units in length. 
Also the axes of the ourve are parallel to the axes of co-ordinates. 

The student ahould draw the curve. 



le between the foci, and the latus rectum 

1.^+1^ = 1. 2. 3ji' + V=12. 3. 43:= + 3/-24. Drawthccucve. 
Find the equation of the ellipae referred to its principal axes as axes of 



4. Which passes through the points (1,4), (-6,1). 

5. Whose latus rectum is 5, and eccentricity $■ 

6. Whose foci are at the points (3, 0), ( - 3, 0) and eccentricity ^. 

7. Find the lengths of the focal radii of the ellipse 3iv^-H4y^=48 drawn 
to the point whose absaissa is 2. 

8. Find the eocentricity of the ellipse whose latus rectum is one-half its 

9. Find the equation of the ellipae whose eccentricity is e, whose focus 
is at the point (c, 0), and whose directrix is the axis of y. 

10. Find the equation of the ellipse whose focus is at the point (3, 0), 
whose directrix is the line ic=5, and whose eccentricity is ^. 
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11. Draw the ellipae '"^ ''' + y= = 1, 
the origin to the point (2, 0).] 



12. Draw the e 

13. Find the co-ordinatea of the toci of the ellipse whose equation is 

14. Find the eqiiationof tlie ellipae whose focus ia at the point (3, 4), whoBS 
difectrix is the line k + ^=2, and whose eooentricity ia ^- 

Draw a roagh sketch of the curve. 

189. Tojiiid the equaiimi of the tangent to the ellipse -^ + p = 1 «( 
the poM (kj, Jj). * 

Take a point (3!j + Aa!j, y, +Ayj) on the curve, and neai' to the 
point (Xi, f/i). 

The point (a^j, yj is on the curve ; .'. % + % = l- 
For the same reason, (^i±p^ + (li±^ = i ■ 

:. by ..btrootion, ^h^Sl^l + ?iAt*IMf .^ -, 

■' a^ b^ ' 

.'. in the limit, when the points approach one another, 

^1 + ^^ = ■ 

Ai/j S% J _ 

■ ' Akj ~ a\ ' 

.'. the slope of the ta,ngent= — s-l. 

Also, the tangent passes through the point (x-^, y^, 

.'. its equation is y-y^= - -^ {x - x^ ; 

or 1^-?L= _^ + ^ 

.'. -^ + '-j}- = \ is the required equation. 



y Google 



178 THE ELLIPSE. [chap. x. 

190. Secmd method of finding the equation of a twngmt hy wieam of 
the DifferenHal Calculus. 

.'. differentiating vnth respect to 3;, -g + j^ t- = ; 



.'. the slope of the tangent at the point (x,, j/j^ "~ 
Now proceed as in the first method. 



'^,' 



191. To find the equation of the normal to the ellipse -2 + Ta = l «* 
the point {a^, j/j). 

The equation of the tangent at (s„ pj) is — ^ 4- j^ = 1- 

Its slope = — s-* ; 

.'. the slope of the normal = yy^; {mm'= - 1) 

is the equation of the normal. 

The equation may he wiitten f^ J fl ^ ~ i . 
b^ ffS 

192. To find Uti' 'quntwn of a tament Ic the ellipse — 'rT = 'i. m 
terms of its ''hj/c m 

Let y~n i+c be the equation of the tangent, it here e is 
unknown ^Alieie it meets the cmie, ne hate hj substitution, 

3+ II' -' 



But, by hypothesis, 'i/ = i'iix + c is a tangent. 
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, this quadratic has equal roots ; 



"-?-(f+3)(p^') tf"-*-) 



= ffl%i2+J2 



.', y = mx ± Va^m^ + b^ is a tangent to the elhpse - 
for aJl values of to. 

193. D^.f. The circle deseribed on the major axi.s, fi 
ellipse as diameter is called the ausiiiary circle. 




Eccentric Angle. 

Take Q any point on the auxiliary 
ordinate QN, meeting the ellipse at P, 
Join CQ, and let i. QCN = &. 
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If (ss, y) are the co-ordinates of P, 

x = CH = CQ,cos9 = acosO, for CQ = CA. 

Also T + C=l; .'. C=l-^.= l-cos'^^ = siii=S; 
, the co-ordinates of P, any point on the ellipse 



J.?' 



may be taken to he (a cos ^, b sin (?) wheie f — i.QCN 
The z-QCN is called the eccentric angle of the point P 

194. To find the equation of the ian^mt to the elhp'ie ^ + t-o= 1 
ai the point {a cos 9, h sin 6). "" '' 

Take the point \acos{d + a.),h^ia{$ + a)'\ nfa? to the given 

The equation of the chord joining the two points is 
y - i sin g a: - a cos g 

J[siQ(6i + a)-aini3] " ft[cos(9 + a) - cos 9] 
y-bsind 



2b cosf 6 + 1] sirj^ 2a sin ^ 9 + ^ j ! 

Now let the two points move up to one ant 
lecomes equal to zero. 
Then the required equation of the tangent is 

^ — fi sin 6 x~ a cos 6 



Note. Thia equation might be deduced from i^ + ^^l, by writing 
a ooB 9 for aJj and 6 sia 9 for y-^. "^ 

195. Tofindtlie equation of the nm-mal ai the point (a cos 6, b sin 6) 

to the ellipse -g + ra = 1- 
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The equation of the tangent at the point (ficos &, Jsin^) is 
X COS 8 )/ sin S _ 

The normal passes through the point {a eoa 6, b ain 6) and is 
perpendicular to the tangent, therefore its equation is 

(a-acoa^)^-(y-Ssin 9)^-^-^ = 0. [aa' + ib' = 0.] 

This map be written r, — -. — s= ^^ ~ ^^■ 

■' cos C Bin P 

jVate. If a point is on an ellipse, the eccentric ai^e co-ordinates sliould 
generally be naefl in preference to x, y co-ordinates, for we shall then have 
"sat one variable, 6, to deal with instead of two, x and y. 

196. Tofiid the condiUon. ihid the straight line h + my + n — Omai/ 

tmieh the dlipse -s + Ir, = 1. 
■^ a^ 0^ 

Suppose that it touches the curve at the point (a cos 0, b sin 9). 
The equation of the tangent at that point is 

.'. this equation is identical with 

h + wjjj = - », 
for the two equations represent the same straight line. 
.'. comparing coefficients, 

cosg_sing_ 1 
al bin n 



or a^P + 6^^ = n^ is the required condition. 
This condition might also be obtained by using the i 
method of Art. 140 on the parabola. 
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197. OiDm tlud fe4-ra»/-Ht=0 is a tangent to the eUipse 
^ + ^ = 1, to find the co-ordinates of its ^nt of contact. 

The equation of the tangent at the point (x^, y^) is 

5'+f=i; (1) 

.'. if (Sj, )/j) are the required co-ordinates, equation (1) and 
lx + mi/= -n are identical, for they represent the same straight 
line. .■, comparing coefficients, 

an l^ n' 
aH b^m 

■ ■ ^1 " " T' ^1 " " V 

198. The equation of the chord joining the two points (x^, i/_j), (x.^, y.^ 
on the ellipse -2 + ^— 1 "laj/ be tmtien m the foJ-m 

a^ "^ A2 
The equation of the chord is - ^ ~ ^^ ^Iz^ (i) 

{Xp i/|) is on the ellipse, .'. ■^ + w^^l ', 
<'•■>'> ■# + F-l- 

By subtraction, and transposition, 

J2 ~ ^ ■ ^ ' 

Multiplying equations (1) and (2) 

(y-yi)(i'i+ys) {x-x^jjxi+x^} 

&2 - a^ ' 

or (a'-%)(%+%^ I (W-yMHi + Vn) 

a^ b^ ' 

the required e 
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199. To find the equation of the clwrd joinimj the two points 
{a cos 6, b sin $), (a cos <j>, i ain 4>). 
The equation of the chord is 

!/ - 6 sin ^ _ x-aoasS 



T~3" " — "' 



/ 2 'T 3 

This may be written 



or -cos — s — I- 7 SI 



Note, The equation of the tangent at (a cioa S, b^ndjir 
Efbm this by letting -p become equal to 6. 



The equation of the ellipse may be written -=- + ^ = 1. 



.-. 2-5w=±VT«?+2. 
Squaring, 4-20»i + 25m==7ra' + 2; 

.-. 18m.''-20TO + 2=0, 
S»j^-10to+I = 0, 
(9m-l)(>«-l) = 0; 
.-. m^i- or 1. 
The tangents pass through the point (5, 2). 
:. the equations required are y-2=^(!C -5) and y-2-3:-5% 
i.e. 9j/-3; = 13 and x-y = 3. 

Ifote. When the slopes of tlie tangents ace foun d, it is better to us 
the formula y-2—m{s: -5], rather than y = mx±'JT^+2 in order b 
avoid the umbigiiity of sign in the square toot. 
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Exfunpies X, h. 

1. Find the equations of tha tangents to the ellipse 3a;' + 4^^=12 whicb 
are parallel to the straight line j/ + 2a; = 4. 

2. Prove tJiat the tangents at the ends of the latera lecta of an ellipse 
pass through the feet of the corresponding diceotrioes. 

3. A tangent to the ellipse 4a^ + 9y*=33 makes aa angle tiin~'-| with 
the major ajOB ; find the co-ordinates of its point of oontaot. 

4. A straight line drawn through the iwiiit ?(%, yi) on the elUpse 
5- + ^ — 1, and through its centre, meats the auxiliary oirole at Q and Q.'. 

Prove that the rectangle PQ , PQ,' — e^{a^- x-^^). Show also that this rect- 
angle has the same vf£e when the straight line QPQ' doea not pass through 
the centre. 

5. Prove that the equation of the tangent to the ellipse At;2 + B^=C 
at thti point (Ki, y,] is Ax!i:, + Byy, — C. 

6. Show that the lia.By = !C + J^ touches the ellipse 2k' + 3;/' = 1. 

7. If PN is the ordinate at the point P(ri, y-,) on the ellipse ^ + p=l. 
and the tangent at P meets the major axis produced at T, find the value of 
CT, and prove that CN . CT is constant for all positions of P. 

8. IE PN is the ordinate at the point (x,, pj) on the ellipse -^ + ^ = i, 
and the normal at P meets the major axis at G, prove that the ratio ™ 
is constant for all positions of P. 

9. If ivora any point Pl^i, y,) on the ellipse -^ + 1^ = 1, a perpendicular 
Pit is drawn to the minor axis, and the tangent at P meets the minor axis 
produced at (, find the value of Ct and prove that Cit . C( if 
all positions of P. 

10. Find the equations of the tangents drawn from the point ('. 
theellipsa9ic= + l%==144. Make a figure. 



the I 

13. Find tha length of the line x = y intercepted by the ellipse 

to' -^ 7/= 500, 

14. If the line !c cos a -f j/ sin n =p is a tangent to the ellipse -^+Tii= 
provii that)5= \/((' cos^ a -^ 5' sin' a.. 
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16. Draw a number of ordinatea o£ the circle x^ + y'—t^. Bieeot them, 
and join these middle points by an even onrve. The cmTe is an ellipse. 
Prove that its equation is ^ + iy''=efi. 

16. Prove that a: + y= sla^ + b^ is a tangent to the ellipse -5 + ^=1, and 
find the co-ordinates of its point of oontacfc. 

17. A tangent to the ellipse -5 + 15=1 maies equal intercepts of positive 
sign on the axes : Hnd its point of oontaoli. 

18. If P and Q are corresponding points on an ellipse and its auxiliary 
eirole, prove that the tangenla at P and Q meet on the major axis prodnoed. 

19. Tangents are drawn from the point (A, k) to the ellipse --j + |-j=l- 
Prove tliat if they malte angles B, 0' with the major axis 

20. Find the equations of tlie tangents t« the ellipse 163r' + 25!(^=400 
drawn from the point (5, 3). Draw a'figure. 

21. Find the condition tliat the straight line — \-- — \ may ttiuoh the 
ellipse -5 + p = l. 

22. Find the equation of the tangent at the origin to the ellipse 

23. If the normal at the point P on an ellipse outa the major and minor 
axes at G and 3, prove that 



What do you deduce it/'=6c? 

25. If a tangent to an ellipse meets the major and minor axes at T and ( 
respeotively, prove that cT^"''eP~^' 

3?-aic f-by ^^ represents an ellipse, and ^^^^' + ^^^^^ = 
represents a straight line. By subtraction, we have 

What do you deduce ? 

27. Bind the equations of the tangents drawn from the point (.5, 4) to the 
ellipse 41^ + 9^^=36. Draw aiigure. 
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IIB AWING ELLIPSES 
200 To J ellpfe famng <t & t fo-^s cd a I 




Using squared paper, let S bo the focus, OXs/ the directrix, -3 
the eccentricity. 
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Taking O, the oiigin, anywhere in the directrix, OX)/ as axis 
of y, and Ox at right angles to Oy as axis of x, draw OQ5 th^ graph 
, 25 

Take any point Q, on this line and its ordinate QM. 
With centre S and radius QM, describe a circle cutting MQ 
produced in P, p. 

P and p are points on the ellipse. 

-r, SP QM 25 , ^ ^. 

^"■^ PK = OM^38' ^y construction. 

In the same way we ohtain the points P]^,;jj, P<„^2' ^i'P&- ■■■ 

Joining them by an even curve we have the ellipse required. 

201. To trace an ellipse hy means of the propei-tij SP+S'P = 2a. 

Take a thread of length 2a, and attach its ends to two, points 
S, S' by means of drawing pins. 

Placing a pencil-point in the angle SPS', move it, keeping the 
thread taut The pencil-point 
traces out an ellipse, whose 
foci are S and 8', and whose 
major axis = 2(t. 

Or we may use the method 
of the following Example : 

BescrUe nm ellipse whose fod 
are 10 ims. apart and whose 
major aids is 15 cms. in length, \ 

Take SS' = 10 cms., and C 
its middle point. 

is the centre of tho 
ellipse. 

Produce SS' to A and A' 
making CA = CA' = 7'5 cms. 

A and A' are the ends of the major axis. 

With centres S, S' and radii 7'5 cms. describe arcs cutting at 
B and B'. 

BS = BS' = 7'5 cms. .'. B and B' are the ends of the minor 

With centres S, S' and radii 5 and 10 ems. describe arcs 
cutting at P and Q. 

SP + S'P = 5 + 10 = lfi cms. 
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tEAWlNG ELLIPSES, 



[CT 



.'. P is a point on the ellipse. 

Similarly Q is a point on the ellipse. 

In this way, by describing arcs the srnn of whose radii is 
always 15 ems, we can obtain any number of points on the 
curve. Joining them by an even curve, we have the ellipse. 

202. Given tlw, major and minor axes of an eliipBe, to draw the mrve. 
Draw the axes AA', BB' bisecting one another at right angles. 
On AA', and BB' as diameters describe circles, and draw a 

number of radii of these 

CQP, CQjP,, CQ.^P„^, 
etc., as shown in the 
figure. 

Through Q, Q^ Q^, 
etc., where these radii 
cut the smaller circle, 
draw straight lines par- 
allel to the major axis. 
Through P, P„ Pj, 
etc., where the radii cut 
the largei' circle, draw 
straight lines parallel to 
the minor axis, and 
meeting the lines par- 
allel to the major axis 
at R, Rj, R;, etc. 
ig the points R, R;i, R^, etc., is the ellipse required. 
i.PCA=S = APQR. 
Let PR produced meet the major axis at N, and draw QM 
perpendicular to the major axis. 

CN==CPcose==ttcos(9if AA' = 2c(, 
RN-QM-CQsinS-5sinSif BB' = 26. 
.'. R is a point on the ellipse whose axes are AA' and BB'. 
Similarly the points R„ R^, etc. lie on the curve. 

203. When there is no term involving the product x^ in the 
equation of an ellipse, the curve can easily be drawn. 

To draw the ellipse 9x^ + 4.!/^ - 36,1; + 8i/ + i = 0. 

The equation may be written d(z^ ~ix) + i(y'^ + 2-i/)= -4. 
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Completing the squares inside the brackets, the equation 
becomes ^^_^y^^y + j),._^3Q^i_^.^s6, 

or ^ +-■ y- -1. 

If the origin is transferred to the point (2, - 1), this 



.'. the given equation represents an eOipse whose centre is 
at the point {2, - 1), and whose semi-axes are 3 and 2 in length. 
The major axis is parallel to the axis of y, and the minor axis is 
parallel to the axis of x. It will be seen that the curve t 
the axis of i/. 
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Examples X. c. 

[Sqii!iced paper should bo iiaed in most of the following.] 
S ia a focus of an ellipse, SX the perpendicular on the eorresponding 
:trix, e the eocentrioity, draw the curve, when ; 
, SX = 2inoh6S, e = |. 2. SX = 2inoliea, e = |. 

, 8X = liiiob, e = TV 



Draw the following ei 



5. 9x^+if-\-lSx~Si/=2i 



6. 4a^*+25y2_ioOy = 0. 7. a;2 + %a + 4t = 0. 

8. 4jTS + y' + 8a:-^ + 4=0. 

9. Given that the distanoe between the fooi of an ellipse is 2^ inohes, 
and that its major axia is 3 inches long, find a number of points on the 
curve and draw it. 

10. rind a number of points on, and draw, an ellipse whose axes are 
4 and 2 inches long respeotively. 

S, S' being the fooi and AA' the major axis of an ellipse, draw the curve 
in each of the following cases : 

11, SS' = 8cm9., AA' = 13cms. 12. SS'=4 in., AA' = 6 in. 

13. SS' = 6oms., AA'=ecma, 14. SS' = 8 cms., AA' = 1S cms. 

204, Tangents are dravm, to the ellipse -2 + j3 = l from the point 

{Xy, y-i) : to fivd the 
equation of their chord 
of contact. 

Let R lie the point 
(a!,,)/,); RQ, RQ' the 
tangents. 

Lot (A[, k-^) be the 
co-ordinates of Q, 
(Aj, ij) the co-ordin- 
ates of Q'. 

The equation of 
RQ, the tangent at 
Q, is 



















c 




/\~ 


' 



y Google 



.RT, 205.] POLE AND FOLAE. 191 

But the point R (a^, «/-,) is on both these lines, 

.-. ^ + hh^i (1) 

a^ b'' ^ ' 



x-^k.2 y-Ji^ _ 



.,(2) 



-■ -V+t¥ = 1. or —7^ + ^ = 1 IS the equation read. 

For firstly, it represents a straight line. 
Also from (1) we see that Q(4,, ^i) lies on this line, 
and „ (2) „ QC{\,h^ „ 

.'. it is the equation of QQ', the chord of contact. 
205. To find the polar of thf, point (Kj, y-J with respect to the ellipse 




Let P be the point {x,, ^j) and DPE any chord through P ; DQ, 
EQ the tangents at D and E. 
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It is required to find the loous of Q. 

Let (h, S) be the co-ordinates of Q. 

Then the equation of its chord of contact DE is 



+ l5=5' 



But (k„ ?/j) is on this line, 

Also (k, k) is ani/ point on the locus, 
.'. the equation of the locus is 

S| + M=i, or ^ + ^ = 1, 
a straight line. 




When (s^, )/j) is outside the ellipse, the polar is the same as the 
chord of contact of tangents drawn from {x^, «/,). 

If the polar of the point P passes through the point Q, the polar of 
the point Q glasses thro-iigh the point P. 

This may he proved as in Art. 144. 
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206. Find the co-oi-dinaies of the pole of (he straight line 



If (x-^, )/j) are the co-ordinates of the pole, the equatioiif 



•3^ + ?^- 



1 and fe + ffl 



ire identical, for they represent the same straight line. 
Now proceed as hi Art. 197. 



?5-I, 



'■F 



207. To Jmd the egmtiem of a ehm-d of the ellip 
terms of the eo-ordmates of its middle point {x^, p^). 

We may take as the equation of the chord PQ, whose middle 
point is O (K„ y-,). 



_ y-h .. 



,.(1) 



.'. where the chord meets the ellipse 
we have by substitution, 

(x^ + roos$f (?;i + rsin fff _ ^ 

a^ "^ ¥ ' "~ ' 

n (x.f30%6 y, sin d\ 

+^ + ^^1^0. 

Now the roots of this equatio 
opposite sign, .'. the coefficient of i 




Multiplying (1) and (2), i— 
is the required equation. 

It may be written ^ + 'Mi = 



m OP, OQ are equal but of 
^'-'^- (2) 

)^^ Lv-n)n 



i' 



j-K. 
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Examples X. d. 

1, Tangents are drawn to an eliipsa from a point on the directrix : prove 
that tlieir chord of contact passes through the corresponding foeua. 

2, If R is the point on the directrix in the above example, prove tliat 
RS is perpendicular to the ohord of contact. 

Pind with respect to the ellipse -j + j 5 = 1 the pole of the line : 

3, y = mie + c. 4. xxj^ + yj-i = ah. 5. x = c. 

6. Find the poles of the direetricea of an ellipse. 

7. Find the equation of the chord of the eUipse 3v^ + 7y^=8i which la 
bisected at the point (I, -2). 

8. Tangents are drawn to an ellipse from a point Q on the anxiliarj' 
oircle ; prove that their ohord of contact and the tangent to the ellipse at 
the point oorresponding to Q meet on the major axis. 

9. PQN is drawn perpendionlar to the major axis of an ellipse, and 
meets the ellipse at Q- Prove that the pcJar of P and the tangent at Q 
meet on the major axis. 

10. y=in{x-ae) is a straight line through a focna of the ellipse 
-j + ^=l. Find the co-ordinates of its pole with respect to the ellipse. 

Deduce a geometrical property of the ellipse. 

11. Tangents OP, OQ are drawn to the ellipse ^ + tj = 1, centre C; 
prove that the product of the slopes of PQ and OC is — 5 - 

12. Find the condition that the pole of lx + my-1 with respect to the 
ellipse -J +|j = l may Ue ou the ellipse 4^ + j& — !■ 

13. CP and CQ are at right angles, P and Q lying on an ellipse whose 
centre is C; prove tliat ?i™ + prig=-o + Ts' where <i ajid h are the semi- 
axes of the ellipse. 

[With the usual axes, let LPCx^a, so that (CPoosa, CP sin a) are the 
00-ordinatea of P.] 

14. If the chord of contact of tangents drawn to the ellipse -a + rj^l 
from the point {x,, y-,) siihtenda a right angle at the centre, prove that 

15. If O is the point {ssi, y,) and the straight line ff~^e~'' 

meets the ellipse -5-1-^=1 at the points P and Q, prove that the reot- 

.TigiB OP , <M^,&i-fI.'i--tr 
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208, To find the locus of tlie middle points of a series of parallel 
chords of am, ellipse. 

Let 0(x^, ^i) be the mirt-point of arty chord QQ' of the series. 




We may take for the equation of QQ' 



3 ^j ?/ = J/i + '■ sin 6. 

i the ellipse -2 + y5=l we have, by 



K + ,-.o.»)' ^(!,,-|. 



Now O ia the mid-point of QQ' ; .'. the roots OQ, OQ', of this 
equation are equal but of opposite sign ; 

But {x^, i/j) is ««.!/ poinl on the loeus ; ,■. suppressing suffixes, 

'-^^'-=-'-0 (!) 

is the equation of the locus, for ^ is a eoTistant angle, 
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This is a straight line through the centre, a diameter. (See 
Def. Art. 183.) 

If m is the slope of QQ', tan 9 = m, and the equation of CO 

may he written y~- — ^x. 

.'. if y = 'mx bisects aJI chords parallel to y = vi% 
m = — g— or mm = — j. 

Vice veriA, if y = m'x bisects all chords parallel to y = tiix, we 
have in the same way, mm' = — k- 

.'. if the diameter POP bisects chords parallel to the diameter 
DCD', 
then the diameter DCD' bi setts chords parallel to the 
diameter PCP'. 
Def. Conjugate diameters are such that each bisects chords 
parallel to the other. 

209. The tangents at the exiremilies of a diametm- are parallel to 
tlie diords bisected l»/ that diameter. 




Let the diameter CP bisect the chord QQ' at V, and let the 
chord move parallel to itself, the point V approaehing P. The 
diameter always bisects the chord. Therefore when V coincides 
with P, the equal portions QV, Q'V vanish togethei; and the chord 
becomes the tangent at P. This proves the proposition. 
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CONJUGATE DIAMETERS. 



210. Let PCP', DCD' be two conjugate diameters, and let 9 
and ■^ be the eccentric angles of the points P and D. 






The equation oF CP is , r „ = ■-,,■ 

„ CD,,-!' ^. 

am ^ (t cos 4> 

But CP, CD are conjugate ; 

ie. co35cos^ + sin^sin^ = 0, or cos(i^-S) = 0. 
.'. if P be taken in the first quadrant, and D in the second, 

Heiiou the co-oitlinatus of D are 



[..co.(« + 0,J„„(«.5]„..(-..inM« 



'»}■ 



N.B. If Q and Q,' are the points on the auxiliary circle corre- 
sponding to P and D respectively, i. QCQ' = i^ - 6 = a right angle. 
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211. The eqni-conjngaite diameters. 

The equations of the diameters of the elUpse - 
conjugate and equal are ^ = + -. 




Let POP', DCD' be the diameters. 

Then if {aeosfl, bsinS) are the co-ordinates of P, 

frtcos^f + lY ?»sin(f + 01 or {- amnO, h cosO) 

ire the co-ordinates of D ; 

.■. CF^ = a^<iOS^S + b^sm^6 and CD^^ahin^O + h-^aosi^e. 
.'. by hypothesis, 

a^cos^e + b^sm^$ = a^iiin'd+bHos^e, 
and B'cos26t = 62cos2e, 

.-. eos2S = 0, 26^%, and tl = '^; 
2 4 

.'. the eqvmtion of CP is 

?/ '■>■' (y =^\ 

fisiii-T oicos-,- -^^ '1 

4 4 

y X 

or 7 = -, 

a 
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ART. 212.] SUPPLEMENTAL CHOiiDS. 

and the equation of CD is 



These diameters are the diagonals of the rectangle formed 1: 
drawing taiigente at the extremities of the principm axes. 

212. Supplemental cliords. 

Def. If QCQ' is a diameter, and P any point on an ellips 
the chords PQ, Pd' are called supplemental cltorcls, 




Swppl&nMtal chords of an ellipse are parallel (o « pair of conjugate 
diameters. 

Take V, V the mid-points of the supplemental ehoids PQ, Pft'. 
Join CV, CV. 

Q,C = CQ' and QV = VP; .'. CV is parallel to PQ'. 
Similarly CV „ PQ. 

.'. CV is a diameter bisecting chords parallel to PQ or CV', 
and CV „ „ „ PQ' or CV. 

.'. CV, CV are conjugate diameters, aod are parallel to the 
supplemental chords PQ', PQ. 
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213. If an elUpse has its centre at the origin. Us eqiuUian, amtains 
no terms of the first degree. 

If possible let a3? + Ihxy + 6y^ -f 23CC + 2/j* + c = be the equation 
of the ellipse. 

Let {x, y) be any point on the curve. Then since the origin is 
at the centre, {~x, -y)is also on the curve. 

.'. ax^ + 2hxy + by^ + 2gx + -2fy + c = 
and (w;2 + 2AaH/ + 6y2-23a-2/2/ + c = 0; 
.'. by subtraction, igx + if}/ = 0, 

or gx+fy = (i. 
But (x, y) is amy point on the curve, 
.'. gx+fy=0 for every point on the curve. 
.'. we must have /= and 17 = 0. 

Hence the equation of an ellipse referred to any axes through 
the centre is of the form 

aa? + 2hxi/ + iy2 + e = 0. 
A more useful form is ax^ + 2lmi + Jj/^ = 1 . 
■*214. To find the equation of o,n ellipse refened to t 
as;e& of co-ordinates. (Oblique.) 




The origin being at the centime, if (^.c, y) lies on the 1 
( - a;, -y) also lies <m the curve ; 

n contain no terms of the first degree. 
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We may therefore take 

Ajfl + 2Hxy + B'f = 'i (1) 

to be the equation of the ellipse. 

Again, if P is the point {x, y) and the chord PVP' is parallel to 
CB' the axis of y, P'V = PV, or the co-ordinates of P', a point on 
the eurve, are (a^ - y) ; 

.'. Aa:^- 3H3^+B!/'^=1 by substitution; 

.'. from (1) by subtraction, H=0; 

.'. the equation of the curve reduces to 

Again, let ((', V be the lengths of the given conjugate semi- 
diameters. 

When y=Q, % = a' \ .'. fvi'^ = l and A^-^^. 

„ 3; = 0, « = 6': .'. b6'^-1 and B=jj-„. 

.'. -,3+ ;^= 1 is the required equation. 

*215. We see that the equation of an ellipse referred to a pair 
of conjugate diameters is of the same fm-m as when referred to its 
prinoipalaxes. 

^'t ''/V^ -, ■ . i . .. IT ^^ '/^ 1 

^ + y^ = 1 IS a tangent to the ellipse -7^ + ^ = 1- 
The proof in Art. 189 holds, remembering that the limitbig 

value of -"l is not the slope of the tangent, the axes being 
oblique. '^''^1 

is the chord of contact of tangents drawn from (a.'j, »/j). 
The proof of Art. 204 holds. 

^'+^ = 1 is the polar of (%, y^. 

The proof of Art. 205 holds. 

y = nix±Ja'^m^ + P touches the eurve for ail values of m. 

'i;he proof of Art. 192 holds. 
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302 THE ELLIPSE. [chap. x. 

Also (a' COS d, h' aiu t^) is a point on the curve for all values 
of ft 

It must be remembered here tbat 6 is no longer the eccentric 
angle. 

Examples X. e. 



2. Prove that the polar of a point P with respect to an ellipse is parftUe! 
to the diameter which is conjugate to the diameter through P. 

3. Find tlie equation of the ohord of tho ellipse 3a:' + 5s'^=20 which is 
bisected at the point (2, 1). 

4. iPind the equations of tlie diameters of the ellipse -g + rs = 1 which 



(i) ^=y, (») Ix + my^a, (iii) ay = bx. 

5. In the ellipse ic'+Sy^^lOO, find the equation of the diameter oon- 
jugate to y=2x. 

6. Find the equations of the tangents to the ellipse 33:^ + 4^ = 48 at the 
extremities of the diameter y=i^x. 

7. Find the equation of the diameter of the ellipse 3a;' + 4//'' = 48 which 
biseots the ohord 4a;+y=8. 

8. Find the angle between the equi -conjugate diameters of the ellipse 
a:^ + 41/2= 100, 

9. Prove that fche tangents to the ellipse -^ + vs = 1 at the points whose 
ecoentrio angles are B, and g-S meet on one of the eqni-oon)uge,ie 
diameters. 

10. IE e is the eceentrio angle of a point P on an ellipse, and SP is 
bisected at Q, prove that C(J=| (1 - boos e). 

11. If with centre, 0, of an elUpse a circle is described cutting the curve 
at P, Q, P', Q', prove that PQ, P^Q are parallel to the axes of the ellipse. 

12. Given that {x^, j/j) is the extremity of a semi-diameter of the ellipse 
ax^ + }ri^+c=(i, find the co-ordinates of the extremities of the conjugate 
diameter. 

13. Find the equation of the tangent at the point (a^j, jij) to tlic ellipse 
aa;'+2Aa^+6^2=l. 

14. In the ellipse (*ap'+2fta3f + 6y^=l, prove that the equation of a chord 
in terms of the co-ordinates of ila middle point |iBj,>i) is 

15. If the two diameters y — mx, y = m'a; of the ellipse oiic^ + 2ftiKy + 6y'=l 
are conjugate, prove that a + h{m + in') + biam' — H. 
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18, Oq the tangant at P to an ellipse equal lengths PR, PR' are taken. 
CR, CR' cut the curve at Q and Q', C being the centre. Pravi: that QQ' 
is parallel to the tangent at P and is hisected by CP, 

19. If CP, CD are conjugate semi -diameters of the ellipse -j + p^ = l, 
and {acoad, bsinB) are the oo-ordinatea of P, prove that the tangents at 
P and D meet at the point raaosfs + ^X ftoosU- jjl- 

i the equatioas of the equi- conjugate 

21. In the ellipse ^+t2=17 CP, CD are ooajugate semi -diameters. If 
(a;, , ^,) are the oo-ordinatee of P, lind those of D. 

22. If CP, CD are two oonjugatc semi-diameters of an ellipfie, p, d the 
corresponding points on the auxiliary circle to P and D, and jjPN, dDM 
the orSinatesat P aad D, prove thatyN=CM, and dW = CU. 

"23. What does the equation x'-\-y''=o!' represent when the axes are 
ohliqne ? 

'24. If a be the acute angle between the axes of co-ordinates, tlic semi- 
axes of the ellipse a^ -i- j/' = c' are \'2 c cos s ajid v2 c sin ^. 

*25. If e be the eccentricity of the ellipse in the previous question. 






LOCUS PROBLEMS ON THE ELLIPSE. 

216, To find the locus of the intersection of perpendicular tangents 
to a/ii elUpse. 

The straight line t/=mx + 'Ja^^ + h^ is a tangent to the ellipse 
-^ + Tg = 1 for all values of m. If this paases through (stj, y^), 



m^a'^ - 9\^) + 2mx^/j + i^ - y^^ = 0. 
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Hence this quadratic for m gives the slopes of the tangents 
which can be drawn from the point (Xy, y^ to the ellipse. 
In this case the tangents are at rt. i.'. 





'■^.yj 




/ 






1 I ^ 


/ / 





.'. if m^m.^ arc the roots of this quadratic, 

.'- -H — ^=-1 or a^^ + «/,^==ffl^ + 5''. 

.'. ^^-f / = a^ + J^ is the equation of the locus. 

A circle, whose centre is at the centre of the ellipse, and 
whose radius ia Ja^ + h^. This is called the Director Circle. 

217. Chords of (tw ellipse are drawn from one end of the major 
0x1% ; find the locus of their middle pdnts. 

Let (acosd. b sin ff) be any point P on the ellipse, A(a, 0) the 
end of the major axis from which the chords are drawn. 

Let (x, y) be the co-ordinates of the middle point of PA, 

, , n, ■. h sin 6 

a;=J{tH-acosP) and !/ = — ^ — ; 

. 2x-a „ J % ■ n 

. . ■ = cos V and -^ = sin p. 
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Squaring and adding, 
loeus. 



LOCUS PROBLEMS ON THE ELLIPSE. 



= 1 is the equation of the 



y 










;^s 


S0.il!,!») 




\ ° 


2? 


^ 





This may he written j" + fl ^ ^ ■ 

J "4 

Hence we see that the locus is an eili 
;he point (-, oV whose semi-axes are - 
il to those of the given ellipse. 



i whose centre is at 
d -, and whose axes 



218. Tangents to an ellipse make angles (f^, Q^ with the majm- <3 
find ihf, equation of the locus of their intersection wkeii.- 

a constant. 

y = mx + 'Ja?m 



^w 



f 6^ is a tangent to the ellipse 
- 1 for all values of m. 



Now if the values of x and y, the co-ordinates of a point on this 
line, are known, m is the only unknown quantity in Hie equation. 

.'. if we solve this equation for m, the roots obtained give the 
slopes of the tangents which can he drawn from {x, y) to the 
curve. _ jM = vTwTP 

Squaring and transposing, nfi (x^ - a^) - ^iivty + j^ - i^ = 0, 
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1,0CUS PROBLEMS ON TfTE ELLIPSE. 



AJao ii {x, y) ia a point on the locus, tan 6^ and tan B^ a 
roots of this quadratic. 



.'. tan 6-^ + tan 6^ = -r^' 

and tan 0, tan ft, = ^ b ; 

.'. by division, cot 6^ + cot $^ = r_jfi > 

.'. „ ,„ = ^ is the equation of the locus. 
This may be written, kh/ - 2m/= 6^^^, 

ExampleB X. f. 

LOCUS PROBLEMS ON THE ELLIPSE. 

1. Find the loous o£ the vertex of a triangle whose baae, antt siim of the 
other sides are given. 

2. The ordinatee of the oirole a^ + j/'^a^ are bisected ; find the locus of 
the points of hiseetion. Draw the oi" " 



["-(-«• -»(-l)] 



»«). 



The equation of the locus ia found by eliminating S from (1) and (2).] 

4. Find the loous o£ the vertex of a triangle having given the base 2c, 
and the product F of the tangents of the angles at the wise. 

[Take the mid-point of the base aa origin, and the axis of y at right 
angles to the base.] 

5. Tangents to the ellipse — + ^ — i are drawn at points whose 
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Exs. X, f.] LOCUS PROBLEMS OK THE ELLIPSE, 207 

are the equations of the tangents. To find ttie ef[iiatiLin of the loeiis we 
must eliminate S. 

Adding (1) and (2) and dividing by 2oo8a 

'-T*'-^-"' ™ 

Subtrtuiting (1| from (2} and dividing by 2s!n a 

^"^i*'-^.0. (4, 

Now square (3) and (4), and add. ] 

6. Chords of the eUipae -^ + p= i are drawn through the jMjint {h, k) : 
iind the equation of, and draw the locus of their middle points. 

7. OP, CD are ooajngata semi-diameters of the ellipse -2 + ?3 = l whose 
axes are AA', BB'; prove that the locus of thepointof interaeotionof AP, BD 
is the ellipse ^ ^ ~'^ \^ V^-^\ =o, Draw the bona, 

8, Find the loons of the interseotion of tangents to the ellipse — +Ta= L 
when the snm of the eocentrio angles of their poinia of contact is constant 
and equal to 2a. 

9, Tangents to the ellipse -j + ^^l make angles fl„ Sj with the major 
axis. Find the equation of the looua of pheir intersection when tan flj + tan Sj 
is constant, and equal to h. 

10, Tangents to the ellipae -^ + ^=1 make angles 8■^, 9^ with the majov 
axis. Find the equation of the locus of their intersection when 
t&n{ei-ie^=k, where i is constant, 

11, Prove that the locus of a pole with respect to the ellipse -5 + ^ = 1, 
when the perpendioular on its polar from the centre is constant, is a 
concentric and co-axial ellipae. 

12, Find, and draw, the loons of the middle point of a pecpendioular drawn 
from a point 011 the circle (x-a)^ + ^^=i^ to the axis oty. 

13, Find the equation of the locus .of the middle points of the portions of 
tangents intercepted by the axes (produced) of the ellipae -5 + ^=1. 

14, Ellipses are drawn on the same maj 
the two ends of the latera reota which ar 
axis is a parabola. 

16. A straight line of riven length movea so that its extremities a 
aJways on two perpendicular straight lines : prove that any point on 
describes an ellipse whose semi-axes are the segments of the line. 
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16. A circle is described which passes through the point (0, 2) and 
touches the circle i? + y^—16 internally. Prove tlmt the locus of ita centre 



17. Prove that the equation of a tangent to the ellips 



,^4.^ 



= 1 may be 
find the 



written in the form i;oo8a + y9inri= "/a^oos'a + fi^sia^a 
locus ot the intersection of perpendicular tangents. 

18, Throi^h the foci of an ellipse, perpendiculars are drawn to a pair 
of conjugate diameters ; prove that they meet on a fixed oonoantrio ellipse. 

19, Radii veotores, i.e. focal radii, are drawn from one of the foci of an 
ellipse : find the locus ot their middle points. 

20, The perpendicular from the centre of an ellipse upon the tajigent 
at P meets the focal distancca of P hi Q nnd Q' : find the looi of these points. 



PROPERTIES OF THE ELLIPSE. 

219. To ^wovs thai ^^', =^% 

' AN ./i'N AC^ 

Let (« cos 0, b sin 9) be the ,e^-ordinates of P. 
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220. SP + S'P=the7najor axiii. 
This is proved in Art. 187. 

221. To p-ove that BC"^^ AS. KS. 

AS . A'S = (CA - CS)(CA + CS) = CA=' - CS^ = flS - a'^e^ = b'^. Q.E.D. 
COROLLAEY. BS = CA for BS = ^(BS + BS') = ^ the major axis. 

222. If the ordinate N P, produced, meets the audliary circle at Q, 

PN _BC 
QN~AC' 
If 6 is the eccentric angle of P, 

PN^6sin^^6 
QN asine a 

223. If PN is the ordinate oj P, and the ta/ttgeni at P meets the 
fiiajm- axis produced at T, CN .CT = CA^. (See fig., Art. 319.) 

Let (a, aos 0, b ain 0) be the co-ordinates of P. 
Th6 equation of PT j, iS?Sf + U»^. i. 

At T, a point on this line, ji = ; .'. a: = — -^ or CT = 3- 

.'. CN.CT = ftGoai9x-^ = a2. Q.E.D. 

cosf 

224. If Pn is draim jim-pendicular to Hk mnw axis and the tangent 
at P meets tite minor axis pi-odtwed at t, On . CI = BC^. (See fig.. 
Art. 219.) 

Let (ft cos 6, b sin S) be the co-ordinates of P. 
Th. equation o£ P< is !5?1? + i^ . i . 

At i, a point on this line, s = 0; .'. y = - — ti, or Ct = -. — ^J 

.". O':i,.Cl = P\^.Ct^bfim0x^^. = y^. Q.l.D. 

225. If the iwrmal at P meets Hie major axis at G, CG = e^ . CN. 
(See fig., Art. 219). 

Let (acosS, 6ein^) be the coordinates of P. 

The equation of the normal at P is — '-^ — r^ = it- - b\ 



y Google 



PEOrERTIER Ob' THE ELLIPSE. 



At G, a point an this line, y^O; 



i.e. CQ^e^CN. 



226. If (Ite noi~mal meets Ihe major wm at G, SQ = e.8P. Also 
he noj-mal bisects Ute interior angle, and fke (aiigent bisects ihe exterior 
mgle heiwemi the focal disfoMces of P. (See fig., Art. 219.) 

We may take as the equation of the normal at P, 

COS e sin fl 
At G {as above) y = 0, x=^- — -^ ■, and CQ = m''c:qs6. 
:. SQ = CS-CQ-ae~a«^cos6' = e(ffi-nec 



In the same way, 

. SG SP 



(Art. 187.) 



-..^ - ^;„ I . . PG bisects the a 
S'G S'P ' 



Again, the noi'mal bisects the interior angle between SP and S'P ; 
.'. the tangent, which is at right angles to it, bisects the exterior 
angle between SP and S'P. 

227. If perpendiculars SY, S'Y' are drawn to cmy tangent, Y and Y' 
lie on the auxiliary circle. (See fig., Art. 219.) 

We may take as the equation of the tangent 

y = wx + J^W^'' (1) 

8Y passes through the focus {ae, 0) and. Is at rt. i.' to the tangent, 

.*. its equation is y= (x-ae) (2) 

To find the locus of Y we must eliminate m between (1) and (2). 
From (1) (^-wxf = o?m^ + ¥. 

„ (2) (my+xf = a^e\ 

Adding, 1/^(1 +m2) + a;2(l+m2) = <t%» + &a + flS-S2 

.'. fl;^ + )/^ = ft^ is the equation of the locus of Y. 
.', y lies on the auxiliary circle. 
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1 the auxiliary 

N.£. In dealing with tangents and perpendiculars to them, 
it is advisable to use the ' m ' equation of a tangent. 

228. If perpendiciilairs 8Y, S'Y' are drawn, io any tangeid, 

SY.SY = BC2. (See fig., Art. 219.) 
Taking y = mx +■ ija!^m^ + V^ as the equation of the tangent, 

SY=^che length of the perpendicular from the point {fie, 0) 
upon thia line 






L''- Jff+e' J 



SY' = the length of the peipendicular from the point { - 
upon the tangent 

_ aem - ^JAf^b ^ 



l+nfi 1+ 'ti-i^ 



229. Tiinffmts at the exlreimties of a 'liumetet aie parallel to one 
atwiher. 

Let -2+^ = 1 be the equation of the ellipse 

If PCP' is a diameter, and (x-^, y-^ the eo-ordmctes of P, then 
( - a^, - j!-^ are the co-ordinatea of P 

The equation of the tangent at P i-, J 4- y^= 1. 

y \h ^^ ^£ J. 

The slopes of theae lines are equal. 

,'. the tangents are parallel. [See also Art, 1309.] 
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, Tangents at the ends of a chm-d intersect rni the dimrteter which 
bisects that dwrd. 

Let TQ, TQ' be the tangents, and 
(k,, y^ the co-ordinates of T. 

The equation of CT is 




The equation of the ohoivl of 
tact QQ' is 



The product of the slopes of (1) 

smd (2) is 

. CT hisects QQ' (Art. 208), which proves the proposition. 



231. The portion of the tangmt 
intercepted betmen the pomt of 
contact and the iirectiix svitends 
a right angle at the eoiresponding 
focus. 

If (aeoaS, isin^) are the co- 
ordinates of P, the equation of 
the tangent is 



At the point R, where thi.' 
meets the directrix, x--, 
cos 1/ sin 6 , 

whence j/( = RX) = — — 
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-COS0) 


Me-m 


^^"^^^ SX a 


«. 


«(T-".^) 


ab{e~GQB6) 






bHine 






iie - a COS 6 


CS-CN 


SN 


h sill e 


~pn"~ 


^PN 


= cot P8N. 






.'. ii' RSX, PSN are complementary. 


.'. ^PSR = art, i.. 







232. Tlie above proposition may also 

Lot the chord PQ meet the 
directrix at R. Produce PS to 
P' and draw PM, QK perpen- 
dicular to the directrix. 

SP_ e. PM _PM _ PR 

SQ~e.QK"QX ~QR 

from the similar A' PRM, QRK. 

.'. SR bisects the exterior 
angle QSP". 

Let the chord turn about the 
point P, ao that the point Q 
moves up to P, and ultimately 
coincides with it. 

Throughout the process 
iiRSQ^iRSP'. 



i pioved geometrically. 




s then a right a: 



.'. PR, which is then i 
iocus S. 



subtends a right angle at the 
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toHAP.X. 



233. In an ellipse, tmigmts al the ends of a focal chord iniersed <y, 
he cwrespondinfi direchix. 



The co-ordinates of any point on the directrix, may be taken 
to be (^, yij. 

The equation of ttie polar of this point is 



Tliia jjiissea throtigh the point (ae, 0) the corresponding focus, 
and this proves the proposition. 

234. If from T, any jkkw( on the tangmt al P, pei'pendicdars TR, 
TWl, are drawn to the focal 
distance SP, and the directrix, 
SR = e.TWl. (Adams' Proposi- 
tion.) 

Let the tangent meet the 
direetriK at F. Join SF. 

Draw PK perpendicular to 
the directrix. 




■ SR_FT_TM 
SP~FP" PK' 

from the similar A' FMT, 
FKP. 



SP = «.PK by definition. 
.'. SR = e.TiVl. 
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ART. '236.] i'KOFEk'rrEs of the ellipse: 

235. Tangeihts to an ellipse subtend equal angles at the foe 

If TP, TQ are the tangents, 
and TR, TR' are perpendicular 
to SP, and SQ r " ' 



Also in the A' TSR, TSR' the 
L.' at R and R' are rt. L', 

.". ^TSR = z_TSR', 
which proves the proposition. 

236. To draw a talent at a 
given point P onan dlipse. 

First method. Take either focus 
8, and join SP. Draw ST at rt. l.' 
to SP to meet the corresponding 
directrix at T. Join PT. 



\p 




/ 












\. 


--lf= 


7r^ 




"\ 


\1/ 


\ 




___- 


s 


' 





PT subtends a 



L at the focurt S, .'. PT in the tangent at P. 




Second method. Take the centre C, and join CP, 
Draw any chord parallel to CP and bisect it at V. Join CV, 
and draw PT parallel to CV. PT is the tangent at P, for it is 
parallel to CV which is the diameter conjugate to CP. 
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'q draw tangents to cm ellipse from an esiernal point T. 






Draw TK perpendicular to the directrix, and 
_ with, centre 8 (the 

corresponding focus), 
and radius e . TK, de- 
scribe a circle. 

From T, draw tan- 
geiita TR, TR' to this 
circle . 

Join SR, SR' and 
let them meet the 
ellipse at Q, Q' respec- 
tively. TQ, TQ' are 
tangents at Q, and Q' 
respectively. 

The proof is similar 
to that in Art. 171. 

Second method. 
Draw the auxiliary 
circle. On ST as 
diameter describe a 

Join TY, T2. 




circle cutting the auxUiary circle at Y 
TY, TZ are tangents to the ellipse. 
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Y is a point on the auxiliary circle and c&YT is the angle in a 
aemi-circte and therefore a right angle. 
.". TY is a tangent. (Art. 227.) 
Similarly TZ also is a tangent. 

238. 6wm a cimte, which is hnovm, tobe<m dlipse, Jmd Us centre, 
the positions and lengths of its piindple axes, and its foci. 

Draw any two parallel chords and bisect tliem at V and V. 
Let VV produced meet the curve at P and P'. 

PP" is a diameter, 
for it t 
chords. 

.'. C the middle 
point of PR' is the 
centre. 

On PP" as diameter 
describe a circle 
meeting the ellipse 
at a i.P'QP is a 
rt. A, and PQ, P'G are 
supplemental chords. 

.'. the diameters 
ACA', BOB' parallel to 
P'Q and PQ are con- 
jugate diameters at 
right angles, i.e. they 
are the principal 
axes. 




239. If PCP', DCD' are two cai^ugate 

Cp3 + CD2=rtS + R 
Let 6 he the eccentric angle of P; then + 
angle of D, and the co-ordinates of D are ( - a si: 
.". Cp2 = a3cos2e4-&^sin-^ and CD'' = tt^sin 
,". CP"- + CCfl^a^ + l^. 
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240. If CP, CO m-e amjugaie xemi-dimietsrs, SP . S'P = CD^. 

Let B be the eccentric angle of P ; then 6 + ^ is the eccentric 
angle of □, and the co-oidinatcs of D are {-a sin $, h cos B) ; 

SP = a-(MCOsfl and S'P^a + ttecos^; (Ait. 187) 
.-. SP . S'P = ((^ - a^fi^eoss e = a^-{a^- js) cos^ d 

= (i?sm^0-\-h^wii^e = Ct)\ IJ.E.D. 

241. If CP, CD are amjugaie semi-diameters, and tmtgmts PT, DT 
are drawn at P and D, the a/rea of the paraUelo^am PCDT = AC.BC. 

Let (a cos d, h sin 6) be the co-ordinates of P, 
then ( - a sin e, 6 cos (?) are ., ,, D. 




Draw CK pei'pendicular to the tangent PT, whose equation is 

xaosd ysm6 ^ , . . „ , 
+^—7 — = 1 or 6a:eos ^ +i(y sin 6* =ao. 









:. the area of PCDT = CD . CK = ((i = AC, BC. 
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Corollary. The area of ihe piwaUeloffram/oiined hy taiigents at 
the ends nf a pair of amjugaie diametms = iab. 
The parallelogram — i . PCDT = iab. 

242. If the normal at P meek the maijor tms mi G, and the diameter 
parallel to the tangent at P in F, PF . PG = BC^. 
Let (acos^, isin^) be the co-ordinates of P. 




As ill Art. 225, CG = ae"^ cos 8 ; 

:. PQ2=PN^-|-GNS = PN^ + (CN-CG)5 



= h^sai^e + a'^GOsW.\ = ~{aMa:^eA- 



Draw CK prpendiciilar to the tangent at P. 
The equation of the tangent is 

(K cos 6 « sin f , . , . „ 

— -■ — ■ + - — i — =1, or Kc cos y + a«/ sm f = «o. 

PF = CK — the perpendicular from the origin on the tangent 



:'. from (1) PF.PG = i2=BC^. Q.E.D. 

Corollary. In the same vxiy if the normal meets the minor am. 
n g, we can prove that PF . Pi/ = CA^ 
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* 243. If from T, a poini in the diameter P'CP ^produced, ta/ngmts 
TQ . TQ' are drawn to the ellipse, aiid QQ' meets CT in V, 



Draw CD the semi-diameter conjugate to CP, and take CP, CD 
IS axes of co-ordinates. 




the equation of the ellipse where CP = fl' and 



QQ' is bisected at V {Art. 230), and therefore is parallel to CD. 
Let (a;^, y-^ be the co-ordinates of Q, so that )\ = CV, !/, - QV. 
The equation of QT, the tangent at Q, is 

5+f-i- 

At T, a point on this line, )/ = 0; 

.-. ^=1 or OT.CV = CP^. Q.RD. 

*244. Through any point 0(x-^, y^ a chord is drmm to the ellipse 
—+-^= I to meet the curve m Q and Q', waking an angle ipOh the 
I.TM of X : to find tlie value of the rectangle OQ . OQ'. 

We may take as the equation of the chord 
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where the line meets t.he ellipse we have by substitution, 







J' 




JfcM 


/ 


/'' 


:> 


^ 


i 


^t 


'' 




1',^ 


A 1 


\ 




c 


1 


J ^^ 




^ 


- — 


Jr 


y 



OQj OQ' are the roots of this quadratic, 

.'. OQ. OQ' = the product of the roots = - ^j - ■ 



N.S. The point O may be within or without the ellipse. 

* 245. If a chord through (x^, jj) meets the ellipse -^ + tJ = 
1 and Q,', and CP is a semi-diamelei' parallel to fhe chord 



CP'^ 



-L 



Or, the ratio OQ . OQ' ; CP^ is constant for nil directions of CP n 
QQ'. {See fig. in the preceding article.) 
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10 previo™ artMe, 00 . OQ" - ^jj-^jj,. 

^CA= ; .'. tlie eo-ordiiiates of P are 
(CP.cose, CP.Riiifl), 

11 the ellipse -^ + 4=1 ; 

DP-cos^e CP-aiii^^ , „„, 1 



COROLLAKY 1. If OQQ,', ORR' meet an ellipse in Q, Q', 
R, R', and CP, CP' are serai-diametera parallel to QQ', anrl RR' 
respectively, q q . qq' _^x£ li _-, _ OR ■ OR' 
cpa ~«5 "'"V" " CP^ ■ 

Corollary 2. If from 0(a:j, ^j) a tangent OQ is drawn to 
the ellipse and CP is the parallel semi -diameter, 

* 246, To jind the equation of the jmir of tangents (k'mm io the 
ellipse -"2 + fg = 1 /'■(WW ike point (%, y-^). 

Ijet OQ, OQ' be the tangents drawn from the point 0(x^, y^). 
Join QQ'. Let P{3;, y) he any point on either tangent, and draw 
PK, OL perpendicular to QQ'. 

From the similar triangles QKP, QLO, 



OL OQ' 

Now PK = the perpendicular from the point {x, y) < 
■whose equation is 



..(1) 
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In Che same way, OL^- 



Vi- 




Alsi) if CD is the semi-diameter parallfsl to OPQ, 



oQ> OT aTrSTT 
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, from (1) and (2) ■ 



Squaring and multiplying up, we have 

(5-t-0'=(.--l5-')(S*l'->> 

Btit (a, y) is any point on either tangent 

.'. this is the equation of the tvi o tangents OQ, OQ'. 

*247. If PCP, DCD' an conjuja/f hamd&s, and QQ' a chm-d 

parallel lo DD' cuts PP' at V, vp' ~rp3' 

Take CP, CD as axes of co-ordinates, and let CP = (('s CD = i' 

Then -75 + f^a = 1 ^^ the equation of the ellipse. 

QQ', being parallel to CD, is biaeeCed by CP at V. 
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Bxamples X. g. 

1, Draw the ellipse whose axes aie 6 inches and i inches long. Find 
its foci, ajid measure their distances from the centre. Verify yonr meas- 
urementa by calculation. 

2, If a fooal ohord of an ellipse roeeta the auxiliary circle at Q, and Q,', 
prove that SQ . SQ' = BC=. 

3, Prove tha,t the aoufce angle between two conjugate diameters of an 
ellipse is a minimum when they are equal 

4, If the diameter conjugate to the semi-diameter CP of an ellipse 
cut the focal distances of P in the points L, M, then PL=PM. 

5, Find the co-ordinates of the intersection of tangents to the eCipse 
— + j-2 = l at the points whose eceentrio angles are 9 + a, 9-a, and if a is 
constant deduce the fact that their tangents meet on the ellipse 

^^ I . y\ -1 
a^s^^'^fiSBecV 
e. Given the axes ACA', BCB' of an ellipse, and PP which is known to 
be a tangent to the curve, find the foci and the point of contact of the 
tangent. State the steps of your oonstvaotion. 

7. In the ellipse 4:x^ + 2x!/ + i^ — 12, find the equation of the diameter 
conjugate to the asis of x ; and if a and 6 be the semi-axes of the curve, 
prove that a^-i- 6^=20. 

8. Pind the foci and directrices of the ellipse 

a^ + y^-e^ixoosa + ysiaa-pp. 

9. A chord of an ellipse movea parallel to itself ; show tliat tlie sum of 
the eooentrio anglM at ite extremities is constant. 

10. Bind the point n hhtlelej tiepo tive fnciis of the 

ellipse -5-J-p=l to the po t e nd f tl e a axis meets the oiu-ve 
again. . 

IL Show that if all 1 orda of a Ihpsp pa allel t the minor axis are 
lengthened in the same y xiperlj chosen at o tl eu- n ddle points being 
held fixed, their ext ■em t es 1 o a o ole 

12. A and B are two fixed points 4 inches apatt, and a point P moves so 
that the sum of its distance from A and B is 6 inches. Take as axes of 
oo-otdinates the line AB and the line biseoting AB perpendicularly, and 
find the equation of the locus of P. Find where the curve cuts each axis. 

13. Find (i) the co-ordinates of the centre, (ii| the co-ordinates of the 
foci, (iii) the length of the major axis, (iv) the eooentrioity of the ellipse 
2as''+5y^=10x, Draw the ellipse to scale, unit one inch. 
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15. In an ellipse, if a line be drsLwn thitrngli a foeiiB making a constant 
angle with a tangent, prove that the locus of the point of intersection with 
the tangent is a oirole. 

16. Prom P, a point on s 
the minor axis. On PM a p 
locus of Q. 



18. If the tangent and normal at a point P on an ellipse meet the minor 
axis at t and g respectively, prove that the points S, P, i, g, S' are con- 

19. Show that a . +.-^-T = l, where l: may have difforent values, 
reprawnts a system of oonfooal ellipaea. 

20. Find the locua of the pole of the straight line tx + my~l with 
reapeet to the system of eonfocal ellipses represented by - ^ . + : /^ r =l. 



PG_a, 
CD~b' 

23. If ™ is the slope of a normal to the ellipse — + ?§= 1, show that its 
equation may be written {mx - y) 'Ja^+b''m'—m{a'^ - h% 

24, Find a common tangent to the ellipses -= — n + T'i — ^ ^"'^ 
3;= 1/2 a +H If' 

~"*" gj.Wi ~^' ^™*^ show that it is parallel to a diagonal of the rectangle 
whose sides are their directrices. 

S, Express the length of the normal (terminated by the major osis) to 
the ellipse -5 + li=l in terms of the inclination of the normal to the major 

26. Show that the sum of the squares o£ the normals drawn at the 
of oonjugate semi -diameters and terminated by the major 
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27, Find the intereepta on the axes made by tho normal at an3' point 
(a:,, yj on the ellipse -5 + p=l. 
Hence prove that if M and N be the feet of the perpendioulars upon the 



28. In aa ellipse of eccentricity tan (3, ft focal chord is inclined at an 
angle a to the major axis ; show that the tangents at the extremities of 
the chord include an angle tan"'(tan2j3aino). 

28. C is tlie centre of the ellipse ^ + |5=1, BCB' its minor axis, S tlie 
positive focus ; if B'S is produced to meet the curve at P, show that CP 
makes an angle with the major axis such that 



re, prore that the jther ii it tho ortho ci 
31. In an ellipse S S are the foLi u d P Q ajiy two points on the 
curve. If the tangents it P and Q, mterspct at T, show that the angles 
QT8, PT8' are equal 



32. Show that it a polar to an ellipse touohea the circle d 
the serai-minor aids as diameter the pole will lie on a parabola whose 
vertex is at the end of the minor axis 

33. Find the length of the polar chord of the point (^i , ^,) with respect 

to the ellipse "2 + 75=1. 



Bevision questions on the Ellipse. 



What are the lengths of the axes of eaoh of the following ellipses !- 
1. 7 + ^ = 1- 2. i^ + Sy^ = l. 

3. &bHV = 25. 4. ax' + hy''=l. 

5. Desoribe the position of the ellipse - — ■—- + „ — 1. 
How do yon know that this equation represents an ellipse ? 

6. What are the co-ordinates of the centre of the ellipse te' - te + 9j 



+ 6" is a tangent to the ellipse -j- 



a? f'_ 



s ' equation of a tangent 



tol£Z^VlL^ = l, 
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8. If y-li—m.{s!-h) is a tangent to a ourve at tiie point (ft, i), what is 
the eijuation of the normal at the same point ! 

9, What is the condition that ax'^+hixry + hi/^ + ffx+fy + c—0 may re- 
present an ellipse ? 

10. What is the equation of the tangent at (.-c,, y,) to the curve 

aa^ + by° = 1 ? 

11. What is the slope of the tajigent in the previous question ? 

12. What is the equation of the normal at {x^, yi) to ax^ + by^ = 1 ? 

13. It (a COS e, 6 sin a) are the oo-oi-dinates of one estremity of a diameter, 
what are the co-ordinates of the extremities of the conjugate diameter ? 

14. Give the equation 
whose axes are parallel ti 
raspeotively. 

15. gx+/y=0 is a, tajigent to the ellipse a3f + by^+2gx + 2fy=0. Why? 
What are the oo-ordinatea of ita point of oontaot ? WTiat is the equation 
of the normal at the same point ? 

Describe the elhpses represented by the following equations :— 

16. {x-x,f + {y-y,f=c?:^. 
t 



(iCOC 



17. lm-xjf + {y-y{l^=^- 

18. (x-xjf + {y-y^]'= 

19. Interpret the straight line — 5I + '-^ = 1 

(i) when (a;i, Pi) is a point on the ellipao — 5+p— 1, 
(ii) „ „ „ outside „ „ 

20. Aa the eccentricity e of an elhpse diminishes, «e( = CS) diminishes 
if a remains constant. What do you deduce when e = 0, remembering 
that6==a=(l-e^)? 



21, If a is the eccentric angle of P on an ellipse, and DCD' is the 
diameter conjugal* to CP, what are the 00-ordinates of D (in the second 
quadrant) and & (in the fourth quadrant)? 

22, If the tangent y = mx± ^a'^^ + lf to the ellipse ^ + ^=1 passes 
through the point (e, 0) where c is positive, which sign woiild you take tor 
the square root 

(i) when the line touches the curve in the first quadrant! 
(ii) „ „ „ ,, fourth „ 

23, If ^-H^ = l is a tangent to the ellipse % + ji = 't at the point 
(k,, y^), and Ix + my — n is a tangent at the same point, what do you deduce? 
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24. If the straight line — 2^ + ^ = 1 passes through tlic point (ae, 0), 
what can you deduce as to the position of the point (x^, s/j) ? 

25. What ia tlie condition tlmt the ellipse 

may touoh (i) the axia of x, (ii) the axis of ^ ? 

e ia at the 

27. What is the distance of the point {x^, y-^) on the ellipse -5+12=1 
from the xwsitive fooua : " 

(ij when {x„ y,) is in the first quadrant? 
(ii) ,, „ „ second ,, 

28. What is the slope of the diameter of the eltipae ^ + ^ = 1 which is 
ooiijugate to the diametw j/ = 2a:? 

29. What is the value of c if the straight line y = mcc + fi toixohea the 



ellipse - 



, What are tlie co-ordinates of the centre of the ellipse 
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CHAPTEK XL 

REVISION PAPERS. 
Eevisioa Paper XI. a. 

1, Pi'ove that if - + ^--1 tie any line tliiougli the 

- + Y = 1 and ,- + ^ = I, then - + -, = - + ;. 
a b b a e d a b 

2, iPind the equations of the oiroles which pass thraugh the point | - 1, 2) 
and touuh both axes of oo-ordinates. 

3, A chord throngh the foous of ths parabola j/'-4a,x uuta the ouwe in 
Q, and Qj. If yi, ^3 are the ordinates of these points prove that 

4, A fooal chord of the parabola y^=iax makes an angle S with the axis 
of X ; determine the equation of the circle described on this ohord as 
diameter, and show that the circle touehee the directrix wiiatever be the 
value of k 

5, Prove that the sum. of the squares of the perpendiculars on any 
tangent to the ellipse '-5 + ?§ = l from the points (0, ae), (0, -ae) is 2o'. 

6, Mnd the equations of the common tangents of the oonios ^ = 4\^a; and 

7, If PSQ is a focal chord of an ellipse of eooentricity e, and $, >p ai'e 
tlie eccentric angles of P, Q respectively, prove that cos ,, = e cos ^—^ — 

Revision Paper XI, b. 

1 Form a single equation to represent the two straight lines 3y -2x — \, 
Also find the equation of the two straight lines joining the origin to 
the points where these lines are met by the line y — yr- 

2, Find the length of the portion of the line x + 2y = a interoepted by 
tlie ou-cle x^-^-y^—a\ 

3, Find the co-ordinates of the interse^stion of the tajigents at the points 
where the parabola y' — iax is out by the ohord ix-3y = Qa, and show that 
it lies on the diameter corresponding to this chord. 

4, PNP' is a ohord of a parabola perpendioular to the axis AN, and the 
normal afc P outs the axis at 0. QQQ^ is a chord parallel to PP' of the 
oirole whose diameter is PP' : show that the loous of Q for different 
positions of PP' ia another parabola. 
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5. rind, at what points of the ellipse Sx^+ 4^"= 12, the normal mafees an 
aiigle of 30° with the axis of x. 

6. Find the equation of the ellipse whose foaus is at the point {SsJ2, 0), 
whose directrix is the line y + x — 0, and whose eccentrioity is J. Find the 
length of its major axis and draw a rough sketch of the curve. 

7. In an ellipse, the normals drawn at P, D, tlie extremities of con- 
jugate diameters, intersect in Q. Show that the diameter through Q is 
pei^iendioulat to PD. 

Revision Paper XI. c. 

1. Find the values of A and B if 5x-7y + 12^li and Aa:+B;^ + 4=0 
represent the same straight line. 

2. Pind the angle between the straight lines joining the points of 
intersection of 2a: + 2y=a.and x'' + y^—a^to the origin. 

3. Find the length of the chord intercepted hy the parabola y^—ix on 
the line }/ = 2x- S. 

4. If ( be a variable quantity, prove that the locus of the point {x, y) 
when x = al + bt\y = ht, is a parabola, whose axis is parallel to the axis 
ofK. 

Find the equation of the tangent at the origin. 

5. Find the equations of the tangents drawn to the elh'pse tb + tt = 1 
from the point (4, 9) ^^ '' 

6. Find the equation of the ellipse v hose foci are at the points (0, 2), 
(0, - 2] and whose eccentricity la J 

7. Find a number of points on, and diiw the ellipse whose semi-axes 
are 2J and IJ inches long re«pecti\ eh 

Bevision FapBr XI d. 

1, One side (a) of a squaie is inclined to the axis of x at the angle a, 
and one of its extremities is at the oi igin , prove that the equations of 
its diagonals are 

j,(oosa-sina)-i(ousa + sma)=0, 
y (cos n + sin a) + iC (cos o - sin n) = a. 

2, Find the equation of the oirole cutting orthogonally the circles 
a^s + jfS^l, iK^ + yS-Qi^O, a^ + y=-6y + 8 = 0. 

3, Find the equations of the tangents to the parabola ^=4a; at the 
points whose a: co-ordinates are eaoh equal to 1. 

Show that they are at right angles, and intersect where the directrix 
outs the axis. 

i. Prove that if two normals to a parabola are at right aisles, they 
intersect on a fixed parabola. 

Find the dimensions and position of this parabok, and show it in a 
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6. A chord o£ the ellipse 7K^ + lV = 112is bisected at tbo point (3, 1): 
Hnd Its equation. 

Find the oo-ordinates of the pole of the oliord. 

7, Find the equation of the diameter of the ellipse 3a!2 + fci/ + 7^^-120, 
which Is conjugate to the diameter y — 2x. 

Eevision Paper XI, e. 

1. la any triangle A8C take AB, AC as axes of a; and y respectively, 
and draw straight lines from the angles biseoting the sides. Find the co- 
ordinates of their point of intersection. (Oblique. ) 

2. I'ind the equations of the tangents drawn to the circle iK^ + y'^o" 
from the point {h, 0). 

3. If G be the foot of the normal at a point P of a parabola, R the 
middle point of 8G (8 being the focus), and X the foot of the diceotrix ; 
show that the difference between, the squai^s on RX and RP ia equaJ to 
the square on the seml-latus rectum. 

4. Draw the parabola 2/' + 12=43: on squared paper. Draw the tangents 
tit the poinla whose ahsoissae are 5, explaining your constructioa. Verify 
by oaloulation. 

5. Tangents are drawn to the ellipse -5 + ^ = 1 from the point (ft, J) to 
make angles B-^, d^ with the ajtes of x. Prove tliat tan Sj + tan ^3= t|^ 

6. Find the 00-ordlnates of the middle point of the portion of the straight 
ljnear + 3y=6 intercepted by the ellipse fte' + lSji^ = 162. 

7. A circle Is drawn with its centre at the centre of an ellipse, and 
touching any tangent of the elllpBe. If a straight line, PQ, drawn through 
a focus S, parallel to the tangent, out the circle in P and Q, PQ is equal to 

Eevision Paper XI. f. 

1. Find tlie equations of the straight lines biseoting the angles between 
y-6 = (i!-a|taneandy-6 = (3!-o)tan2e. 

2. On squared paper draw the circle x^ + y^ = i, and seveml chords 
through the point ( - 1, 1). Draw tangents at the extremities of these 
chords, and so determine the locus of the intersecfcions of these pairs of 
tangents. Write down the equation of the locus. 

3. Find the equation of the locus of the centres of circles passing through 
the point (2, 1) and touching the straight line y—2x. Indioate, by draw- 
ing a rough diagram, tlie position and nature of the curve. 

4. Find the angle at which the parabolas x''=ay, y^=8cKc intersect. 

5. Tangente are drawn from the origin to the ellipse 

atf' + 6;/=+aK + 10y+4=0: 
find their equations, 

6. An ellipse touches a given straight line at P, and S ia one of its foci ; 
find the locus of the other foeus. 
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7, Find, from first prinoiples, tlie eqaation of a tangent to the ellipee 
7a:' + ll3/= = 231, in terms of its slope. 
Deduce the loous of the interaeetioii of perpendicular tangents to the 

Revision Paper XI. g. 

1. Show that the straight lines given by the equations &i? - !xn/ - 9i/^ = 0, 
aaAQx^-Sxy-Sy^+x + ^-l — O He along the sides of a square. 

2. Find the equation of the circle inscribed in the triangle formed by 
the axes o! co-ordinates and the straight line ~ -I- ^ = 1 . 

3. Tangents are drawn to the parabola y'—iitx making angles of 30° 
and 60° reHpeatively with the axis of x : show that the line joining the 
points of contact passes through the foot of the directrix. 

4. A normal is drawn to the parabola y^=iay> at the point (x^, y{) : find 
the co-ordinates of the middle point of the normal chord. 

5. Find the oo-ordinates of the fool of the ellipse ia? + ^ + IBa; - 0. 

6. Prove that the equation a^^+kxy~b^x'—0 represents a pair of con- 
jugate diameters of the ellipse b^ + a^^=aW for all values of %. 

7. Find the aquation of a normal to the ellipse -s + ra = l in terms of its 
n general four normals can be 



BeTision Fapec XI. h. 

1. Find the value of a if the equation axt/ -9y-fi0> lo — jepiesenti 
two straight lines. 

2. Find the equation of the circle whose oentie i^ on the line of oenties 
of the oiroles ^ + y''^^x, ^;^-i-Jl=-&B-10y■^30=0, and which outs them 
both orthogonally. 

3. Prove that the straight line is: + ^y-8 = Q touches the paiabola 
{ix-'Jy)^—ix + ^1/ - 8, and find the co-ordinates of its point of oontaut 

4. Prove that the straight line j/ = 33;-33 is a normal to the parabola 
j<°=4r, and find the ordinates of the points where it meets the ouirve 

6. Find the equation of the ellipse whose focus is at the pomt (0, 6) 
whose directrix is the axis of x, and eccentricity e 

6. Find the pole of the straight line y—i>i{a:~ap) with lespect tj the 
ellipse -5 -(-^ = I, e being its eeoentrioity. 

Deduce a geometrical property of the ellipse. 

7. Find the loous of the intersection of tangents to the ellipse -5-frs=l. 
when the eccentric angles of their points of contact differ by 120°. 
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CHAPTER XII. 

THE HYPERBOLA. 

248. Def. A hyperlJola is a curve traced out by a point which 
moves ao that its distance from a fixed point, called the focua, ia 
in a constant ratio, greater than unity, to its perpendicular 
distance from a fixed straight line, which ia called the directrix. 

To find the equation of o, hypei'hola. 

Let S be the focus, KX the directrix, e the eceentiicity. 







y 




•L 


^ 


\ 


\ 






^ 


p 

j' 




y 




- 


J 




— r° 


J 


c 


.'■!.■ -^ 


\ 


\ 



:, and in it t«ake a point A 



By definition, A is a point on the curve. 

Since a line can be divided internally and externally in the 



1 find a point A', in 8X produced so that - 
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ART. 246.] THE HYPERBOLA. 235 

The point A' ia also on the curve, by definition. 
Bisect AA' at C, and let CA = ffi = CA'. 

SA' = e..i'X, and SA = fi,AX; 
.*. SA' + SA = 6(A'X + AX) 
or (CS + CA') + (CS - CA) = «AA' = e . 3CA ; 

.-. CS = ae (1) 

Also SA' - SA = e (A'X - AX) 

or AA' = e[(CX + CA') - (CA - CX)] ; 

■■• CX = J (2) 

Now take CX as axis of x, and Ci/, at right angles to it, as axis 

Let P{x, )/), be any point on the curve, and draw PK 
perpendicular to the directrix, and PN perpendicular to CX, 
Bydefinition, SP==s.PK = e .NX; 







SN 


2+pN2 = 


c^.^Y?. 




But 




SN = CN 


-CS-K 


-<.ie, PN=2/, 






and 1 


^X = CN ■ 


-cy.=x 


"? 






.-. {X- 


■aeY^y-' 


-.{.- 


t 


Re-a 


rrangiiig 


a?{e^ 


■-\)-f 


= a^(f- 


■1) 






™' '^", 


a2(e5-l) 


= 1 










Let 






«2(.^-l) 


-R 




[Note that «* 


!((^-l)is 


positive.' 


1 





and this is the equation of the cnrve. 
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2-Ae. THE HYPERBOLA. [chap. xii. 

We notice that the terms of the second degree, ^ - Li are in 

the form of the difference of two squares, and therefore have real 
and different factors. 

This mil be found to be the distinguishing cliaraut eristic of the 
equation of any hyperbola. 

FORM OF THE HYPBEBOLA. 
249. The equation may be written to =: -3 - 1 = r— , 

.'. for any value of x, we have two values of y, equal but 
opposite in sign. 

This proves that the cuire is symmetrical about the axis of x. 

Also if the value of x lies between a and - «, "^ ~" is negative, 
and the values of y are imaginary. "" 

This proves that no part of the curve lies between the two 
straight lines drawn at A and A' at right angles to AA'. 

The equation may also be written, -= ±V ■ „ ■- ■■ 

.'. for any value of ij, we have two values of x equal but oppciite 
in sign. 

This proves that the cui>e 1 symmetrical abont the axis of y 

We also see that there a, e nu limitations t the \alue of y 
As y increases, a: increases with Jt and if 15 mfiniteh luge is 
also infinitely large. 

The curve therefore con'fifts of two blanches each n fi ite n 
extent, as shown in the figuie. 

AA' is called the tninsc&rse iKd%. 

If BOB' is drawn at right angles to AA' so that 

BC = B'C = i = (w'e"''-l, 
BOB is called the conjugate (ms. 

We notice that the hyperbola does not meet its conjugate axis. 

As in the ellipse, the symmetry of the curve about its axes 
shows that it has two foci, and two directrices. 
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ART. 261.) lOEM OF THE HYPEEBOLA. 237 

As ill the ellipse (Art. 183) we can show that every chord 
through C 18 bisected at C. C is therefore called the centre. 
Any straight line drawn through the centre is called a diameter. 
It will be seen later on that some diameters do not meet the 



250. If in the equation — + '72=1 of an ellipse, we write - i^ 

for i'^, we obtain the hyperhola — - ra = 1 . 

It follows therefore that many properties of the hyperbola may 
be proved by the methods employed for the ellipse. 

Tile 'point (a;,, y^ is outside or inside, the hyperbola -2-^"=l> 
accordmg aa ^ -'p- -lis g^i'eMer tyr less Iham, zero. (See Art. 184.) 

251. To find the eqaaiiim. of the hypei-hola whose focus is at the point 
{h, k), direntfix the stiuiffht Hue Ac + Sfz-f C = 0, atid eccmtiicity e. 
{See Art. 185.) 

e>\. and hence it will J>e seen that the terms of the .second 
degree have real and different factors. 

If 8 amd 8' are the fod of the hyp&)iola -^ - fa = 1) ^nd P (iK, y) is 



With the figure of Art. 248. 

SP = e. PK = e.NX = e{CH-CX}-=e(x-^-)^ex-a. 

S'P = e.PK' = e. NX'=«(CN+CX') = e(K + -] = ^x + a. 
By subtraction, 8'P»SP = 2a. 

As in the ellipse (Art. 188) the length of the latus rectum = — . 

lix^unples XII. a. 
Find the eooentrieity, the distajiee between the fooi, and the latus rectum 
in each of the following uurvcia : 

1. 163!''-V=144. 2. 4j:'-.V=24. 

a a^-s/' = ie. 4. |^-,f,=l. Draw the ein-ve. 
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238 THE HYPEltBOLA, 

Find the oo-ovdinates of die £ofci in Llio foUuwing ci 



^„^^ 



6. 16j'=-9x= = 144. 



7. rind the equation of the hyperbola whose focus is at the point 
( ■- c, 0), whose eooentrioity is e, and whose directrix is the axis of y. 
Draw one branch of the curve freehand. 

8. Draw the hyperbola - — j— ^ -y= = l. 

9. Draw the hyperbola l^^^~--^ = l. 

10. Find the equation of the hyperbola whose focua is at the point 
(4, 0), whose eooentrioity is 2, and whose directrix is the line si-y—O. 
Draw the ciirve freehaoid. 



13. The eeeenfcrieity of a hyperbola being \'2, aiiil the distanco of its 
focus from the directrix -=, ohtain its equation in its simplest form with 

252. To find the equatimi of the tmigent to the htjperhoh -^ - p= 1 
at tlis point (%, ^j). 

The proof in Art. 189 holds if - JMs written for h^. 

The required equation is — ^-^ = 1- 

Tof/nd the equation of the nurmal to the ht/perhola — — 0=1 (it the 
point (Xj, y^). 

In Art, 191 write - h^ for h% and the proof holds. 

.til, 

6%, 
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ART. 2B3.] AUXILTAi:.Y OTECT,E. 

To find the- equation of a tangent to the hyperbola -^-y, 
of Us slope 711. 

In Art. 192 write - 6^ for b^. 

The required equation is j/ = mic ± -Ja^rn^ - b\ 

253. Def. The circle described on the transverse a 
hyperbola as diameter is called the H,u3dliary circle, 




Froin N draw NQ lo touch the auxiliary circle at Q. 
Join CQ, and let ^QCN = 0. 



Also-T,-f. = l, 



- 1 = sec^S - 1 = tan^^ ; 



. y » 6 tan 6. 



.'. the co-orclinates of P, any point on the hyperbola -5 - c^ = 1 
may be taken to be (a sec 6, b tan $), when 9 = z. QCN. 

The i. QCN in the hyperbola corresponds to the eccentric angle 
in the ellipse. 
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240 THE HYPERBOLA. [chap. xii. 

254. To find ike equation of the tangent to the hypei-hola, -^ - p = 1 
at the point (a sec 6, btan ff). 

Take the point [a sec (S -fa), Jtan(^4-a)] near to the point 
(a sec (9, hUnd). 
The equation of the chord joining these points is 

!/-6tan^ __ a:-asec^ 
&[taii (£* + «) - tan f] ~rt[sec((J + a) - sec t*]' 
1/ - J tan 6 X- a sec d 



y-h tan S x-asecO 

2aam(d + -jsin ^ 



'^^«-l v..»('+i).v= 



How let the two points move up to one another, and coincide. 
a becomes zero, the chord becomes a tangent, and its eqimtion is 
y - & tan ^ _ «-«S6C^ 
6 ~ asin^ ' 
This may be written, (multiplying both sides by tan 6) 
X sec S y tan 6 _ 
a b ' 

p = l. ^y writing 

255. To find the condition that the straight Unelx + mi/ + n = Omay 
touch the hyperbola -5-^ = 1- 

Suppose that it touches the hyperbola at the point 

(01 sec 0, b tan 6). 
The equation of the tangent at this point is 
gseo^ y tan & _ , 
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ART. 253.] TANGENT AND NORMAL. 241 

.'. this equation is identical with 

lx + mi/= -'ft, 

for the two equations represent the same straight line. 

.'. comparing coefficients, 

see _ ta,nO _ ^ ^ 

"" af ~ ~ bill ~ n ' 

. al , „ ha 
sec9= , tane'=— ■ 

Bntsec2e-tan2e=l ; 

or a^P-i-h^m^ = 'ii^ is the reqd. condition. 

256. Given that lx + ')ni/ + n = () is a iaiuient to the, hyperbola 
-^-L = l, in find the co-ordinates of its pmii of cmtud. 

Employ the method of Art. 197. 

257. To jml the equatmi of ih.R nonnid at tlw point {o, aec 6, fitanfl) 
to the hypei-bola -^ ~ Tg = !■ 

The equation of the tangent at the point ((( sec &, h tiiii B) is 
Ksec^ »/tan^__ 

The normal passes through the point (asecf, btimd) and is 
perpendicular to the tangent, therefore its equation ia 

(3;-O8ec6)-^ + (?;-6tantl)--^ = 0. [aa' + M' = 0.] 
' ' see P -^ ' tan C ^ -' 

This mav be written ,-, + : — 7i = a^ + b^. 

■* sec f tan 9 

258. The equation of the ehm'd joining the points (x^, i/^), (x^, y^) 
on the hyperbola ^ - L ~ -^ ™*^ ^ leiiUen ill the fmvi 

(x -xM^+ x^) ( y-?A)(yi + »/s ) _ ^ 
a^ ' "" b^ -''■ 

In Art. 198 ivrite - t^ for b% and the ]jroof holds. 
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259. To find the eqaaU<m of the cho7-d joining the points 

(a sec 0, h tan 6), (a sec <l}, b tan ^). 
The ec[uation of the chord is 
y-h tan i/i 



i (tan e - tan ij>) a(sec i) - sec 4>y 




y-b tan if' a; - o sec if> 




"■ J sin (ft -^) ft(cos./.-cosey 




y -bt&n'fi a-asec^ 




"■ ^,^^.tat:^^..^^ X„i.^si^*' 




'■•■ l»»"4i-I-^=-*.i»^*-*.- 


2 " 


= ,^[.....„^-.eo.- 


fl 




" 3 J 


2cos*L 2 3 J 




aeos^'^'cos^ 




'. the required equation is 




-cos^--jSin^— -cos g . 




Note. The equation of the tangent at the point (aseofl, ft ta 


n^) might 



be dedaoed fram this hy letting f b 

Examples XII. %. 

1. Find the eqiiationa of the tansents to the hyperbola 3:K^-%°=15 
which are parallel to the line y=2x + S. 

2. Find the length of the subnormal at the point (4, 4) of the hyperbola 
lQx^-9y^ = 112. 

3. A tajigent to the hyperbola 93;*-4i/^=9 makes an angle tan^'-j- 
with ttie axis of x. Fincl the eo-ordtnatea of its point of contact. 
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4 Pio\e tliat the stiught line 2lx + jj 116 touches the hyperWn 
71" 6y'=232 and hiid lt3 point of conta<,t 

= 25 from the point 



7 rind the condition that the line y=m'X + ~ may tniieh both the 
parabola /'—4px and the hjperbola -5~?5=1 



10. P ia any point on the cun-o /'^Y-/'|y=L Q ia the point (5, 0), 
and PM the perpendicular on the line iB = 3'2. Calculate the lengths 
PQ, PM, and show that their ratio is independent of the position of P on 
the curve. Wliat can you deduce ? 

11, If thetangenfcat(a!', ?/) to thehyperhola— j--fe — I cntp the anxihary 
circle at points whose ordinates are y,, y^, sliow tliat 



12, Prove that x cof! 



13. If a taugent to the hyperbola ^ + ^1, - 1 
T, and the conjugate axis at I, prove that 



16, Tangents to the hyperbola 3i^ - 
(A, k) and make angles 9,, 8^ with the a 
that,(?=3A2-7. 
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THE HYPERBOLA. 



[CHAP. 



260. -De/. An aBymptote to a hyperbola is a straight line 
which ia itself not altogether at infinity, but which meets the 
conic at two points at infinity. 

Tojkul iha eqaatimis nf the asymptoifs to the hyperlola 



a^ b^' 



a. 



"\^'Ti9re the straight line p = vw: + c meets the curve, we huve, 
by substitution, 

a^ b^ ^' 
or x\b^ - a?m^) - 'inuficx - a^e? - a-h"^ = 0. 

Now if ;/ = niK + c is an asymptote, both roots of this equation 
must l:ie infinite ; 

;. /,a_„2m3 = o and m-A = (Art. 150); 

.-. wi=+- and c=i=0; 

&r 
.'. ^= ±— are the equations of the asymptotes. 
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ART, 3iis.] ASYMPTOTES. -245 

They may be written 

^ + f = and --^ = 0, 

01', ill one equation, ~a~'ft2"'^' 

The slopes of the asymptotes are ± - ; 

.'. the angle between them = 2 tan"'-. 

We see that the asymptotes are the diagonals {)f the parallelo- 
gi'am formed by drawing straight lines through A, A', B, B' 
pai^Uel to the axes. 

261. If 2n. is the angle beiwemi the asymptotes- of a hypmioki, 
see n = e, ihe eccmtridiy. 

If CE, CE' are the asymptotes, when EAE' is the tangent at A, 
CA = a, AE-6; 
2 _CE2_nM^_ a. 

.'. seca = c. 

262. We know that ■y=-mx + Ja^^m''-h'^ is a tangent to the 
hyperlxtla -^ - '4 = ' ^ oi' ^^^ values of m. 

When 0.%^ - 6^ = or m = ± -, this equation becomes y= ±-^, 
which represents the asymptotes. 
.'. we may look upon the asy 
)f contact are at an infinite distf 

263. -^ sii'oight line ih-awn parallel to an, astjmjitote meets the 
iyperhola at one finite point aiid at one point at injmiiy 

i/ = — + rAs parallel to an asymptote to the hypeiboU 
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Where \z vneets the curve, we have by substitution, 



or . a;^ ^,- - is - 1 = 0, 

ab b' 

a ciuadratio with one finite root, and one infinite root (Art. 150). 
This proves the proposition. 

264 The student must be careful to distinguish between a 
straight line meeting a curve at infinity and at imaginoAif points. 

Take the straight line — - 1 = where m>l. 

Where it meets the curve -^ - i^= 1, we have, by substitution, 

Now m^ > 1 ; .'. -71 - rn? is imaginary, and the line does not 
meet the curve at real points. 

In the case of the asymptote --^ = 0, where it muets the 

curve, we have by substitution, 

In this case the line meets the curve at real points, but those 
points are at an infinite distance. 

To prove that the asymptotes of a hypeiiola iontuiually 
mrve but only meet it at vnfinity. 

I>raw an ordinate PN to the hyperbola -^-'j^^X ^iid l^* ^^ 
meet the asymptote — h~^ *^ ^ 

We shall show that the length PQ continually diminishes, but 
is never zero, as the abscissa CN is increased^ 
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Since P is on the hyperbola, — ^ "p~ = 

, PN JCH^ -a 




ft[CN +s/CN2-ffi3] 



ON + JCN^ - a? 
.'. as CN increases QN - PN decreases continually, but is never 
zero. This proves the proposition. 

266. Interpretation of tlie equation O.x + O.y + C = 0. 

The intercepts of the straight line to + B!/ + C = on the axes 
are ^ an ^. 

Let A and B be decreased indefinitely. 

As this takes place, the intercepts - - , -- increase indefinitely, 
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and the straight line moves further and further from the origin 
until when A-=B = 0, the intercepts are infinitely large, arid the 
straight line is itself altogether at infinity. The equation is 
then 0.a; + 0.</ + C = 0. 

Kence C = is said to represent a straiglit line at infinity. 

The above holds for both rectangular and oblique axes. 

ExAMPLUB. Whei'B the parallel straight lines 
3^ + 4^ + 7=0, 





S^ + iff- 


2-- 


= 




hy> 


mbti-a*)tioii, 9 = 0. 










parallel straight lir 


,6S 


m«et at 


, iiitiiiity. 


■oth 


.hype,-lx,laj-.g = 


Ir 


iiiii^la th 


. .tr^ighl Ih 



we have ty subtraction, 1 = 0, 

i. e. bte hyperbola meets these straight lines at infinity only. 

Henoe -5-13 = repreaanta the asj'niptotes of the hyperbola -5- 1^=1- 

267. i/ Hie^ + 2ftim/ + J^ = 1 np-esmis a hyperlola, the equation of 
its asymptotes isaa!^-\r 'ihxy + hf = Q. 

Since as? -V^hmj -vhy'' = \ represents a hyperbola, the expression 
ax^ + ^hxy-^-hy^ has real linear factors (Art. 251). 

.'. a^ + 2hxy + by^ = Q represents two straight lines not 
altogether at infinity. 

Also where a4i^ + '2Aa,^ + &j^=l, andflii;'^ + 2&i!y + &j2 = meet, we 
have by subtraction, 1 = 0, which proves that the straight lines meet 
the curve at infinity only. 

.'. a;^^ + ^}ixy + 6;/^ = represents the asymptotes. 

The above holds for both rectangular and oblique axes. 



268. The equation {cee + by-i-c)(a'x+b'i/ + c') = . 
hyperbola whose asym,pioie& are the straight lines (tx + by-\-G = (l, mid 
a'x + b'y + c' = 0. 

The equation (ax + by+c){ii'x+h'i/+c')=h repreaente a hyper- 
bola, for the terms of the second degree {aic + by)(a'x + b'y) have 
real and different factors. 



y Google 



ART. 370.] ASYMPTOl'ES. 949 

Also where tlm curve meets the straight lines whose equation is 
(ax + by + c){a,'x + h'y + ,:') = 0, 

we have by subtraction, k=0. 

;'. the curve meets the straight lines at infinity only, 

.". ax + hy-i-c = 0, and a'x + i'y + c' = are the asymptotes of the 

hyperbola. 

269. To find the eqiiatimi of the ostjmpiotes of the. hyperbola, 

031^ + 2tey + 6/ -1- 2(/ai 4- 2/y + = {1 ) 

Consider the equation 

a3?-V^hTy + hf + 2,g«, + ify + \ = 0, (3) 

and as in Art. 49 find the condition that it may represent two 
straight lines. 
The condition is 

a/a + 6/ + c/i2^3/ffft-a6A = (3) 

This is a simple equation for X, and we thus see that mie value 
of A can be found for which equation (2) will represent two 
straight lines 

Where (1) and (2) meet we have by subtraction, 
X-c-0, 
which shows that they meet at infinity only. 

.'. equation (2) represents the asymptotes of the hypei'bola (1), 
the value of A being obtained from equation (3). 

N.E. The ©ctuations of ei hyperbola and its asymptotes only 
differ in the constant terms. 

The above holds both for rectangular and oblique axes. 

270. Example 1. Find the asymptotes o£ the hypei-lKila, 

10ic2 + 11a;;/ -ey*- 19a: + 1% -21 = 0. (1) 

Let X have buoIi a value that 

lto= + ll.rj/-V-19^ + 19y + ^=0 (2) 

represent two atraight lines. 
We may prooeed as in Art. 260, or as follows : 
The equation (2) may be written 

('2a: + .1;,l(5a:-2yl-lte + 19j, + X-0 (3) 
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.■. 6he faotore of the left-hand aide must be of the form 

2x + 3y + a, and 5:c-2)/ + 6. 
/. the equation (3) maBt be identioal with 

l2» + E^ + a.)(53:-2v + 6)=0 
or (2x + Si/){5x-^)+x(Qb-lr5a) \-i/{3h~2n] + af = n 

.'. equating co-effioienta we have, 

Fram (4) and (5), a= - 5, 6 = 3 

.-. from (6), X= -15. 
.■. lOa^-Hla^^-%=-10a; + 19j/-15=O 
is the equation of the asymptotee. 
The separate equations are 

23: + 3!^-6 = 0, and S3;-2^-l-3=0, 
Example 2. Find the asymptotes of the hyperbola, 

xji-3k + 4!/=0. 
Wo have to find a value of \ suoh that the equation 
xy-Sx + 4y + \ — 
represents two straight lines. 
In other words, the expression xy-Sx + 'iy + X has real factors. 
Now Ky - 3a; +4;) =a;(!/ - 3) + 4(1^ - 3) + 12, 

.-. an,-3a+%-12=<i^-3](3: + 4), 
- 12 is the required value of ^, 
and j/-3 = 0, ar4-4 = are the equations of the asymptotes. 

Examples XII. c. 

Find the equations of the asymptotes of the following hyperbolas : 
1. 2a;s+ 33^^-2/^6. 2. 3ir!-4y'-i23T-%-7=0. 



6, Find the equation of the hyperliola whose asymptotes are the straight 
lines 3y-tc-12 = 0, 4a; + 3y-12=0, and which passes through the origin. 
Make a freehand drawing of the curve. 

Find the equations of the asymptotes, and the eooentrioity of the follow- 
ing hyperbolas : 

7, 4e^-j(=-f8k=0. 8, 4x''-ir' + 2tf = 0. 

9. x'-t^ + 2!B+iy=m. 10. &t^-5.-ey-6sc==ll. 

11, G)^-rixy + Gy--i2=0. 12. >ix^-l3xy + fty^ + l2=t}. 
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DRAWING HYPERBOLAS. 



271 lo dijv a liijjmhdit hamnq g%ien %h foms, (Jufinr, and 
fccentnotty 

Using squaierl i^apei let S be the focii'- 0X( the ihiectiix 
2 the eccentiicity 

Taking O the ou^iii ainwheie iii the diioctrix OXii as axis 
of ?/, and O at light \ngles to Oi/ as ixis of draw Op the 
graph of If —2i 




Take ;; any point on this line, and draw its ordinate pN. 
With centre S and radius pN, describe a circle cutting Np 
produced in P, P'. 

P, P' are points ori the hyperbola. 
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In the same way we may obtain other points ou the curve. 
Joining them by an even curve, we have one branch of the 



to draw the other branch, draw Opj, the graph of j; = - 2x. 
With centre S and radius jPiN,, describe a circle cutting N^jj^ 
produced in P[ and P^'. 

P^, Pj' are points on the hyperbola. 



Finding other points on this bT'aiich in the same way, we 
obtain the curve by joining them. 

272. To trace a hyperbola by means of ike property S'P - SP = 2((. 

'I'ake a rod S'D capable of turning in the plane of the paper 

about one end S'. Fasten one end of a string; which is shortei' 

than S'D, to the end D, and 

the other ,end to tbe point 

S, 

Keeping the string taut 
by means of a pencil point, 
and keeping the pencil 
point against the roa as at 
P, let tiie rod turn about 
the point S'. 
8'P-SP = S'D-PD-SP 
= length of rod — length of string ; 
.'. P traces a hyperbola whose foci are S and S', and whose 
transverse axis = length of rod - length of string. 
The following method may also be used : 

Draw the Iwfp&rhola hamng given tltat the disianee between its foci is 
6 cms. and the length of its h-ausverse axis is i ems. 
Take S, S' the foci 6 cms, apart. 

With centre S and radius 4 ems., and centre S' and radius 
8 cms., describe arcs cutting at P and Q. 

P and Q are points on the hyperbola, for SP ~ SP' = 4 cms., and 
SQ~8'Q==4 cms. 
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In the same way other points on the curve may be obtained ; 
viz, by describing arcs of 7 and 3 cms. radii, 6 and 2 cms. radii, 
5 and 1 cm. radii, and ao on. 

Joining the points by an even curve, we have the hyperbok. 

273, To draw the hypei-bola Os^ - 4/ + 54iK + 8;« + 41 = 0. 
The equation may be written 9(ii^ + 63;)-4()/^-2y)= — 41. 
Completing the squares inside the brackets, the equation 
becomes 9(^^+3)2-4(^-1)2 = 81 - 4- 41 = 36, 



, (g + 3)^ 0/-1)' . 



If the origin is transfen'ed to the point ( -3, 1) this equation 
becomes -..a ^a 

.'. the given equation represents a hyperbola, whose centre is 
at the point ( - 3, 1), and whose semi-axes are 2 and 3 in length. 
The transverse axis (length 4) is pai-allel to the axis of at. 

The dramng of the curve is left to the student. 

N.B. When the origin is transferred to (■- 3, 1), the equations 
of the asymptotes are '-^ + ■„ =0, and - - ^ = 0. 

Examples XU. d. 

1. Draw the hyperbola wtoRB fooua is half an inch from tlie directrix, 
fttld whoae eceentrioity is v2. 

2. Given that SS'=2 inches, and 8P~S'P = 1 inch, draw the hyperbola. 

3. Draw the hyperboln whose fooua is one inch from the directrix, sind 
whose eceentrioity is j. 

4. Draw the hypecbola whose equation is »^ ~ isf + 8j; = 0. 

5. Given tiiat SS'^1 inch, and SP =■ S'P^tj inch, draw the hyptsrbola. 

6. Draw the hyperbola whose equation ia ft-c^- %^+ 18a;+ 16^-71 = 0. 

7. Draw the hyperbola whoae distance from foous to focus ia 5 cms. 
and transverse ajcifl 3 cms. 

In eaeh of the following oases draw the curve and its asymptotes : 

10. 9;a_25^_5{h,=n ii_ j,s_.^ii=,4.. 

12, UhC the definition of a hyperbola to interpret the equation 

(Ji - 1]= + (« + Zf-iy- T»i in- a rough sketcli of, the cui-ve. 
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14. A hyperbola passes through fclie ori^n, and x-2=0, y + 1—0 are 
the eC[uationa of its asymptotes. Determine its equation, find several 
points on the ourva and draw it. 

15, The straight lines 2ai-y—0, y — are the asymptotes of sv hyperbola, 
and it passes through the point (2, 1). Find the equation of the eufve, 
the co-ordinates of sevetnl points on it, ajid draw it. 

274. Tmigmts to the hyperhola -i-j«='^ "■»"« (h'mm from the 
point (a^, ^j) .■ to find the elation of their chord of cmUad. 
In Art. 204 write - h^ for b^ throughout. 
To pud ihe polar of the point {x■^, i/j) with respect to the hypmbola 

In Ai't. 305 -.vrito - P for Ifi thronghont. 

If the polar of the point P pusses through tlie point Q, ihe polar of tlu: 
point Q passes th/rmgh the point P. 

This may be proved as in Art. 144. 

Fmi the coordinates of the pole of tJie straight line h; + my + n-^ 
with respect to the hyperbola -^ - Tg = 1. 

Proceed as in Art. 206, writing - 6^ for 6^. 

TofimA the egmHon of a chord of ihe h^eibola -^-^-^=1, in terms 
of the co-ordinates of its middle point (x^, y^). 

Pioteed If in Ait ''07 wntiiig b" foi I 

Conjugate diameters A'i in the elhj;ae two diaraeteii ate 
said to be coijigate t each other when eich bisects ehoids 
parallel to the othei 

If a seitis of parallel chords of the hypetbola ^ ,^-l make un 

angle vith the t is e se xs the lot,us of thei ddle points is ( 
sii atght line tlvrov /hi ^ c { Ita nete ) tl se cgmiu r ia 



e this, use the method of Art. 208, 
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Ifm,m' are the slopes of two conjugaie diameters, mm' = -^. 

See Art. 308. 

The tangents at the extremities of a diametei- tvhidi meets the cwve 
are pa/rtdlel to the chords bisected by that diameter. 

See Art. 209. 

Suppkmmtal chords of a ki/perbola are parallel to a pair of conjugate 
diameters. 

See Art. 312. 

275. Bectangular hyperbola. When the two axes of a 
hyperbola are equal in length the hyperbola is said to be 
reclangvhr. 




Referred to its axes its equati 



or x^ - y-^ = a^ 
x^-^ — Q is the equation of its asymptotes. 
These, the lines ie--y = 0, x + y = (), are at right angles ; hence 
the name recta/agvlar hyperbola. 



y Google 



CONJUGATE HYFEKEOLA, 






276. 2'he Gonjxtgate Hypei-hola. 

At right angles to ACA' the transverse axis of the hyperbola 
%-tT, = \, draw BCB', makitia; BC=B'C = 6. 




The hyperbola whose transverse axis is BB', and conjugate axis 
AA', is said to be mnjugate to the hyperbola — -p=l- 

The equation of this conjugate hyperbola is V^ - -^ = 1, 

or t_t^_i 

We notice that the point (a tan d, h sec 9) lies on this hyperbola 
for ali values of 6, for tan^S-sec^^= - 1. 

I that a hyperbola and its conjugate have the same 



277. If ihe dwmeter y = im; meets the hyperlola -^ — Vf = 1 i^ reed 
poiiiis, Us (^wffatediiwieUrf/~m'x meets the rMve in imaginary pomis. 

Let y-rtm meet the etirve at the point (^^, y-^, and y = ot'ib at 
the point (a^, y^. 
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Where y = mx meets the curve, we have by substitution, 



va-?)= 



Similarly where y = m!x meets the curve, 




Hence, if x-^_ is real, a:^ is imaginary. This proves the proposition. 

If 2a is the length of a difiiiieter of a hyperbola, and 2/3 the 
length of tlie conjugate diameter cut off hy the conjugate 
liyperbola, 2a and 2/i are often called the lengths of these 
two conjugate diameters of the original hyperbola. 

278. If a hyperbola has Us centre at the origin, its egmtion contains 
no terms of the first degree. 
See Art. 213. 

*279- To find the equation of a liywrhola refei-red to two conjugate 
Ammeters as axes of co-ordinates. (Oblique.) 

The origin being at the centre of the curve, if (x, «/) lies on the 
curve, {~x,— y) also lies on the cun'e. 

.'. its equation can contain no terms of the first degree. 

We may therefore take 

Ax'^ + 2Hxi/+Bf=l (1) 

to be the equation of the hyperbola. 

Again if P is the point (s, y) and the chord PVP' is drawn 
parallel to CB' the axis of y, PV' = PV, or the co-ordinates of P', a 
point on the curve, are (x, - y). 
B.A.G. R 
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.'. Aai^ - 2HM/ + By^=l, by substitution. 

.', from (1) by subtraction, H = 0. 

.'. the equation of the curve reduces to 

Ax' + Bf-^l. 

Let the curve cut the axis of x at A' aud Jet CA' = a'. When 

y = 0, x = a'. 

. Aa'^ = 1, and A = ^5. 

must be negative 




Taking it equal to - p^- ''^^ equation of the 



N.B. The point (a'sec^, b'tan?) lies on the curve for all 
values of 8. 

Examples XII. e. 

1. Find the pola of the chord 21a;-9y = 28 with respect to 'the hyper- 
bola 7a^-lV= 112. 

2. In the hyperbola 25a:" - 16f = 400 find tlie equation of the diameter 
oonjugate to 3y=ai. 

3. Find the condition that 7 + — = 1 may be a tangent to the hyperbola 
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4. In the hyperbola -^ - p = i find the oondition that the chord joining 
the two pointa (osseofl, bt&uB), (<taeo0, htaniji) should subtend a right 

5. P ia a point on a hyperbola, Q on thci fionjiifjatfi lij-pcirbjla ; if PCQ 
is a right angle j^ - 5^ is constant. 

6. In any hyperbola the circle on SP as diameter ttniclioa the auxiliary 



the points (aseeS, fttanfl), (asee^, 6tan^) should subtend a right angle 

10. Obtain the equations of the asymptotes ot the hyperbola 

3:a„4j/i + 3, + 4j(=0. 
Draw the curve to scale on squared paper, taking 2 inohea aa unit, 

11. Through one of the vertices A, and the SKtremities P, P* of a double 
ordinate of a hyperbola, a circle ia drawn cutting the axis again in K. If 
G Vie the foot of the normal at P, prove that GK ia of constant length, 

12. If the normal to the hyperbola »?'-!/' = a^ at tho point (a aecfl, atanflj 
meets the curve again at the point {x,, }/i), prove that 

13. Find the asymptotes of the hyperbola 3:^ + ikc + 6^ 4- (;'=0. 

14. In the rectangular hyperbola the straight line joining the centre 
with the pole makes the same angle witli the transrerae axis as the attaight 
line drawn from the centre perpendicular to the polar, and the semi-axis is 
a mean proportional between the lengths of these straight lines. 

15. If two hyperbolaa are conjugate to each other, the polar of a point 
on either of them with respect to the other is a tangent to the first. 

16. The perpendicular from the centre on any normal to an equilateral 
hyperbola meets the curve in imaginary points. 

17. If fe and i be the intercepts on the axis of any tangent to a hyperbola, 
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19. Find bhe equation to the chord of the hyperbola 25^*- 16^3=400 
which is bisected at the point (5, 3). 

20. I£ the polar of any point with reapeot to the hyperbola 



*280. The egmiion of a hyperbola referred to Us asijmploies as axes 
of co-m-dinates is 4xy = a^ -I- b^. 

The equation (Ait + Bj* + C) (A'x 4- B'«/ + C) = k^ repreaents a hyper- 
bola whose asymptotes are the straight lines Ak + B^ + C = 0, and 
A'iK + B'y-j-C' = a 

.'. the equation xy = k^ represents a hyperbola whose asymp- 
totes are the lines .i; = and y = 0, i.e. the axes of co-ordinates. 

We now have to determine the value of the constant term ^. 

Take the vertex A, and draw its co-ordinates CN, AN. 

^NAC = ^!/CA= iACN; .■. CN = AN, i.e.. a.t IK, x = y. 




Draw NK peipendlcular to the transverse axis, and let 2ci be 
the angle between the asymptotes. 

Then ^i; = CN = CK see a = -^ sec a ^ ; 

4 4 4 

, . a^ 's — J — IS the equation required. 
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. To Jmd ikf. equation of a tangent at the point (ie„ j'j) to the 



Take a point (a^ + Aa;,, y^ + Aj^^) on the curve, and near to the 
point (si, j^,). 

{:i\, i/j) is on the curve, .'. 2(Bj)/^ = c^. 
For the same reason •2{il^ + Ax^)(J/^ + Ay-^) = c^. 
By subtraction x^Cip^+y^AxJ■^-Ax^Ay-^ = (}■, 
and in the limit, when the points approach one another, 
XlAy-^ + i/-fAx^ = 0. 

.■. ^1= -1^ in the limit. 

.'. the equation of the tangent is 

*282. Tk^ portion of a tangent to a, hyperbola intmxepted between 
the asymptotes is fnsecled at the point of contact. 




Let the equation of the hyperbola referred to its asymptotes 
IS axes be 'Ixy = c'^. 
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Tlie equation of tlie tangent at tlie point P, (x^, y^), is 

«i?f+n^-'^^ (1) 

Let the tangent meet the asymptotes at Q and Q', and draw 
PK parallel to Cx to meet Ci/ at K. 
At Q> = 0, ;. from (1) y, . CQ' = c^ ; 

.-. CQ' = - = ?^ = 2(C, = 2PK. 

Also PK is parallel to CQ'. 

.'. PCi=PCl'. 

*283. Tkf. area of the Inwiwjk contained by a hmgenl to a kypei-bola 
and Us asymptotes is constani. 

Let the equation of the hyperbola referred to its asymptotes 
be 'lv.y=i?; and let 2a be the angle between the asymptotes. 

At the point P(3^, y-^ draw the tangent to meet the asymp- 
totes in Q and Q'. 

By Art. 282, CQ= 2^^, and CQ'= 2^;,. 

.". area of triangle QCQ' = ^CQ . CQ' sin 2a 

which is constant for all positions of P. 

''Examples XII. f. 
In the reotangular hypei-bola xy = c^, show that ; 

1. The equation of the normal at (a:, ji;) is xxj - yy, =Ki^ - ji^. 

2. The equation of a chord in terms of ita middle point {x,, }/,) is 

^ y-i . 

3. If the tangent and normal to a rectangular hyperbola make interoepte 
Oi, a^ on one asymptote, and 6i, 6, on the other, prove that aia^-\-\b.j^=6. 

4. If four points on the rectangular hyperbola xy = c^ He on a oivole, 
the prodnot of thrir abscissae is equal to c*. 

5. Prove that the asymptotes of tlie hyperbola ccy=^ce + iiy are a^ — n, 
i/=p. Draw the curve. 

6. In the rectangular hyperbola arjf = c', a tangent meets the asymptotes 
in T, T', and the normal at the same point meets them in N, N . Prove 
that TN . T'N' varies as the fourth power of the oentral radius Yeotor of 
the point. 

7. Prove that the rectangle contained by the interoepta made by any 
tangent to a hyperbola on ita asymptotes h 
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8, Knd the oo-ordinates of the intetsections of the rectangular hyper- 
bola xy — l and m/ + 3V^—n''x + i, and show that at one of these points the 
hyperbola and the straight line out at right angles. Draw the figure when 
n = 2, unit one inoh. 

Prove that the oirole described on the line joining the origin to 
diameter paases through the point (-, cl. Hence justify the 
following graphical constmotion for a oub« root by means of a figure of 
the rectangular hyperbola a:i/ = l : 

On Oxlay off OM, whose cube root is required. Draw the ordinate MP 
to meet the curve in P. On OP as diameter describe a cirole meeting the 
curve again in Q, From Q draw QN perpendioular to Ox. Then QN is 
the required cube root. 

10. If (ctanP, tcotS) be the co-ordinates of a point on the hyperbola 
xy = t?, show that the chord through the points B and ip, where fl + ^ is 
constant, passes through a fixed point on the conjugate axis of the hyper- 

11. Show that if a variable line form, with two fixed perpendicular 
linos, a triangle of constant area, the locus of a point, which divides the 
intercept made on the variable line in a given ratio, is a hyperbola. 

L00U8 PROBLEMS ON THE HYPERBOLA. 

284. Tcmgenls are dmum, to the parabola •>/ = iax rruMng a cmistant 
angle a with one a/nother: prove that the locm of ihm' mteisedUm is a 
hyperbola whose asymptotes are parallel to the lines y= ±iKtan a, and 
whose eecefiificity is seo a. 

The straight line y=mxA — is a tangent to this parabola 
^ = iax for all values of m. 

Multiplying up, we may write tlie equation 

nA; -my + a~0. 
The roots of this quadratic for m are the slopes of the tangents 
which can be drawn from the point (x, y) to the parabola y^ = iaz. 
Let m-^, m^ be the roots. 

1/ , a 

m, + mo = '~ and m.m., = — 



+ mjm^J «? (a -I- xf ' 

whence we have 

K* tan% - / + lax tan^a + ia-e + a^ tan^a = 0. 
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This is the equation of the locus, and represents a hyperbola, 
for ^ tan^a - /, the teiins of the second degree, has real and 
different factors. The asymptotes are parallel to the lines repre- 
sented by 

x^X&rfia-f^(i or )/=±a:tana. (Art, 268.) 

From a diagram it is seen at once that 2a is the angle between 
the asymptotes, and therefore sec a = the eccentricity. (Art. 261.) 



285. Chords of a h/p^bola siAtmd a right t 
verUces : find the locus of the poles of the chords. 



i at one of Ike 




Let "-2-T2=l be the hyperbola, P(K|, Jj) the pole 

of the chords. 

The equation of the polar QR is 



Transferring the origin to the vertex A(a, 0), the equation of 
the hyperbola becomes 
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Tbe equation ot the polar becomes 



Combining equations (1) and (2), ao as to malie the result 
homogeneous and of the second degree, we have 

(5-S)(i-'i)4X5-f)=« w 

This equation being of the second degree throughout represents 
two straight lines through the origin. Also, it is formed by- 
combining equations (1) and (2), and therefore its locus passes 
through Sieir common points Q, and R. 

Therefore the equation represents AQ and AR. 

But, by hypothesis, AQ and AR are at right angles. 

.■- in equation (3) the sum of the coefficients of x^ and y^ 
is aero. 

' °J.O, 



or x^{a'> + b^)^a(a^-b^). 

But (Ki, i/j) is any point on the locus. 

.'. suppressing the suffix, the equation of the locus is 
x{a'' + b^) = a{a^--b''}, 
a straight line at right angles to the transverse axis of the 
hyperbola. 

Examples XII. g. 

1. Find the aquation of, and draw, tte locus of the intersection of the 
straight lines iE + y=4i, tm-ty^i, for all values oit. 

2. The normal at P to a hyperbola meets the axes of the curve at 
G and g. Completing the reotaugle gCGQ, find the equation of, and draw, 
the locus of Q. 

3. Two tangents are drawn to the hyperbola -j-p = l such that the 
; prove that they intersect on the curve 



y Google 



266 LOCUS PROBLEMS ON THE HYFEEUOLA. [chap. xii. 

5. PNP is a double ordinate of the hyperbola ^-^=1 whose vertices 
are at A and A'. If AP, A'P' intersect; in Q, prove that the locns Q is the 
ellipse ^ + |5=1. 

6. Given a ohord of a parabola and the direction of its axis, show that 
the locus of the focus is a hyperbola whose fooi are at the extremities of 
the given chord. 

7. Show that if x—l + j, and j/=(-y, the locus of the point {x, y) when 
t varies is a hyperbola. 

8. Knd the loons of the intersection of the straight linos 

bx-ay^3jmb=0, rnhx + ntaiz-ab—O 
where ?ra is variable. 

9. From a fixed point {h, k) a line is drawn at right angles tu the tnn- 

rt to the parabola y^=4ax at P, and meeting the diameter through P in 
Prove tiiat the loons of Q for different positions of P is the reotaiigulav 
hyperbola y[x + 2a -h) — 2ak. Draw the curve and its asymptotes. 

10. A straight line PCM ia drawn from a fixed point P to intersect a 
fixed straight line AB in C, and is produced to a point M such that a 
perpendiclSar MD to the fixed line intercepts a segment CD of given mt^- 
nitade. Show that M lies on an equilateral hyperbola, and find its centre 
and asymptotes. 

11. Show that the locus of the vertex of a triangle constructed on a 
given base, one of whose base angles ia double the other, is a hyperbola 
whose tranaverae axis is two- thirds of the base. 

12. The co-ordinates of a point {a:, y) are given by the equations 

K^atan(S + a}, y = btm{S + p); 
8 being variable. Show that the locus of the point is a hyperbola, and find 
the position of ita asymptotes. 

13. From a point P perpendiculars PM, PN are drawn to two fixed lines 
AWl, AN. If the area AMPN is constant, prove that the looua of P is a 
hyperbola. (Oblique axes. ) 

14. A tangent to the parabola i? = iay outs the rectangular hyperbola 
xy = ^ in two points, P and Q. Show that the middle point of PQ lies on 
a fixed parabola. 

15. Prove that the equation of the tangent to the parabola [tx + yf-iftx 
at the point {x^, y{\ ia (x+y)(x-^ + y{i = 2a(x + x-^). 

16. A tangent to the parabola in the previous example outs the rect- 
angular hyperbola a^/^F in two points P and Q. Show that the locus 
of themidifle point of PQ is the hyperbola 2j/(i:-y| = (ix. 

17. A normal to the hyperbola -i-p=l mee'ta the axes in M and N ; 
show that if perpendioulars MP, NP are drawn to the axes, the locus of P 
will bo the hyperbola a'x^- h''y'' — la'' + b^)'^. 
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18, Prove that tlie loqua of the point of interseotion of tangents to the 
3urve j:'-3r'=ctf', whioh are inclmed to each other at an angle of 45°, is the 
curve {x' + y^f=i^(a^ + ^-^). 

19, A straight line touches the cirole whioh has for its diameter the line 
joining the foci o( the hyperbola l^x' - a^y' = a'P. Show that the loous of 
[t3 pole with cespeot to ttie hyperbola ia an ellipse whose eoeentricity is 



20. AB and AC are fixed straight linea at right angles to one another, 
and the straight line BOC passes tlirough a fixeS point 0, the points B, C 
being otherwise undetermined. Prove that the loous of the middle jioint 
of BG is a rectangular hyperbola, and determine its asymptotes. 



PROPERTIES OE THE HYPKREOLA. 
Let {a sec 9, b tan 6) be the ecHDrdinates of P. 




A'N"CN2-CA*^ffi2gec2e"oi2 

SP « S'P = the ma^ai- axis, 
n Art. 251. 
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To pivve that BC^ - AS , A'S. 

AS.A'S = (CS + CA){CS-CA) = CS3-CAS = aV-a2 = i2, 

If PN is the m-dmcde of P, wild the tangent at P riiesk the transverse 
axis all, CN.CT^CA^. 

Take (a sec 0, h tan 0) for the co-oi-dinates of P, and use the 
method of proof for the ellipse in Art. 223. 

IfPnis drawn perpendicular to the conjugate mm, and the tangent 
al P meets the conjugate axis at t. On .Ci = BC^. 

Taking {a see 9, b tan &) for the co-ordinates of P, use the method 
of proof tor the ellipse in Art, 324. 

It will l>e found that Cm. C*= -h% showing thai Cw, and CI are 
drawn in opposite directions. 

If ike normcd at P meets the major axis at G, CG = e^ . CN. 

Taking -■,+ ™ „ = a^ + b^ as the equation of the normal, use 

° seoo tan 9 ^ 

the method for the ellipse in Art 335. 

If the normal meets the transverse axis at G, 8G = eSP. Also the 
normal bisects the exterior angle, and the tangent the imierim- angle 
between tlte focal dislances of P. 

Take ——n-t ^-a^ + i^ as the equation of the normal, and 

sec tan e ^ 

e the method for the ellipse in Art. 226. 

wn to any tangent, Y and Y' lie on 




If perpendiculars SV, S'Y' a/re drawn to amy iartgmt, SY . S'Y' = BC'. 

Taking y = mx + Ja^rt^ - b^ as the equation of the tangent, use 
the method for the ellipse in Art. 338. 

The portion of the tangent interested betweem the point of contact mid 
the directrix subtends a right angle at the focus. 

This can be proved as for the ellipse in Art. 231 writing - i* 
for 6^, or the geometrical method of Art. 232 may be used. 

In a hyperbola, tcmgents at the ends of a focal chord intei'sect mi the 
corre,sponding directrix. 

Writing - h^ for ¥ in Ai't, 333, the method holds. 
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If from, T, wn-y point on tite tangmt at P, perpendimlan TR, TM 
are di'awrt to the focal distance SP, and the. directrix, 8R = eTM. 

Thia can be proved as in Art. 234 with the necessary change in 
the figure. 

Tangents to a hyperhda sabtmcl equal angles at the focus. 

As in the ellipse, this follows froin the above. 

To draw a tangent at a given point P on a hypmiola. 

Both methods of Art. 236 hold. 

To draw tangents to a hyperbola from mi extei-nal point T, 

Both methods of Art. 337 hold. 

287. !f the dwmeter POP' i)ieets the hypm-hola -g - f^ = 1 «' P 

and P' and DCD', the diametej- conjugate to PCP', meeLt the conjugate 
hypej-bola at D and D'. 




Let (a sea 6, Stan (9) be the co-ordinates of P, and {(itan^, 
isec-^i) the co-ordinates of D. 
The equations of CP and CD are 
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These diametera are conjugate, 

. 6 tan e 6aeo^ _ i* ( ' _^\ 
ft sec f ' tt tan <(> " 0.^ \ ~«V 
whence sin ^ = sin ? ; 
.'. see 1^ = sec 0, and tan ^ = tan d ; 

the co-ordinates of D are (a tan 6, h aec 8). 
:. CP= - CD'^ = (i(2 sec^^l + b^ tanW) - {a^ tan^^ + h"- seoW) 

JV.B. "We have proved above that if (« sec ^, 6 tan fi) are the 
co-ordinates of P, and the diameter conjugate to CP meets the 
oonjugftte hyperbola at D, then (a tan (9, frsecf) are the co- 
ordinates of D. 

288. If ike diameter POP' meels a hyperbola at P awl P', and ike 
conjugaie diameter DCD' meets the conjugate hppm-bola at D and D', 
8ie asymptotes bised PD, amd PD'. 

Let [a sec S, b tau 6) be the co-ordinates of P. 

Then (ntan 6, b see 6) are the co-ordinates of D. (Art. 287.) 

Hence if (a;, y) is the middle point of PD, 

2s=«(secfl + tan6') [~^-~'^% ^^^^1 
2)/ = 6 (tan (9 -I- see (5); 



i.e. the middle point of PD lies on an asymptote. 

Similarly, the middle point of PD' lies on the other asymptote. 

289. If the diamekt POP" merts the hyperbola at P amd P, aid 
DCD', the diametei mijugate U POP', meed th cor^iigate hypenbola 
at D aiui D', tite ticngenh to the c<m}itgat( time at D and D are 
parallel to PCP 

The equation of the conjugate hyperbola is -^-f^= - 1. 

Let {a sec 0, b tan 6) be the co-ordinates of P. 

Then (a tan 0, b sec 6) are the co-ordinates of D, 

.'. the equation of the tangent at D is ■ - i~ = - 1, 
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The sloue of this line = 7; 

a sec-tf 

— the slope of CP. 
.'. CP is parallel to the tangent at D. 
290. If CD, the semi-diameter conjitgaie to CP, meetn the conjugate 
'11/perhola at D, the tangents at P and D meet on an asymptote. 
Let (a see 0, h tan 6) be the co-ordinates of P. 
Then {a tan 6, &aec 0) are the co-ordinatee of D. 

The equation of the tangent at P is ^^- - V-^-— = l. 
. a tan 6 ystcd _ 

Where these meet, we have by addition, 

- (sec e + iiinO)-f (sec + tan 6) = 0, 



But this is the equation of an asymptote, which proves the 
proposition. 

If these tangents meet at T, CPTD is a parallelogram, by the 
preceding article. 

*291. With conjugate diameters as axes of co-ordinates, the 

equation of the asymptotes is — g-pa^O, 

or separately, their equations are — - ^ = 0, and —, + ^--0. 

Let the axis of */ meet the conjugate hyperbola at D,- and draw 
tangents to the curves at P and D to meet at T. 

T lies on the asymptote — -■^, = 0. 

.-. ^^^ ■. vr.,,'. u. CD = »-. 

Thus we see tliat the equation of the conjugate hyperbola 
refeiTed to the same axes is 
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*292. If I choj I QQ of a hi/peibvla rud tie JH/m^lotes at R 
and R', the portions QR QR mteficepted bettveen the cwrve ami the 
asymptoltt at e equal 

Pirst method Take the diameter CPV which bisects the 
chord, and its conjugate diimeter as a\.e& nf co oidinates so that 

the equation ot the cuive la — ^ f~ ~ ■' 




Let {ft'sec 6, fi'taii 6) be the co-ordinates ot Q. 

The equation of the chord, which is parallel to the a 



s of y, i( 



At R, where it meets the asymptote — - ^ = 0, 

sec9-|7 = 0; .'. y = l'seM&, i.e. RV = ?/see9. 
At R' where it meets the other asymptote — + , , = 0, 
sec^ + p = 0; .'. !/= -i'sec^, j.e. R'V= - &'secfl 
.'. V is the middle point of RR'. 
But QV = Q'V; ;. QR = a'R'. 
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Second method. Let CPV be tko diameter which bisuets QQ', 
and let the tangent at P meet the asymptotes at T and T'. 
TPT' is parallel to the chord. 

.'. from the similar As CVR-CPT, == = rr= 
' ' FT CP 



But 
Also 



from the similar As CVR', CPT'. 
PT = PT'; .■. VR^VR'. 



QV = I3,'V; .'. QR = Q'R'. 

; Ihe aspnploles in R and R', 

Let (x^, j(i) be the co-ordinates of P. 




RR' is bisected at N ; 

.'. PR.PR'-RN^-PN^; 

■■ BC* ~ BC2 BC^~ 
But the equation of CR is -=?; .'. - 
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294. If a ckord be d/raivn though any point Q on. a hyperbola lo 
meet the ast/mptotes in R cmd R', and CD ike diameter parallel to the 
(hcffd meets the conjugate hyperbola at D, QR , QR' = CD^. 




Pirst Method. If (a;^, y,) are the co-ordinates of Q and the 
chord makes an angle with the transverse axis, tlie equation of 
the chord is x~ x. v -v 



Where this meets the asymptotes, -^-t^^' 
substitution, 

{x-^ + )■ cos 6y (y-, + r sin 6f _ . 



Now QR, QR' are the roots of this quadratic, 

.'. QR, QR' = the product of the roots 

a^ b^ ] 

for (a;^, y,) is on the hyperbola. 

Thus we see that the reet. QR . QR' is constant if 9 is constant. 
Let the chord move parallel to itself until it becomes a tangent, 
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md T, the 



If TPT' the tangent meets the asymptotes i 
rectangle QR . QR' becomes 

PT. PT' = PT^ = CDS (Art. 290). Q.E.D. 

Second Method. Take the diameter CPV which bisects Q,Qt' 
and the conjugate diameter CD aa axes of co-ordinates. 
Let {a' sec 6, h' tan 6) he the co-ordinates of Q. 

;c = a' sec is the equation of QQ', 
Where it meets the asymptote 

%-l = 0, secf-|; = 0. .-. RV = ;/sec(9. 

a b 

Now V is the middle point of RR', 

.■. QR . QR' = RV^ - QV2 = b'^ sec^fi - b'^ UnW = l"^ = OD^. 

295. Tani/ents at tlie extremitks of a diameter are parallel to one 
another. 

This may be proved as in the ellipse, Art. 339. 

296. If the jwmal at P meets the tranavet'se axis in G, avd the. 
diameter paraUel to the tangent at Pin F, PF . PQ = BC^. 




Let (flsec^, itan^) be the co-ordinates of P, and draw CK 
perpendicular to the tangent at P. 
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As in the ellipse (Art. 242), 

Also PF = OK = , „— „- -.,--..-„ . whence PF . PG = fi^. 

Corollary. In the same way, as for the ellipse, ive ean prove 
that pF.p^ = cA2. 

297. If the diametm- POP' meets the hyperbola at P and P', and Die 
conjugate dtamelei- DCD' insets tJte conjugate hyp&rhola at D and D', 
Cpi-CD2 = a2-R 
See Art, 287. 

WUh the asmmpiion of the above proposition, SP . S'P = CD^. 
SP.S'P = (ni?sec^-a){aesec6 + a) = aVsec^f -ffi^ 
- {a^ + 6^) sec^fl ~a^ = a^ \ax\^& + 6'^ see^S 
= CDl 




// CP, CD, conjugate semi-diameters, meet the hyperbola ami the 
conjugate hyperbola at P and D respectively, and tangents at P and D 
are dnmn to meet at T, the area of the parailelogram, PCDT = AC . BC. 

Use the method of Art. 241, remembering that if (useoS, fttanff) 
are the co-ordinates of P, the co-ordinates of D are {atant', isec6). 
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the dimiukr which 



Use the method of Art. 330. 

If pom T, a pomi in the dmnteler POP', tangmiis TQ, TQ' are 
draum to the hyperbola, mid Q.Q! meets CT in V, CV . CT = CP^. {See 
Fig. 167, p. 276.) 

Use the method of Art, 243 with the necessary changes in the 
equations. 

Writing - b'^ for b'\ Arts. 244-247 hold for the hyperbola. 

Given a curve, which is known to be a hi/perhola, find its centre, tlie 
posiUons and lengths of Us pincipal axes, and its foci. 

If both branches of the curve are given, the method of Art. 
238 holds.. 

If only one branch is given, two pairs of parallel chords must 
be drawn. The point where the bisectors of these pairs meet is 
the centre. 

If DCD', the dia7net&' conjugate to PRP', meets the conjugati'- hypm-- 
bola at D aiid D', and QQ' a (Aord of the hyperbola parallel to DD' 

PV . VP' CP^' 
Use the method of Art, 247, taking {a sec 0, b' tau 0) tor th« 
co-ordinates of P. 

Examples XII. h. 

1. Given the two branches of a hyperbola show liow to di'iiw tiie axes 
and the director oirole. State your oonstruotion. 

2. Prove that if two chords AB, CD of an equilateral hyperbola intersect 
at right angles at E, then EA. EB=EC. ED, 

3. If the tangenfc at a point P of a hyperbola meet an asymptote in. 
Q, and 8P, drawn from the fooua S whioh lies within the branoh ot 
the ourve on whioh P liOH, meet the same asyraptote in R, sliow that 
the triangle RQS is isosceles. 



i. Give a geometrioal interpretation of the oironmstanee that the 
equation of a hyperbola results from the elimination of X between the 
equations (iy—\li{a: + a), fiy = -Ax-a). 

5, Find the loous of the middle points of all chords of the curve 
a;* + 2xy -y^-V 2ax + 26^ — c", whioli are pamllel to the line y = mar, and 
apply the result to show that the sum of the inclinations to the axia of 
X of any two conjugate diameters is T 35°. 
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6. Find the equations of the two Btraight lines conjugate to the co- 
ordinate axes of a; and y respeotively in the curve A3^ + 2BKy + C^ = l. 
Find the condition that these atraignt lines should qoinoide, and inter- 
pret the rssule. 

7. With a unit of one inoh, draw the carve given byaf=seo0, ^=tanS, 
when 9 varies. 

8. Find the equations of the common tangents of the hyperbolas 



_. ^. _ . .. ._ _ ddie pont of the clo-d tnd o ^ ts 
co-QMinacea, show that (o ^jsmQPC a' 

10. Prove that tl e loo s of tl e oeut es of the oiiclea h ol can be 
drawn touching two equal o roles oo 8 8t« of a stra ght U b and a hype 
bola, the transverse axis ot wh eh s eq al to tl e 1 a ete of e ther 
oirole, and its eooentno ty tl e rat o at the d ?tan e bet«p n tl o centres 
to the diameter. 

11. Find the equat ona ot tl e asymptotes of tl e ! yperl ola 

Draw them, and hea e Ira f echa d aket h of tl e en ve tnell 

12. On squared pane dran t o stra ^1 1 1 nes AB AC co tu ol an 
angle of 33°. Draw n several pos t o s tl e base of a tna gle of wh qh 
two sides lie along AB and AC a d wl o e area 4 8 1 i and so draw 
the curve which touches the base in all poaitiona. 

Draw aJso the curve which touches the base in all positions, when 
the two sides lie along AB and AC, and the length of the perpendicukr 
from A on the base is 2'3 inohes. 

By laying your ruler against the two curves draw the base of the 
triangle which has an area of 4 sq. in., and has also the perpendicular 
from A on the base 2'3 inches long. 

Also state how you could make a triangle having a vertical angle of 
35°, area 4 Sq. in., and perpendicular from vertex on base 2'3 inches, 
wiUiout drawing any other loci than straight lines and circles. 

13. If a portion of one branch of a hyperbola be given, show how to 
verify its hyperbolic nature. 

14. If two aides of o triangle be given in position, and its perimeter 
given in magnitude, show that the locus of the point wliioh divides the 
base in a given ratio is a hyperbola. 

15. The extremities of one diagonal of a parallelogram, whose aides 
are parallel to the aaymptotes of a hyperbola, lie on the curve ; show 
that the other diagonal passes through flie centre. 

16. From any" point P on a hyperbola a parallel to each asymptote is 
drawn to cut the other. These points of intersection being M and N, 
prove that the rectangle PM, PN is constant. Draw a hyperbola with 
perpendicular asymptotes, for which the value of the rectangle PM, PN 
IS one square inch. 
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17. Knd the equation of, d 1 a th loc is of the poles of tajigentB 
to the oircle 3fl+i^=a^ with reape t to h pa abola y'^iax. 

18. Prove that any chord qii late -a hyperbola snbtends equal 
or supplementary angles at th n any diameter. 

19. If any straight Una d ti 
through the foot of a diceoti w 
points of section make supple a nfca ang n the transverse a: 



, Find the equation of the locus of the foci of a rectangular hyper- 
whioli paraes through the point (0, 4) and has the line y=(> for an 

inht-angled triangle be inscribed in a rectangular hyperbola, 
touches the hyperbola 

23, If two tangents to the hyperbola icj'=»'' + i 
angles, find the equation of the locus of their point of 

24. Show that if eiUier asymptote of the conic 

passes through the origin, then a/^ -2/gh + b^=l). 

Mtscellanbocs Examples on the Dbawing of Cokic Sections. 

1, On squared paper iind the eccentricity of the conic with focns (3, 0), 
directrix the axis of y, and passing through the point (5, -3). Find 
out whether the conic would pass through the point (6, 4). 

Draw a tangent at the point (5, -3). State your methoclB. 

2, Take as directrix of a conic a straight line XY, and as foons a 
point Z, IJ inches from XY. One point on the curve is IJ iuches from 
XY and J inch from Z. Find a number of points on the curve and draw it. 

3, Two conios L and M have the same focus and directrix, the length 
of the perpendicular 8X from the focus on the directrix being IJ inches. 
The eccentricity of L is J and that of M ia 2. Draw a diagram showing 
the general shapes of the curve. 

4, AB is a fixed straight line. A point S is taken J in. from AB. 
A point P moves so tliat SP = PM, whare M is a moving point on AB, 
and PM makes an angle of 80° with A8. Draw a part of the curve, and 
find its eccentricity to two decimal places. 

6. XY is a straight tine, and 8 and T two points on opposite sides of 
it, each IJ in. from XY and 3J in. from one another. From T draw 
tangents to the conic whose focus is S, directrix XY, and eccentricity 
0"5. Roughly indicate the position of the curve. 
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7 The pioHein is proposed to mike a trw,!igle mtli a baee 12 om 
long the eiim ot the other two sidee 25 om and the vertical angle aff* 
Make the hase ot the given length and diaw the locua of the vertex 
when the sum ot the two aides haa the given \ alue ignoring the condi 
tion aa to the vertical angle AJso diaw the locus of the vertex when 
the vertical angle is 50° ignoring the othei oond tion From theae two 
looi obtom the required triangle and uritp dorni the lengths of its sides 

Write dy/iD the equations of the fcwi loci leferred to the base and its 

Eerpendicular bisector as axes 'Von mn^ obtain any lengtl voa need 
om jour drawme 

8 The length ot SX the focal perpendicular on tl e directrix of a 
eonio IS o om A tangent to the oonio bisectfi SX and ib in lined t it 
at an aigle of 6*1 Diaw a hgnie fn,m these data and jn it const not 
the point of contact of the tangent. 

9, Draw two straight hues AOB, COD cutting at an angle of 45° ; 
draw OF perpendicular to AB at O and one inch long Find the points 
where CD outs a conio whose focus is F, dnectrix AB, and eooentiicity 
■5-, Also find one vb -tex of the ouri e and sketch the branch of the 
curve through that verteiL 

10, The focus and directiix of a conie are given, and also one point, 
P, on the conic. How would vou construct die tangent at P' Prove 
the correc bless of your method 

11, With your instruments driw a ti angle SPQ hiv ng SP=5 

SQ = 10 cm., PQ=12 om Considet 8 the fo'' s of a com f t ty 

2, and P and Q, twi points n the ouiie iid oonstru t th dlreotns 
corresponding to S. 
Give one solution, stating your construction. State how j 1 n 

12, With mathematical instruments construct a triangi ABC wl 1 
AB=7 cm., BC = 10 cm,, and CA=12 cm. Draw the two oonics which 
pass through A and have B and C as foci. Determine their eocentricities, 

13, Carry out the following instmctions : — Draw OB, BC at tight 
angles to one another. Divide OB into any number of equal parts, and 
let Aj, A3, f^ ... be the points of division beginning from O. Along BC 
take points Bj, B, ... at equal distances apart, so tliat BBjsBjBj^BjBj..,. 
At K,, Aj ... draw perpendioulars to OB and let these intersect OBj, 
OBj ... vespeotively at Pj, Pg .... Join the pointa P,, P, ... by an even 
ourve, and prove that the curve is a parabola, whose vertex is O and axis 
parallel to BC. 

14, Carry out the following instructions : — Draw two straight luiee 
ACA', BOB' bisectine one another at right angles, and complete the rect- 
ttnrfe BCAD, Divide CA into any number (say 9) of equal parts, and 
DA into the same number ot equal parts. Let A,, A^, A3 ... be the jioints 
of division of CA, beginning from C, and B,, B^, Bj... tlie points of division 
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o£ DA, beginning from D. Let B'Aj and BB, meet at P,, B'A, and BBg 
»t Pa, and so on. Join P,Pa ... by an even curve. 

Prove that the curve is an elUpse whose axes are AA' ojid BB'. 

15. Carry out tlie following instruotions : — Take any atraight line OA, 
and produce it to any point N. Draw NQ at right angles to OAN, and 
compete the rectangle ANQM. Divide NQ into any number of equal 
parte, and let a„ a^, ... be the points of division, starting from N, Divide 
QM into the same number of equal parts, and let 6j, 63, ... be the points 
of division, starting from M. 

Take the points of intersection of Ooi] and Afij, of Oo^ and fitb^ and so 
on. Join these points by an even curve and prove it is a hyperbola. 
TakeOA = lin., AN=2in., NQ = 5 in, 
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CHAPTER XIII. 

POLAE EQUATION OF A CONIC SECIIOK 

298. Ifthefoeus of a conic is taken, as omjin, and SX the p&yen- 
dieidar on {he cwresponMnfj direcina> as initial line, the equation of 




If (r, d) be the co-ordinates 
of any point P on the conic, 
SL the semi-latus rectum, and 
PM, PN be drawn perpendic- 
ular to the directrix and axia 
respectively, 

r = SP = ^. PM = e.NX 
= e(SX + SN) 
= SL + e.SPcosPSN 
(for SL-c.SXby def.) 



Corollary I, 
equation of the < 



If X8 produced is taken as the initial line, the 
Dnic will be 



e cos 8, foi' B = L P8N in this case. 
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Corollary 2. If the initial line passes through S, and SX 
makes an angle a with it, the equation of the conic will be 

for in this case _ PSA = S - a. 




Corollary 3. If the conic is a parabola, e=i and its 
equation is l 

or with the usual notation, — = 2 cob^ ^, 



299. Wiih 8 as origin and SX as imfial line, the equation of the 
'M'ectrix is / 

- = e coH 0. 

T 

Let P{r, d) be any point on the directrix. 
SX = 8Pcos£' = )-cosf, 
and SL = ^.SX by def. ; 
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i.e. - = e COS i> is the equation of the directrix. 




Corollary. & = ^ii the equation of SL the upper portion of 
the latus rectum. 

6=--^QT6 — -^h the equation of the other portion. 

300. To find the polar eguaiim of ihe iamjml to tJie conic 
- = 1 4- e cos 6 at the point whose vectorial angle is a. 

Let 7=Acos6 + Bsin6 be the eqiiation of the chord through 
the points (r^, a + /i), (r^, a - fi) on the conic and near to one 
another. 

The point (i\, a + ^) is on the conic, and on the chord; 

.-. ~=I+ecos(a + /9), and A=. Acos(.. + /i) + Bsin(a + ^) ; 
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;. AC0S(a + /5) + Bsm(a + ^) = l+«cos(a + /3) 

or (A-.)cos(« + /i) + B8m(a + ^) = l (I) 

In the same way, 

{A-.)cos(a-^) + Bsin(«-/3) = I (2) 

Subtracting, - 2 (A - e) sin a siir?3 + 2 B cos a sverf = 

and (A-e)sina--Bcosa = (3) 

Now let the points move np to one another and coincide. 
j3 becomea zero. 
.-. from (I) or (2), 

(A-c)costt+Bsino-I = (4) 

Solving (3) and (4) [see Art. 23], 

A - e _ B_^ _ I 

C03 a ~ sin a "" sin^ a + eos^ a' 
A = « + C0Stt, B^ainn. 

The chord ^ = A cos 9 + B sin d has now become a tangent. 

.'. the equation of the tangent is - = (fl -t-cos a) cos ^ + sinasin 9. 

It may he written - = C03(S - a) + e cos 0. 

301. To find the polar equation of the normal to the conic 
- = L 4- e cos S at the point {r-^, a). 

The equation of the tangent at the point ()\, a) is 



The equation of any straight line at right angles to thn is 
| = cos(64-^-«) + fiCOs(6 + ^) (Art. f52.) 

or f==sin(.-#)-.sin^ (I) 
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But if this straight line is a normal, it passes through the 
point (r,, a). 



.,.(■2) 



Also since (i\, n) is on the conic, 

~ = 1 + e cos a . 
:. from (">) and (3), ^^-L^l'l-^. 
.'. substituting in (1), 

is the equation of the normal. 
This may be written 

/ e sin a 



' l+e 



sin(S-a) + fisiii 6 



or ^i?^ = sin(e-a) + esini9, for | = l+ecoea. 

302. To find the equation of the citord joining the two points on the 
conk 7 = 1 + e cos 6, whose vecioiial angles are a + /3, a — j3. 

Let - = Acos^ + Bco3S be the equation of the chord, and let 
j-j be the radius vector of the point b + /3. 

The point (r^, a + j8) is on the chord and on the conic. 

.". j =Aeos(a + /3) + B8in(a + ^) and ~=l +ecos{<i + (J); 

:. Acos(a + /3) + Bsin(a + ^) = ]+ecos(a + ;S) 
or (A-'^)eos(a4-;S) + Bsin(« + /J)-l=fl. 
In the same way, 

(A - e)cos(a - y3) + B sin(a - /3) -■ I = 0, 
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■ -Sm(. + /J) + .m(a-/J) -00! (■. + (3) + 00, (a -/J) 
"55;('. + ft5m(<.-/J)-8m(« + /3)oos(.-/3) t*"*' ^^'l 



eoaasin^ 28inasia/J sm2^' 
A - e = g and B = g ; 



! / 00s c»\ 



is the equation of tiio eiiord. 

It may be written , - -= see /3 cos (^ — n) + e cos 6. 

303. Tangents to a ixmic subimd equal angles at the focus. 
Let cn-/3, a-^ be the angular co-ordinates of the points P 
and Q, on the conic - = 1 + e cos ^. 




Tlie equations of the tangents at P and Q 



y Google 



188 R)LAE EQUATION OF A CONIC SECTION, [chap, x 

At the point T where these meet, we have by subtraction, 

eos(f-a + ^) = cos(e-ci-/3)" 
The general solution of this equation is 

e-a + fi = 2n^±($-a^l3). 
The only admissible solution in this case is 



i.e. LTSX = a. 

^TSP = a + /i-a = /3; 
.■. ^TSQ = aTSP. Q.K.D, 

304. To find Hie equation of ike dim-d of contact of tangents 
' n from the pomt (r^, 6j) to llie conic 




= 1 + « COS S 



Let T be the point ^r^, S,), 
and TP, TQ, tangents to the 
conic. It is required to 
find the equation of PQ. 

Tangents subtend equal 
angles at the focus, 
.", i.TSP=i.TSQ 

= /3 suppose. 
Also :lTSX = ^|, 
.'. y^ - /3 is the angular 
CO ordinate of Q, 



.'. the equation of PQ 
may be written 



- = seej8cos(t)-£li)-i-ecosf (I) (Art. ; 

The equation of the tangent TQ is 

- = cos{e-(9j + /3) + «cose. 
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But this line passes through the point (i'j, flj ; 



.'. substituting this value of sec /3 in {1 ), the required equation 
-~e cos + -, — i- ^, which may be written 



(l^ecos^\(J-6ca&e^^.G0s{l)-^^). 



305. Ttrngevis to a amc 
ai the mdi of a focal chord 
interned on the directriw. 

If P8Q is the focal chord, 
and a the vectorial angle of 
P, the vectorial angle of Q 
isTT + a. 

.'. the equations of the 
tangents TP and TQ are 

^.C0.(«-.) + eoos9, (I) 



:C0S(6- 



«> + 



The second equation may 
be written 

\ — cos(^-a) + ecosa(2) 

At the point T where 
the tangents meet, we have from (1) and (3) hy addition, 




But this is the equation of the directrix. 

.'. the point T lies on the directrix. Q.E.D. 
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Corollary. In a parabola, ttmgenk at the ends of a focal clwi'd 
i'niersed at right angles on Site diredtix. 
e = 1 in the parabola. 
.'. the equations of the tangents may be written 

-=GOs(fl-a) + cosfl and -= -cos{6-a) + aosd 



^ n....^fa '^\..^,.°' „„J ' 



and - = - 2 sin [ ^ - - I sin =■■ 



,'. the tangents are at right angles. (Art. 82.) 

306. /» a conic, the semUatus rectiim is a harmonic n 
the seijmerAs of a/ny focal chord. 



any focal chord. 

If a is the vectorial angle of the point P, ir + a is the vectorial 



»nglo or 
The points P and Q are on the conic, 



, by addition, 



and — = 1 +ecos(7r4-ii} = l -ecosa; 
' 8P SQ ' 

*'^" 8p'''SQ~r 

.'. I the semi-latns rectum is a harmonic mean between 
SP and SQ. 

307. The porHon of amy tangent to a conic mterc^ted heliveen the 
■powi of contact amd the directrix mibteTids a right amgle at the 
corresponding fooua. 

Let the tangent at P meet the directrix at K. 

Let - = 1 + e cos ^ be the equation of the conio and a the vectorial 
angle of P. 
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The equation of the tangent at P is 

- = coB{0-a.)+emsd. 
The equation of the directrix is 

^ = e cos 0. 
At the point K where these meet, we have by subtraction, 




The only admissible solution of this equation is 




•■■ "-"-1 




i.e. z.PSX-^KSX = ^; 




-■. i.PSK = a right angle. 


Q,B.D. 


Examples XIII. 




1. IE SP n focal radiua vector cif a conic ia produood to 
=i. SP, wbsn k is constant, prove that the locaa of Q 
nal eooentrioity with the given oonic, ajid latus reetmn k t 


Q, ao that 
s a conic of 
mes that of 
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3 If PSQ ia a focal uliot-a of a eonio, pravc tliiLt the rectangle SP . SQ 
varies M PQ. 

4. PP' and QQ' are two focal chords at right (uigles : show that 

i+w """■'"'■ 

5. A fooal oliord of the parabola -=l + eo8fl is drawn in diieotioii a; 



6, Pind the polar equations of the oircles passing through the Jiointa 
whose polar co-ordinates are (a, s), (b, g), and touching the line 8 — Q. 

7. Show that the polar equation r=acoB8 + bsind represents a eircle 
through the pole ; and find the polar co-ordinates of its centre. 

Find the equation of the oircle which paHaaa through the pole and 
through the two real interseotiona oi the oonies 



Interpret this equation. 
9, Find the angle between the radius veotor and the tangcsnt at any 
point of the oonic - = 1 + e cos fl. 

10. The tangents at a + j3, a-^ to the parabola ^ = l + cose being 
drawn, show that the polar equation of the circle whose diameter is the 
line joining their intersection to the foous is 

rfcos a + cos ^) =2a cos (» - a). 

11. Tai^ents are drawn to the parabola — = l + aosfl from a point on 
the lattts reotum, touching it at P and P' : show that 5B+5p>~~- 

12. Prove that perpendicular focal chords of a rectangular hyperbola are 

13. If the tangent and normal at a point P of a conic meet the trans- 
verse axis in T and G, show that kb - e^i is constant wherever P may be. 

14. ITind, and discuss fnlly, the locus of a point from which, if tajisenta 
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15, Prove that tangents at the points a + ^, "-5, to the paralxila 
^=1 + 003^ interSBot on the confocal co-axial parabola whose latna 

16, A foous of an ellipse being taken as origin and the major axis as 
initial line, from the end of a radius vector 8P of the ellipse a perpendioular 
is drawn upon a radius Veotor making a constant angle a with 8P and in 
advance of SP. I^ve fclmfc the looua of the foot of this perpendicular is 
a similar ellipse with linear dimensions in the ratio 1 : cos a. 

17, Prove that 5'^=a^co3^S + &^Bin'fl ia the polar equation of the locus 
of the foot of the perpendioular let fall from the centre upon the tangent 

to the ellipse -^— g- +-Ta~- 

Prove also that if from any point P on this ellipse perpeudioulara PM, 
PN ba let fall upon the axes, the ecination of the loons of tlie foot of the 
perpendioular let fall upon MN from the c-sntre is -j= — ^ — l- — p— , 

18, Draw the curves represented by the equations r=HOoHfl, j-=ciBinfl, 
and find the polar equations of their common chord and one of their com- 
mon tangents. 

19, With the conic -=H-«oose, show that if taa<ttan^ = ^, the 
points on the oonio for which 8 is equal to 2a and 2p respentively, are at 
the extremities of a diameter, 

20, Determine wliat loci aro represented by the following equations in 
pokr co-ordinates : 

(i) Ge^-5^e + v^=0. 
(ii) 4sin=e-W6 + 3v'68infl-l-v'6 = 0. 
(iii) (r-acosef + {r-a,Bm8r=b\ 
Find the form that the loous (iii) takes when 6=0. 

21, I'ind the polar equation of a parabola, referred to thu vertex as pole 
and the axis as initial line. 

A circle passes through the vertex A of a parabola, and cats it again at 
the points P, Q, R. Show that the sum of the cotangents of the angles 
made by AP, AQ, AR with the axis is zero. 

What looi are represented by 

22, >-cose=(t. 23. i\oB2e=a\ 24. r*cos|=c(*, 

25. Find the jiolar equation of a reotai^lar hyperbola, referred to its 
centre O as origin and one asymptote as initial line. 

If P is anoint on the hyperbola, and a circle is described with centre at 
P and passing throuah O ; prove that the locus of the ends of that diameter 
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CHAPTER XIV. 
CURVE TBAOING. PARABOLA. 

308. The straight line 2gx + 3/y + c = is a tangent to the parabola 
(ax + bi/ + ky + 2gx-i-2fy-^e=Q. 

[The curve represents a parabola because the terms of the 
second degree (ax+bi/)'^ form a perfect square.] 

Where the straight line meets the curve, wc have by 
substitution (a^ + b,j + /cy^O, 

a perfect square, or a quadratic with equal roots. 
.'. the line toudieB the curve. 

The straight line ax + by + k = is a diameter of the parabola 
(as; + bff + Ff+2gx-^2fy + c = 0. 
Where the straight line 

ax + by + k = <i (1) 

meets the curve we have by substitution, 

2gx + 2fy + c = (2) 

Equations {1} and (3) have but one solution ; 
.'. the straight line az + by + h = meets the curve at but one 
finite point. 

.'. it is a diameter. (Art. 161.) 

309. To find the aais of thepa/raiola {3x + iyf + 8ik - 156i/ - 96 = 0. 
The axis is paraUel to the line 3a; + 4)/ = 0. (Art. 308.) 

The given equation may be written, 

(33; + % + A)s = ffi(6A-8) + J/(8A + 156) + A2 + 96 (1) 

Let us find a value of X which will make the lines 
3a: -s- 4j/ + X = 0, k(6,\ - 8) + f/(8X 4- 1S6) 4-^^ + 96 at right angles. 
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Bach a value is given by the equation 

3(6A. - 8) + i{8k + 156) = ; (aa' + W = 0) 
.-. 50X= -600, A=-12. 
Equation (1), which is the same aa the given equation, may 
now be written 

{aK + 4j/-12)^= -80ic + 60!/ + 240, 
or {3a; + 4y-12)2-20(-4ar + 3)/+12). 
Now - 4a; + 3|/ + 1 2 = is a tangent to the curve, 
and 33; + 4y-12 = is a diameter, (Art. 308) 

and these lines are at right angles, 

,'. 331 + 4^-12 = is the equation of the axis of the parabok. 

310. To draw the parabola (3k + 4yf + Sx-15Gy-QG = 0. 
Proceeding as in the previous article, we reduce the equation 

to the form (3x-\-iy-12)^^20{-ix + 3i/+\2) (2) 

3a! + 4y - 1 3 = is the axis of the curve, 
— 43; + 3y + 12 = is the tangent at the vortex. 
Drawing these str. lines CD, EF, their pt. of intersection, A, is 
the vertex of the parabola. 
Equation (2) may be written 

/ 3iC + 4y-12 Y_ V -43; + 3y+12 \ ^^^ 

Now — ~ =the length of the perpendicular from {x, y) 

on the line 3a; + 4)/- 12 = 0. 
And- 



(a, 1/) on the line - 4a; + 3!/+ 12 = 0, 

.', if we make these lines the axes of x and y respectively, 

3a) + 4*;-12 
the new y = ■ — — f , 

and the new x = — — -=-=^ ■■ 
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.'. equation (3) becomes !;^ = 4a;. 
To determine on which side of the line AEF the oui 
)xamine the given equation. 
"When «; = 0, 93;^ + 8a; - 96 = 0. 



H+MW-H-nnniiin III \ Mill wm 


fcH 1 \ 1 


rfrmw 1 vwTii 


- ^^ - - — ±--^?i -^y- 




!^-- - l' '^^'---- 




::.:.. + ;:::: + !|E:Hi::::Z::::i!:::::: 




::::::?:--;T-:-:^!i'=i:,;:^-:-::: 


:::|::::::4:::::--;^-:3-:±-::-:: 




\[\''V'f\\[y,>lV:\\/:Y:\^AUl-:\\:\ 


n •-/ ' -s- 




;::;;x5|-;.4:|::::-:--- 


:::;;:;;4--;;;;::;;;;:-:-t:± 


:::::::::£;?:::::-:::::::: 


I liHHI l>lilnH^ itt^#i^ 




--------'''fr-----'4'4^-------"--- 


lilllll/lillMUMillll MiiMlliMli^fl 



^\ e hse that the roots are leal, but of oppo&itc sign, the 
numerically greater being negative. 

When x = 0, 16/ - ISSj- - 9(i = 0. 

Here again the roots are real, but of opposite sign, the 
numerically greater being positive. 
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CURVE TRACING. PARABOLA, 



3 side of AEF as the 



Therefore the curve must lie on 
point D in the figure. 

The latus-reetum=4. 

.'. measuring AS — 1, along AD, we iiave the focus S. 

Drawing LSL' at rt, ls. to the asia, such that SL = SL' = 2, 
LSL' is the latus rectum. 

We can now draw the curve as shown in the figure. 

311. Trace the curve repre&mkd in/ tlie equation a/- + a/t= 1, ««<i 

Jifid the equati<m, of its directrix and the co-ordinates of Us focus. (Eect- 
(mgiilwr axes.) 




We first rationalise the equation. 
Squaring both sides -=l4-^-2*/|, 

^ y -, .-, fv 
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Squaring both sides again and transposing, 

.?f*l'-1.0 



-0-f;= 



The terms of the second degree form a perfect square, 
.', the equation represents a parabola. 

-- + -T--1 = is a tangent to tlie curve 

where ""! = '' meets it. 

Also " ~ f ^ '^ ^^ parallel to the axis. 

When E = 0, 

from equation (1) we have 

.'. the curve tmiclies the axis o£ y at the point (0, h). 
Similarly it touches the axis of a; at the point (a, 0). 
Plot the points (a, 0), (0, 6), A and B in the figure. 

Draw the straight line - - r = 0, OC in the figure. 

Also draw the straight line — i- -J- - 1, DE in the figure. 

The tangents OA, OB are at right angles ; 

.'. AB is a focal chord and O is a point on the directrix. 
.', drawing OS perpendicular to AB, S is the focus. 
Also drawing OK perpendicular to 00, OK is the directrix, for 
OC is parallel to the axis. 

The equation of the directrix OK is ax + iy = 0, for it is per- 
pendicular to — 1 = 0- 

Let i. BAO = a, and draw SN perpendicular to Ox, 
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SN = OS cos OSN = OS cos o. = OA sin a cos a = (t sin a 



0N = 0Ssiiia = 0Asin5a 



.'. I -s — T7J -s — 77,1 are tlie co-ordinates of tho focus S. 

312. Note tlie following carefully. 
In the parabola (ax + bi/ + Hf + {hx-ay + c) = (i, 
tke str. linea ax-^by-\-h = 0, and te-tt!/+(; = are at rt. ;.'; 

.'. (Kc + ?M/ + ^ = is the axis, 
and &c — flj/ + c = is the tangent at the vertex. 

(x + yy = k(x-i/) represents a parabola passing through the 
origin. x + y = 0, x-y=0 are at rt. r; 

.'. s: + !; = is its axis, 

x-p = is the tangent at tho vertex. 

If tte left-hand aide of the equation {ax+b}/y + 2gx + '2fy-i-c = 

has linear factors, they wUI be of the form 

ax + bp-i-Jc, ax + bp + k'. 

In this case, the equation represents two parallel straight lines. 

We thus see that two paraUel straight lines are really a particular 

case of the parabola. 

Bzamples XIV. a. 

!Find the equation of the axis and the oo-ordinatea of the vertex in eaoh 

of the following parabolaa, taking the axes of co-ordinates as reotacgular 

1, 3^ + 2xff + y^-Sa:-y=0. 2. x^-2xj/ + y^ + 4x-Sy-t-S=Q. 

a 25^-4(tey+16af'-74i^-t-10iB + 296=0. 

5. Prove that y'=2Aa:-l-2By + C represents a parabola, whose axis is 
parallel to the axis of a;. Pind the equation of its axis, the co-ordinates of 
\t8 vertex, and the length of its latus reotum. 

6, Prove that {fi,x + By)^—Cy represents a parabola which has the axis 
of X for a tangent at the origin, and hence prove that all chords of a para- 
bola which Bubtend a right angle at a given point of the ourve interseot on 
the normal at tiiat point. 
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7. Prove that the loous of a poiut, whioh moves so ttat its distance 
from a fixed line is equal to the length of the tangent drawn from it to a 
given oircle, is a, parabola. Find tJie poaition of its vertex. 

8. Prove that the loena of the centre of a circle, whioh intercepts a 
chord of given length 2a on Hie aiis of k, and paaaes through a given point 
on the axis of y distant 6 from the origin ia the curve 3fi-%y + lfi—a\ 
Trace the curve. 

9. Draw the ourve given by the eriuationa 4y — t% x=t+ 1, where ( may 
have any value. 

10. a;=S(i^-l), and y=&t, where t may liava any vduu. Draw the 
ourve given hy these equations. 

Draw the following parabolas to scale, taking reetangulai' axes in each 

11. i)^= + 4y-S-0. 

12. a;'-83;-4y = 0. Find the equation of the directrix. 

13. y^+3y- 3^ + 7 = 0. Pind the co-ordinates of the foous. 

14. 3;' + &i;-8y + 25=0. Tiud the equation of the direotiix. 

15. (^ + yf=»^[<£-y). 16. (^-^/)''=-8^/2(.•c+^,). 
17. (x-y+i:?^i^2{x + y-\). 18. {2x + yY=x-'i!i-l. 

19. larfi-aia^+gi/'-aoai-soy^o. 

20. 144a^-120a!y+25j('' + 142Clx-&48y = 0. 

21. V^''""^"^' ■^"'^ *'^'^ co-ordinates of the foous, and the length of 
the latus rectum. 

313. Giiien the equatiim of om, ellipse m- hi/perbda, to find the co- 
ordinates of its CBTiire. 

Let nit^ + 2Aa^-t-i/ + 2^+2/3/ + c = be the equation of the 
curve, and let (x^, y^) be the co-ordinates of its centre. 

Transferring the origin to this point, the equation of the curve 



+ 3/0, + y,) + c-O (1) 

The origin is now at the eentre of the curve, therefore the 
equation of the curve contains no terms of the iirst degree, i.e. in 
equation (1) the coefSoient of k=0, and the coefficient oiy = 0; 

.". 21^1 + 2%i -H Si; = 0, ax^ + hy-,+g = Q, 
and 2kx-^ + 2hj, + 2f=0, la^ + bjJi+f^O. 
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Solving these equations, ^^^^^=.-^-^^, 
_hf- bg _^kg -of 

CoROLLAKY. If ab =h\ the equation represents a parabola, and 

Thus we see that the centre of a parabola is at infinity. 

N.B. In equation (1) the terms of the second degree are the 
same as in the given equation. Thus we see that if the origin is 
changed, the directions of the axes being unchanged, the terms of 
the second degree remain the same, 

314. The equation of the ta/tigmt at the point {x^, y^ to the conic- 
aa? + 2h£y + 6/ + 2^ + 3/y + c = 
is <^'j^^^h{x^yA-y^!f) + hiy^^g{x^x^)+fiij + y^ + c = Q. 

First Method. Let {x^ + Aa^, y^ + Aj/j) be a point on the conic 
near to the point {z^, y-^. 
These two points are on the conic ; 

.'. aa;^-i-2M^-yhby-^ + 2gx-^ + 2fy-^ + e = Q, (1) 

and «(3!j + Aa!i)^ + 2ft(a;i + A3^)(y^ + A!/^) + 6()/j + A)/j)^ 

Subtracting, and neglecting terms involving (AiCj)^, (Ayj)^, 
{AiCi)(Ayj), we have 

^ax^ha^ + 2^{yiA3^ + aij A^j) + 2&i/i Ay^ + ^g^Xy + 2/A*/^ = 0. 
in the limit, ^=-^±fc|i 






'h + hi+P 
is the equation of the tangent. 
This may be written 

mxy^ + h{Xyy + ^1^) + hyyy + gx +fy 

= axy^ + Ikx^y^ + by-^^ + Fi +/«/i 
= -gXy -fy-y - c from equation (1 ) ; 
-■. axxy + h{xyy-^yyx) + lyyy^g{x+x^+f{y + y{, + c = (} 
is the equation of the tangent at the point (kj, y^. 
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Second Method, by means of the Difterential Calculus. 
Differentiating with respect to x, we have 



'>dx-^ 



M; + 2Ay+2j = 0. 



Whence 



Sai (KB +% + (/_ 

(ia; ke. + by->rf' 
.'. the slope of the tangent at the point (a;^, j/^) is 

hx-^ 4- Sj'i +■/' 
We now proceed as in the first method. 
N.B. From the equation of any conic we obtain the equation 
of the tangent at the point (Xj, y^) by writing 

xx^ for x^, yy^ for y^ x^y + y^x for 2xy, 
X + x^ for 2x, y + yj for 2y ; 
the constant term remaining uncliaiiged. 

31B. If ili^ C'^i^ of co-ordinates he turned through an angle 0, mthml 
rJuinging the origin, we mast write 

xcosS-yslnS in the place of x, 
and xsin(9 + ycos^ „ „ y. 




Let Ox', Op' be the new axes. 

Let (ic, y) be the co-ordinates of P referred to the old axes, and 
(of, y) its co-ordinates referred to the new, so that, in the figure, 
ON=.'E, PN = y, OiVl = ,i/, PM=?/, 
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L MPN = 90° - ^ PML = i_ LMO = l MOK = f, 
x = ON = the algebraic sum of the projections of OM and 
MP on Qc 
= OMeo3^- PM sin^ 
=is'cos^-«/'dE^, 
y=9H- the algebraic sum of the proj ections of O IV5 and 
MP on PN 
= OMsin5 + PMco9i9 
= 3^ sin ^ + !/' cos 6. 
,'. if the axes of co-ordinates are turned through an angle Q, 
ive must write 

K COS ^ - ji sin B for ic, and i%\v,Q-\-y cos for y. 
The same results may be obtained tiius : 

a: = ON = OK - KN -OK - LM = OM cos S - PM sin & 

= sl nosQ-i/ sin 0, 
y^ PN = LN -H PL= MK+ PL = OM sin S + PM cos 6 

316. If the equation (tic^ + 2AiCT/ + i)/^ + 23a; + 2/i/ + c = repi-esmts 
a central emdc, tlw directions of its axes a/re givm hy the eqmtion 

tan2&=-?\. 
a-b 

Let the origin be transferred to the centre, the directions of 

the axes of co-ordinates being unchanged. The terms of the 

first degree disappear and we may write the new equation thus : 

oic^ + 2/w^ -1- 6/ = L [See note to Art. 313.] 

Xow turn the axes of co-ordinates through an angle d. For x 

we write ic cos f - «/ sin 6, and for y, xsja.d-\-y cos B. 

The equation becomes 
a (k cos ^ - y sin fff + 2/( (a; cos ^ - y sin 6) {x sin ^ + y cos 6) 

+ h{x&in0 + ycas9)^ = k, 
which may be written 
K^ (tt cos^ ^ + 2A sin fl cos ^ + 5 sin^ ^) 

■^xy[-2asine(iCme + 2h(coA^d-dn^0) + ^bsmdms&] 
+ y^{asm^e-2hmn0ms6 + bcos^9j=^L 
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Equating the coefficieiit of xy to aero, we have 
sin 2f(6-«) + 2A cos 2^ = 0, 

or taii3fl=-^- 
a-o 

Therefore if we turn tho axes through an angle S given by 
this equation, the coefficient of a:^ disappears, and the equation 
reduces to the form , ^ y^ _ y 

Thus wo see that the new axes of co-ordinates are the axes of 
the curve. This proves the proposition. 

317. Tofivd the equations of ike axes of tlie central conic 
(u;2 + 2te)/ + 6/ +■ 2?a; + 2_/i/ + c = 0. 

First find the centre (xj, y-^) as in Art. 313. 

The iiredims of the axes of tho curve are given by the equation 
, „„ 2ft 2tan^ 2/i ,. ^ „,„, 

tan2e-— ^, or = — 7—sa = —t.' i^'^^- ^^^) 

i.e. htan^& + (a-i)t&ne--k = (1) 

Hence, if tan 0^, tan 6^ are the roots of this equation, they are 
the slopes of the axes of the conic, 

■'■ »/ - ^1 = (» - a^i) tan t^i , «/ - ^j = (a: - x^) tan d^ 
are the equations of the axes, for they pass through tho 
centre (iCj, ^j). 

From equation (1) tan ^jtan62= -1- 
.'. if tan is either root of the equation, 

S(-)/j = (iK-«i) tanS, y-y\= - (a; - a;,) cot ^, 
are the reqd, equations. 

N.B. If {x, y) be any point on either axis, referred to the centre 
as origin, - = tan 6 is the equation of an axis, where tan fl is a 

^ , * . 2 tan (9 2A 

root of the equation , _ ^a = ^j~V 

. •^a _ 2h xy _ k 

^^f^a-b °^ vS^-y'^~a^h 

is the equation of the two axes. 
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318. To Jmd the lengths of ilie axes of ike conic ax^ + 2Im/ + bi^ = k 
There are no terms of the iirst degree in the equation, therefore 

the centre is at the origin. 

Talcing the circle x^-i-y^=r^, and combining ite equation with 

that of ttie conic so as to make the result homogeneous and of 

the second degree, we have 

or x^ {wfi - £) + 'ihfyy + f(b}^-k) = 0. 

This represents the two straight lines passing through the 
origin (the centre) and through the points of intersection of the 
conic ajid circle, (See figure.) 

If these two straight lines coincide, the radius of the circle is 
one of the semi-a 




They coincide if AhPr^ = 4 (iw^ - k) ( Jf « - S). {b^ = iac) 

This may be written ((i6-A2)r*-i!;(« + 6)»'^ + ft3^0. 

This equation gives us the lengths of the semi-axes of the 
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319. If the left-hand side of the equation 

has linear factors they will be of the form 

ax + b^ + k, and a'x + b'^+^. 
In this case the equation represents two intersecting straight 
linos. Thus we see that two intersecting straight lines are really 
a particular caee of the hyperbola. 

320. Draw the mrve represenied by 

36K2_24ra/4-29!;2-168K + 10G?/ + 41=0 (1) 
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24^ < 4 X 29 X 36, .■. the equation represents an ellipse. 
Let {Xj, f/j) be the ccnardinates of the centre, and transfer the 
origin to that point. The equation becomes, 

-168(» + «,) + 106(j/ + !ii) + 41=0 (2) 

Since the origin is now at the centre, the coetRcients of x and y 
are each e<jnal to zero. 

.'. 723;i-24j^j-168 = 0, or Sx^-p^^-T^O, (3) 

and -24a;i + 58j, + 106-0, or - 12% + 29)/i + 53 = (4) 

Solving equatitma (3) and (4) Kj = 2, y^= - 1. 
Substituting these values in equation (2) it becomes 

36ie2-24aj' + 29/ = 180. 
When y = here, x= ±J5. 

When 3; = here, y= ±,J-^= ±2'5 nearly, fromaSlide Rule. 

When;i!; = y, 41K^==180, 3: = )/= ± /^= +2'1 approx. from a 

Slide Eule. 

Now turn the ases through an angle ff, where 



-¥(- 



cos2^=-^, 2cos^i9 = l-5V, 
cos 6 — ^, sin ^ = 4. 
We therefore write - - ' " for x, 

and ■■■— - tor y. 
The equation becomes 2ftc^ + 45y^= 180, which may he written 

The curve is shown in the figure. 

The particular points determined above are marked with a 
^ross (X) in the figure. 
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308 CTJETE TRACING. 

321. Draw tlie conic 1x^ + Bxij + y^ + 6a + 6y 
We see that the terms of the second di 
different factors, 7a; + ?/, and x-\-y. 



-9 = 0, 

greo have I'eal and 




.'. the equation represents a hyperbola. 

Let (^j, y-^ he the centre, and transfer the origin to tliat point. 
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The equation becomes 

+ 6{x + x,) + Q(,j + y,)-Q = Q (1) 

Since the origin is now at the centre, the cocfficionts of x and «/ 
are each equal to aero. 

.'. 14aj + 8);j4-6 = 0, or 1x^ + ip^ + S = 0, 
and 8xi + 2yi + Q = 0, or 163^ + %i + 12 = 0. 
Whence x^= —1, and j/j = 1. 
Substituting these values in equation (1), it becomes 

73;2 + &fy + / = 9 (2) 

^x^ + 8x1/ +y^ = 0, or (s + !/) (7s 4- ?/) = represents the asymptotes 
and we draw these lines. 

In equation (2), when x=0, i/=±S. 

„ x—y, « = «/= ±j= ±-75. 
„ y = Z, 3; = 0, or--^/= -3-4. 
„ y= -3, ai=0or-V^=3-4. 
Turn the axes through an angle 0, where 

ban2e( = ^) = | = f, 

cos 9 = ^ sin a =4- 
We therefore write ■ - ^ - for x, and — j=J- for y. 

The equation becomes 9x^ -y^ = ^ 

« f' t 
or x^~'^= 1. 

This shows us that the semi-transverse axis = 1 unit in length. 

Bisecting the obtuse angle between the asymptotes, we have 
the direction of the transverse axis, and we can now draw the 
curve, as shown in the figure. 

The points determined above are marked with a cross {X) in 
the figure. 
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322, The straight lines '2x- Sij- 12 = 0, Sx + 2y-i = ai-e at 
right angles. 

If we change the axes of co-ordinates, and make these lines onr 
new axes of x and y respectively, 
the new abscissa = the perpendicular from (ie, ij) npon the new 
axisof ?/, (3(« + 2)/-4 = 0) 
3.1^4-2?/ -4 

The new oi'dinate = tlie perpendicular from {x, y) upon the new 
axis oix, (3iB-%-12 = 0) 
_ 23:-3y-12 

L.g. In the earve ^ -" ^ ^__J1 ^ ^^ 

if we make 3^ + 4i/ = the new axis of y, 

and 4a:-3y = „ „ x. 



33; + 4)/ 



the new abscissa = 

and ,, ordinate = - 

.'. the transformed equation is 



or .-1^1. 

323. Hints for curve tracing. 

First examine the terms of the second degree, and thus deter- 
mine the class of conic which the equation represents. 

If there is no term involving the product xy, take the x terms 
together and the y terms together, and complete squares. 

If the equation represents an ellipse or hypei'hola, find the 
centre and transfer the origin to that point, before turning the 
axes thiough any angle. 
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If the coefficients of x^ and / are equal the term involving the 
product xy will disappear if the axes are turned through an angle 
of 45°, for in that case 

tanSe — ~i-'», and 26 = ^, Art 316. 

It is often useful to find where the curve cut« the original, as 
well as the new axes of co-ordinates, ajid also where the curve 
cuts the lines x±ij — (i. 

In the case of a hyperbola, having transferred the origin to the 
centre, find and draw the asymptotes. 

In the ease of a parabola : 

(1) The terms of the second degree equated to zero represent 
a straight line (or tv^o coincident straight lines) parallel to the 

(2) The terms of the first degree together with the constant 
term represent a tangent to the curve. 

A good freehand drawing of a conic can generally be made 
without finding the eo-ordinates of many points on the curve. 
For example, in an ellipse, when the positions and lengths of the 
axes and two or three other points on the curve are determined, 
the curve can be drawn freehand. 

If we make the straight line as + 6y + c = our new axis of a:, 
the new ordinate y, — the perpendicular on ate + 6?/ + c = 0, which is 

equal to rj-^a > "^^® should therefore write y-Jw^~+¥ for 



A Slide Rule can sometimes be used with advantage. 

Examples XIV. h. 
Find the oenttea of the following oonios ; 
1. 2afi-5xy-3y^-x-iy + Q^0. 2. 'kc^~3!/''-Sx-Gy=0. 
3. 7a^-9j.'y + V-3aE + 25y + 47=0. 
i. Bind tlie direofciona of the axes of the oonio, 

5, Find the lengths of the axes of the oonio, 

6, Had (i) the centre (ii) the equations of the axes of the con 
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312 CURVE TfiACIMG. PAKABOLA. [ohaf. xiv. 

Trace tho loai given Ijy the following equations : 

7. (»^-J')= + (y-l)''=0. 

8. i{iifi + y^- ])=»*+ t/'^-iir. Also state its relatioa to the loci rapris- 
sentedbjK' + 3/=-l=0, aiida^ + ^-4K=0. 

9. x' + 23! ~ 4}/ + 6=0. 10. a»^ + ^==ac. 11. 3{x'' + y^) + '2ii:y^S. 
la 4!ty-ac=-4s(=a 13, (3a;-i/)2^to-2i/. 

14. (s(-!»Ky-6') + (i»-«l(^-t'} = 0. 15. (!/-3^)^=y + a; + l. 

16. iE'+s"- 1^2(3! - l)[y - 1}. Also state its relation to the straight lines 
a^-l=0, y-l»=0, and the circle a^+j/2-l = 0. 

17. 23? + it:y-y''=a'^. 

18. ^=+63:2^+9^+^+12^-6=0. 

19. {x-i-y)^=x-'D. Find the equation o£ its diruotcix, and the co- 
ordinates of its focus. 

20. Trace the curve given by the equations a;=2(^, y = it, where ( is a 
variable parameter. 

21. Trace the curve given by the equations y = 4(i^- 2), x=2t, where t i% 
a variable parameter. 

22. Prove that the ourve given by the equations x—at + hf^, j/=bt+at\ 
where ( is a variable parameter, is a parabola whose axis is parallel tc 
ax-by=0. 

TraflB the loci given by the following equations ; 

23. 2x''-Sxy + y'^=Q. 24. 4(:cS+/- I)-(»- + %- 1)'^. 

25. a^ + ^^ + Ky=a^, oblique axes inclined at an angle of 60°. 

26. a^ + j/'^a^, oblique axea inclined at an angle 2o. 

27. 5af'~2a!!^ + 5j(5-&c-8jr-4=0. 28. {x + a)''=c'' + fy + b)'', 

29, s:=a(n-\ — J, y = 6(;i--), where ,u is variable, 

30. Zx'-dsy-^y^+Sx-y + l^O. 

31, 4a;* - 9s' + 38 = 0, when the axes are inclined at an. angle 2a. 

32. 7s^+5(tey+7y==288. 33. ■Jx+'Jy^'Ja. 

^ (3.-^ + 12)= ^ (4. + ^-12)' ^^g_ ^ ^^^^^^_ 

36. {to-4j/+_12)=+4(te+%-. 12)^=100, 37, -+-^2. 

38, y^+yl^^- 39. ^ + y^^{xcosa + ysma-pf. 

40. (4a! + 3y + 16)2=5(ae-4y). 41, x^-y'-Say + x^O. 

42. -+-=1. 43. !if + 2xy + 4^-23:~Uy-3=0. 

44. {^-y]^ = S{y-a). 45. x^-4y^ + x + iy=0. 



yGoosle 



CHAPTEK XA^. 
SECTIONS OE A CONE. 

324. In this chapter it will be shown that if a plane section of 
a right cone be taken, the curves obtained are Conic Sections as 
defined earlier in this volume, 

A right circulaj; cone, or ri^t cone is defined as the solid 
generated by the revolution of a right-angled triangle about one 
of its sides containing the right angle. 

A complete or double cone is obtained by producing the 
hypotenuse of the right-angled triangle both ways. 




325. Let any piano XMPN cut the right cone OKK', giving the 
curve AP as shown in the figures, OKK" being the plane section of 
the cone through its axis, and at right angles to the plane XP. 

Let EQE'S be the sphere insoribed in the cone and touching 
the plane XP at S. Let the plane of the circle of contact of this 
sphere, EQE', cut the plane XP in the straight line XWl. 

Let KPK' be the section of the cone at right angles to the asis 
of the eone and through any point P on the curve AP. 

KPK' is a circle. 

Let PN be the line of intersection of the planes XP and KPK'. 

PN and XM are perpendicular to the plane OKK' ; 

.'. if PM is drawn parallel to NX, PNXM is a rectangle. 
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514 SECTIONS OF A CONE. 

Let OP touch the sphere at Q. 

OP = OK, and OQ=OE (tangents to a 
.*. QP = EK. 




PM PM' 

= - -, for NPMX is a rectangle, 

= — , for PQ=EK (proved above), 

= ^, for EX is parallel to NK, 

= Tj;, for AE AS III tin^ints to the sphnic 

,', the locus of P is a cur\« such that the distance of P from 
the fixed point S is in a constant ritio to the perpendicular 
distance of P from the fixed stiaight bne XM, [ t the cuive AP is 
a conic section, as previouoly d 
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4RT. 526.] SEOTIOKS OF A COJSIK. 315 

A FavEibola, 

If8A = AX, EA = AX; 

.". AN=AK, from tho similar A^ EAX, KAN ; 
.■. iANK = z.AKK' = ^AK'K; 
.'. XN is parallel to OK' ; 
.". the plane XMP is parallel to OK'. 
Thus we see that the plane section of a cone is a parabola 
when the plane of section is parallel to a generating line. 
An Ellipse. 
If SA < AX, EA < AX, 

.*. AK<AN; 

.", ^ANK<^AKN, 

in. <i,OK'N; 

.'. the plane XMP will cut OK' produced. 

Thus we see that the plane section of a cone is an ellipse 

1 the same side 

A Hyperbola. 

In thesamo way if SA > AX, i. ANK > i.OK'N. 

.'. the plane XMP will meet K'O produced and we have the 
second branch of the curve on the part of the complete cone 
formed by producing the generating lines KG, PO, K'O, etc. 

Therefore the plane section of a cone is a hyperbola when it 
cuts both parts of the complete cone. 
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MISCELLANEOUS "REYTSION QtTESTIONS. [chai-. xv 

MISCELLANEOUS BEVISION QUESTIONS. 

iswei-s may be written down witli- 

1, Interpret tfie constanfca in the eqiiafcions 'a~^~a~^' 

2, What is theeqimtion of any straight line parallelto Ac+ By + C = 0? 

3, II 11 II perpendioular „ „ 

4, What is the equation of any straiglit line through the intersection 
of ax + by + c — O, and ?a;+))iy+ 11=0! 

5, Give the equation of the straight line passing through the origin 
and also through the intersection of 3a'-4j/-6=0, ix-ly + d—O. 

6, What is the slope of the line joining the points (3, 4), (1, -2)? 

7, Interpret a in the eguaticm a;sina+ycoaa=p. 

8, Give (without simplification) the eqiiafcioiis of the biscatora of the 
angles between the straight lines x+y—5, a:-2y=7. 

9, What 18 the tangent of the ajigle between the lines 

10. What is the condition that the straight lines s/=2k + 3, y=ix-7 
may be at right angles when the axes are obliciue ? 

What are the conditions that an equation of the second degree in s: and 
y may represent : 

11. Two straight lines. 

12. Two straight lines passing through the origin. 

13. Two parallel straight lines. 14. Two perpendioular straight lines. 
15. Two ooinoident straight lines. 16. A circle. 

17, A parabola. 18. An ellipse. 18. A hyperbola. 

20. Give an equation of the second degree in x and y wliioh represents 

Give the equation of the two straight lines passing through the origin 
and through ttie points of intersection of : 

21. x'' + y'=o!' snAli>i+m.y=n. 

22. ax^+2hia/+by^ + 2gx + 2/!/ + e = t), aailxi + my^l. 

23. a^+2hxy + hp' + 2gx + 2/y + c^O,ap.dlx + 'my + n^0. 

24. y"=4aj;andte+™y+m=0. 25, ^ + ^ = 1 and a:3 + )/==j-=. 
Give the equation of the tangent at the point (a;;, y^) in eaoh of the fol- 

26. 3^=ay. 27. 4i-= + 6y^ = l. 

28. ix^ + 7y^=\. 29. ^'' + ixy-y^=32. 

30. 2x^-Sxy + 5j/'^ -ix + oy-i-l-l). 
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31. Give the equotioi 



33. What is the equation of a raotangiilw lijperbola wtose centre is at 
(A, i) and (i) whose transverse axis is parallel to Ox, (ii) whose transverse 
axis is parallel to Oy ! 

If S=0, and S'=0 represent the equations of two circles ; 

34, What does S-XS'=Orepresent? 



37. d' + t^=a''. 38. (x-df + iy-c)^ 






42. li^J^"'--!^ 



What class of oonic ia represented in each of the following oases (give 
reasons for jour answers) ; 
43. iax + bi/ + c)'' + 2s^ + 2fy + h=Q. 44. Mx-Sy)^-ly + 2x)^^aK 
45. 8a^+aM/+y'=32. 46. 3s:=-a:y+2/+5s-7!/ + !l=0. 

47. I* H-y' = 01^ (oblique axes). 48, a?-&3y-y''~cfl. 

49. %^-iCT/-3!'-4a: + 9!/ + 14=(l. 50. T^ + hxij^j^+aa + by + e^d. 
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CHAPTER XVI. 

REVISION PAPERS. 
Ke vision Paper XVI. a 

1. On the axis of x is taken a point A, and on the axis of w a poii 
C is a point in the Une AB such that AC = 2BC. I£ tlie sum of the dUsti 



of A and B from the origin ia n. constant qnaufcity h, find the locus of C. 
(Reot. ases.) 

2. Write down the equation of a, circle of ratlins r whose oentre A is on 
the axis of a; at a distance 6r from, the origin O. 

Write down also the equation to the tangent to this circle at tJie point 
(a/, y'), and determine the abscissa of the point in which the tangent 
outs Ox. 

Take the circle to represent the path of one end of a connecting rod BC, 
attached to a crank AC, while the end B travels in the line OA ; and 
oalcnlate the length of BC if 7-=l foot and the abscissa of is 57 feet 
when BC and AC are at right angles. 

3. A circle is drawn touching a paraix>la at its vertex and cutting it again 
at P, From G, the foot of the normal at P, a line GQR is drawn at right 
angles to the axis cntting the circle and parabola in Q and R respectively. 
Show that RG^ = 2QQ^. 

4. An ellipse has a given focus and touches three given straight lines : 
find the oentre of the curve and the points of contact of the given tangents. 

5. Prove that the locus of the middle points of all chords of the ellipse 
5V + o^^ — u^'i^ drawn at a constant distance c from the centre is 

fl. A series of circles is diawn touching the axis of a; at the origin. Find 
and draw the locus of the polo of the straight iine x+y — \ with respect to 
these circles. 

7. Draw the cnrve given by the equations x-n = a, sec 6, jf - 6 = 2<( tan 8, 
where d may have any value. Give a geometrical interpretation to the 
angle 8. 

Eevieion Paper XVI. \>. 

1, The finite stnught lines OA, OB, including any angle, are bisected in 
0, D respectively, and points P, Q are taken on them snch that OA=!i. PA 
and 0B=?( . 0<5. Write down the equations of CD and PQ referred to 
OA and OB as axes, and show that CD bisects PQ. 
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2. Pind th g -^I 1 t f 1 1 ose 

of X. If tl biiCtasae f th. t f tw oh 

\>e a, -a d th ir adi an I find 111 oo- 

tha axia of m whi h th u 1 ht d q I angles, 



tangente at Q and R passes throagh R'. 

4. The ordinate and tangent at any point P on an ellipse meet the 
transverse axis in N and T. Show that any circle tlirough N and T cuts 
the anxiliary cirole orthogonally. 

5, Show that tl 
at a point on the ellipse - 
distancea of the point, 

6, I>raw the curve represented by 3a:^ + 2a3i + 3y-=16. 

7. ABC is a triangle ; AB, AC are fixed in direction. Find the locus of 
the point which divides EC in the ratio ns ; «, where the perimeter of the 
triangle ABO is constant. 

Eevision Paper XYL. e. 

X. rind tlie equation to s, straight line throiigli a fixed point {h, kj, anil 
making an angle of n with tlie axis of x. 



axis of y is diminished by a length equal to nnnn approximately. 

2. Porm the equation of a oirole of radius a touching both the axes of 
co-ordinates, and lying in the quadrant in which both co-ordinates are 

Find the angles which a chord PQ passing tln-ough tlie origin must 
make with the axes in order that OQ may be biaeotM at P. 

3. Prove that if two parabolas have the same focua and axia, the 
locus of the point of intersection of two tangents at right angles, one to 
eaeh of the parabolas, i.i a straight line. 

4 Apair of tangents to the circle x'^+y^—a'^ make angles S,, 5, with 
the axis of x such that tan flj Ian P^ + 3 = 0. Find the equation of, and draw 
the loons of their point of inte 
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5, Having given the fooi and the length o£ tho major axis of an ellipae, 
show how to find tha points on it at whioh the hne joining the looi 
Eubtenda a given angle. 

If the eccentricity of the eliipae is J, within what limits must the 
angle lie? 

6. The axis CY revolves round the point C, while tho alia CX ia fixed ; 
hyperbolas are deaoribed having CX and CY for asymptotes, and their fooi 

at a giveti distance from C : prove that the extremities of their ti 

axes lie on a oirole. 



Kevision Paper XVI. d. 

1. Form the eC£uation of the two straight lines passing through the 
point of intersection of the lines Sx + iy + I^O, 4^-^ + 1=0 and making 
angles of 60° with the former lino. 

2. The equation fl!' + y'' + 2Aap + c = represents a series of circles, one 
circle for eaoh value of \. Prove that, if c ia negative, each of these oiroles 
passes throndi two fised points, the same for all tho oiroles. 

If c is positive find the centres of the particular oiroles of the system 
whose radii are zero. 

Determine the equation of a circle which outs every circle of the system 
at right angles. 

3. Prove that the parabolas y^='kix, a;^i=46y interseot at an angle of 
30° if 2(a^ + 6^) = 3\/3o.*6*. 

4. Chorda AP, AQ parallel to two conjugate diameters of the ellipse 
^ + 1^ = 1 are drawn through the vertex (a, 0). Prove that PQ makes witll 
the axis of x an angle tan'' ^ an ' ^ being the angle whioh one of the 
diameters makes with the axis of x. 

5. ITind the lengths of the perpendiculars from the fooi of an ellipse on 
the tangent at the point whose eocentrio angle is ^. 

Show that they may be obtained by solving the equation 



where a and b are the principal semi-axes, and b' the semi-diameter oon- 
jugato to the central vector of the point. 

6, Find the equation of that diameter of the hyperbola 

which is conjugate to the axis of x, and prove that the difference of the 
squares of these two conjugate diameters is equal to qn • 
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Kevision Papei XVI. e. 

1. Show that the equation 

^° + 2ft.ry + y + 2g:E + 2/V + ''-^' H"' l^^ ' - 
represents two straight lines. 

It' theae ai'6 inohned to the axis of a! at angles di,8^, oxprtas tan(ej-flj), 
tan (flj + e,) in terms of a, h, b. 

2. I'ind the general equation (in reotangular oo-oiiiinates) of a circle 
which is drawn tlirough two fixed points A and E. 

Show that the polacs of a fixed point C relatively to all auoh oirclee will 
pass through another Hxed point. 

3. Prove tliat if any two chords PQ, PR at right angles to each other 
ore drawn tlirough the point Pix", ^) of the parabola ^=4ax, Qfl meets 
tlie normal at P in a point on the line y + y' = V. 

4. Prove that if Aa^+Bi'=2, the oonio Aa:' + 2H3rsi+ By2=I will pass 



through the extremities of a pair of conjugate diameters of the 
(^ y^_. 

5. Prove that the equation of the loous of a point dividing in the ratio 
2 ; 1 the chords of the ellipse -j + ^ = l whioli make an angle S with the 
major axis is 

(-r*-irA^*s'-')*''[.-:r*-i^ ) -"^ 

6. A series of oiroles toucli a given straight line at a given point. 
Prove that the loous of the pole of any given straight line with respect to 
the oiroles is a hyperhola. 

7. I'ind (1) the centre, (2) the equations of the asymptotes of the curve 

yix-lOj^x'-l^^ + Q. 
Trace the curve. 

Bevision Paper XVI. f. 

1, Reduce the equation S5x''-14xy + S5y^+x + lSy = (> to the forms 
aa:''+2hxy + by''=c aiA {ax + InJ + c){a'x + b'y + c')-C. 

Find the oo-ordinates of the centre of the conic determined hy the 
equation. 

2, Find the general equation of the circles which out the circle 
K" + y-2i(; + 2j)-2=0at right angles at the point (1, 1). 

3, Find the oo-ordinatee of the point at which y=m3:-2am-can' is 
normai to the parabola ^ = 4aic. If yj is the ordinate of this point and y^ 
that of the middle point of the normal chord through the point, prove that 

4, It in an ellipse n,, ih are the lengths intercepted by the major axiu of 
two perpendicular cormals, show that 

B,A.(1. X 
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5, Find the angle between two lines which intersect in a focus of the 
conic bh^ + tt^^-a^b^^O, each line passing through the pole of the otiier. 

6, A variable oiroie always passes through two fixed points A, B. Find 
the looua o£ a point on it where the tangent is perpendiculai- 1^ AB, 

7, Find the vertex, the; latua rectum, and the equation of the axis of the 
parabola |fl:-j/)^ = 8(j/-3). 

Draw the ouvve. 

Bevision Paper XVI. g. 

1, yind the angle between the straight lines represented by 

the axes being rectangular. 
Find the area of the triangle formed by these lines and the line 
Ix-i-m-y + n—O. 

2, Find the angles between the radical axes of the circles 

k" + ji' - tax - iay + ta^ — O, x^ + j^- 4a^ + iay + 4tt'=0, 
and x'' + y^ -Sax-i-icfi^O. 

ibolas w 
e only oi 
m real points. 

If P and P be the points on y''-aa:=0, and j^-6y = the tangents at 
which are parallel to this common ohord, and 8, S' be the fool of the 
parabolas, then 8P is perpendicular to 8'P'. 

i. Prove that the equation -^ 3~ + ib ■ a" — 1 represents, for different 

values of a, a aeries of ellipses all insoribed iu a certain rhombus. 

5, It 8 and S' are the foci, SU the semi-latns reetnm of an ellipse, and 
LS' produced outs the ellipse at Q show that the length of the ordinate at 
Q ia U ~^!~ where 2o is the length of the major axis, and e is the 
eccentricitj of the ellipse 

6, The ordinate NP of any point P on in eUipse is produced to Q so 
that NQ IS equal to the ^ubtangent it P pifve that the locus of Q ia a 
hyperbola and draw the ourve 

7, Find the equation of the axes of the central conic (ia,^ + 2ft*!/4-Bi/==e. 
Also prove tliat the lengths of tlio semi-axc=j! arc Af — r "^ud -\J j. 

Bevision Paper XVI. h. 

1. If the straight lines aa; + iy-\-p=0 and 3! cos a + !/ sin a - ji = enclose 
an angle - between them, and meet the straight line a^ sin a - y cos a — in 
the same point, provu that a'' + b^-2. 
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CHAP, svi.] REVISION PAPEES. 323 

2. Find the equations of the two oiroles which pass through the two 
pointB (0, a), (0, -a) and touch the line y=raa! + <;. 

If the two oiroles intersect at right angles, prove that i?~a^{2 + 7i^). 

3. PV is the diameter through the point P on a parabola, and QV any 
one of its ordinatea. QV is bisected in M, and PV m N. Prove that for 
different positions of Q, PM and GN will always intersect on another 
parabola touching the given parabola. 

4. CP, CD are ooniuaate semi -diameters of an ellipse. It on the 
tangent at P a point Q m taken such that PQ is equal in length to CD, 
show that the locus of Q is an ellipse. 

5. In the ellipse whose semi-ases are rt and b, prove that the acute 
angle between two oonjugate diameters oannot be leas than sin""' -^ — p. 

6. Given one asymptote of a hyperbola, one vertex, and the ocoentrioity, 
show liow to find the other asymptote. 

7. Find the centre and the lengths of the semi.axea of the conic 

Eevision Paper XVI. k, 

1, The ends of one diagonal of a rhombus are on the co-ordinate axes 
Ojk, Ou {reel. ) at distances la, a respectively from 0, and the equation of 
one side is 4(^-a) — 3x. Find the equations of the diagonals and of the 
other sideia. 

2, Find the equation of the chord of the circle x^+y''=(?, which passea 
through the points P, Q where i.POX = n, i.QOX = ^, OX being the 

It XOX' is a diameter of the circle, and Z.POQ=27 (a constant) prove 
that the locus of the intersection of XP. X'Q is the oirolo 
3? + 'f + ^ytB.-ay=(?. (a>j9). 

3, Prove that the projection of any normal chord of a parabok on the 
axis ia equal in length to the focal chord parallel to it. 

4, A chord of an ellipae is drawn through the points whose eccentric 
angles aj'e S and *. If P is the point whose ecoentrio angle is i(S + *), and 
the line joining P to either focus meets the chord in Q, prove that 

«-(— V*> 

5, An ellipse is inscribed in a triangle, so that the tine joining the 
points of contact of two sides ia a focal chord. Show that the third side 
subtends a right angle at this focus. 

6, Find the equation of the axes of the ellipse whose equation is 

7, Find (1) the centre, (2) the equations of tlie asymptotes of the 



hyperbola ^ 



-iy-\2f (to;+3y-I2? 
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Bevisiou Paper XVI. 1. 

1, Points P and Q are taken in the sides AB, AC respectively of a 
triangle ABC, so that PQ is parallel to BC. Find the loous oE tlie inter- 
section o! a straight line drawn thrmigh P parallel to AC with another 
through Q perpenoionlar to BC, 

2, Through a fixed point C any straight line is drawn cutting a flsed 
circle in two points P, Q, and a point R is taken on this line such that CR 
is the harmonic mean between CP, CQ. What is the ioous of R ? 

3, Tangents are drawn from the point (o, 2n/2«) totheparabola^=4a.'c; 
prove that the ratio of their lengths is \^+ 1 ; 1. 

4, Two diameters LQM , L'Q' M' meet the parabola y" = 4ax in Q, Q' ; 
the tangent at Pin L, L' ; and the normal at P in M, WI'. If LQ = QM, 
and L'Q'^JQ'M', prove that the distance between the diameters is 

'^ J where {am'^, - 2am) are the co-ordinates of P. 

ellipse, ff the 



will be constant. 

6. Find the locus of the middle points of all chords of a hyperbola 
drawn through a fised point. 

Draw a rough sketch of the loons. 

7, Find the equations of the asymptotes and axes of the conic given by 
the equation 48ai^- 16^1/ -15y^-l- 112k -14!/ + 56=0, 

Bevisiou Paper XVI. m. 

1. Prove that the area of the tria ngle o ut off by y = x-t-e from the 
straight lines aa? + 2hxy + b}/^=i) is j- — ^j-. 

2. A oircle passes through two points on the initial line whose distances 
from the pole are ii, - ; and also through two points on a line through the 
pole perpendicular to the initial Une, whose distances from the pole are b, 
J- : find its polar equation. 

3. In the parabola ^'=40^, the tangent at the point P, whose abscissa 
is equal to the latus rectum meets the axis in T, and the normal at P cuts 
the curve again in Q. Prove that PT ; PQ : ; 4 ; 5. 

4. ProTe that all chorda of an ellipse which subtend a right angle at a 
given point P on the ellipse out the normal at P in a fixed point. 

6, Two conjugate semi -diameters of an ellipse are inolinad at angles $ 
and ip to the major axis : show that their lengths a', b', are connected by 
the relation a'=3in2e + &'=sin2^^0. 
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CHAP. XVI.] REVISION PAPERS. 

6. Find the equation of, ajid draw the locus ot tlie polo ( 
the ellipse -5 + ^=1 with reapeot to the hyperbola xy = cK 

7. TmcGthecurve33:ji-3(==93'. 

Revision Paper XVI. n. 



2, A straight line passes through a fixed point and is dividod by that 

Eoint in a given ratio. If the line subtend a constant angle at another 
xed point, prove that the looi of ita enda are oirolea. 

3, Through the vertex of a parabola any two straight lines are drawn 
at right angles to one another, and meet the onrve again in P and Q- Show 
that the tangents to the parabola at P and Q interseot on a fixed straight 
lino perpendioular to the asis. 

4. Find the eqtiation of the chord of the conic ax'^ + by'—l the middle 
point of whioli is the point {/, g). 

If the point (/, g) moves along the straight line fcc + By = 1 , prove that 
the ohord always touches the parabola 

{aBx- bAy)^ + 4a5( A»: + B j - 1) = 0. 

5. Find the equation of the chord ioining two points on tlm ellipse 
whose eccentric angles are $, 0; and show that if see fl + aco ^=2, the chord 
will touch the allipae 



6. Prove that the curve given by the equations %-= , ^=- — ?, r 

rb a + jta. nb ra 
being B variable quantity, is an ellipse or hyperbola, whose centre is at the 
point ( 2- V accordmg as n is less or greater than - 1. 

7. Trace the conic whose tqimtion is 

3^ + 222/ + V-aK-I4i/-3=0. 
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ANSWERS TO THE EXAMPLES. 

I. a. (p. 6), 

, 4), Pj(-8, S), Pjl-ll, -4), Ps(-G, -6 

6). 

3. (4,3). 4. (0,0). 6, (-1, 2|, (1, -1], (-2, -11. 

7. 5. 8: 13. 9. J^^A 10. as/la" + 6"). 11. 2&. 

12. «-!,. 13, .(i.-i-)y(rri)%4. 14. (I-co.^lv'a'T; 
15. 4-47. 16. 9-22. 17. (4, 4), (5, B), 18, (4, 3|, 

I, b. (p. 11). 
1. 9. 2. 12. 3. 8. 4. 6. 

5. 10. e. ^,)/,, T. ^{^:,y., + x,yj). 8. ''^. 

9. .(.■,(,,, 10. 14, 11. 4. 13. |(7i-t)(;t + i-2ii 

13. Ifi. 14. 23. 15. 2S. 10. 32, 

I. C. (p. 13). 

1. x-i>. 2. y-i. 3. x + 'A-'.i. 4. j, + 5 = 0. 

5. ai + l=0. 6. 5x + 3y=lQ. 7. ^ = 3^:. 8. k= + ;/ = 25. 

9. 2a:' + 2j/=-9i: + 18j( + 4?=0. 10. 3!= + 4:k- 10y + 29 = 0, 

11, a:^+j,2+4a:-8j<-5=0. 

13. The looMB is o straight line through the origin, x — ^y. 

IS. The locus ia a straight line. y—x-)-\. 

IS. y=3: + 3. 16. a: + ;/ = 7, 

II. a. (p. 25). 
1. i/ = S. 3. y + 5=0. 3. x = i. 4. k + 3 = U. 6, y=.4 

e. - = y-. 1. - + y^n. 8. x + -u = <j. 0, i/^-3a.-. 
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ii ANSWERS TO THE .EXAMPLES. 

10. y^ix + -i. 11. j,= -aE-2. 12. x + jf = 3. 13, |-| = I. 

14. (i) 2. (ii) S. (iii) -.| (iv) -| (v) I (vi) -g. (vii) -^ 

(viii) cot a. (ix) -Una- 

15. (ij -5. (ii) 2. (iiil -IJ. (iv) -3. (v) -|. (yij-jjcoaetn. 
18. (i) 4. (ii) 3. (iii) -5. (iv) ii- (v) -°. (vi)j,s6ca. 

17. a!,H!/i^=a'. 18. 6 = c. 18. a=±6. 

30. c=;0. 31. At the point (q, ;»). 32. (3,0). 

S3. The lines have equal slopes, and a,i-u parallel. 

II. b. (p. 36). 

1, 3x-^^0. 2. x-p = S. 3, x-!/ = 4. 4, 5! + y = 4j2. 

5. !c-y = 10. 6. -i^, ^. 7. l|, l|-. 8. 14, -21. 

9. -, t SO. (3, 1). SI. (.S, 1). 

23. (4, li). 23. (-3, -2). 34. (-5.4). 

25. (i) Tlie line is parallel to the axis of a:. 



II. c. (p. 40). 
6, .'SK-5j/ + i = 0. 

T (1) 5^ + 32/ = t; (2) 2i'-3?/ = i; (3) »ij< + ^i; = i-; 
(4) B:t-A!/ = i; (5) B3; + Ay = J; (6) aa' + 6y = 4. 
8. -^9. 9. (1) i (2) |. (3) 1. (4) -|. (5) I. 

10. (1) ~l. (2)i. (3) b. (4)i (5) -I (6)f 

17. Line (3) pasBflB through the intersection of (1) and (2). 

18. 3y + 4a:=0. 19. 2(y + 6)-3(x + 10)=0. 
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AM"SWERS TO TRB EXAMPLES. i 

n. d. (p. «). 

1. 3s(-5j^ = 0. 2. j/^Sar-U. 3. 3a; + 7?/ = 4. 4, ij-j;^!. 

6. bx-ay=0. 6. 5i + 4!/ = 0. 7. ji = 0. 8. a; = 6. 

9. 12ar + 5s=l, 10. a^=0. 11. 30^ 12. 90°. 

13. ^. M. ttui-'(f|) = 67°50'. 15. 90°. 

16. Tliey a«fe equally iiiolined to Ox bufc in opposite directions. 

17j 2!/ + 3; + 4=0. 18. 4./ + 3i!=0. 19. y-x-^l^d.y + x + l^H. 

21. 4j/ + ji=3. 22. ffi + y=13. 23. 3^ + 21/^12. 24. 2/-a- = 3. 

26. ^=-6=1 26. s/3(j( + 4)=±(3: + 2). 37. 6y + 5J^=9. 



-4+8a;- 150 = 0. 



39. 13a!-19?/+I4 = 0. 40. .'Ji-- 10i/ + 6 = ll. 41. 25a;-l% = (l; 

42. 73:-7!/+12 = 0, 2.(; + 2i,-l=0. 43. 24. 44. ,y . 

45. F. 46. 30. 47. 174. S*>. P^-7=2.=. 

fll. 1-7^ + 2 = 0, 7:K + y-18=0. 53. ix + 'ly- 1=0, 2a;-4j( + 9 = 0. 

68. x=0, y=0. 64. (a + ft)a;-(a + 6)j; + 2e=0, x+y=0. 

Se. y = xte.^le, y + x^',\,2e^ii. 68. (-2, 5). GO. {"I, -■■^). 

IL e. (p. 44). 

1. 3!=1. 2. x = 2. 

8. A straight line through the intersection of Uie given lines, and miiltiiig 

an angle tan~'2 with the first. 

4. y^x±l. 5. 7K'+y + 2=0. 

6. The straight line Aa; + By - C+ Dv'Ai'+ 6^=0. 

8. The straight line a; + i/=6 i£ the perpendicular lines aro taken as axes. 

9. The3traigiitlinB2A.-c + 2Bs( + C = 0. 10. The straight line .r-[y = 4. 

11. The straight line x-y = 5\i OA, OB are taken as axes of co-ordinates. 

12. Thestraightline3Aa: + 3By + C = 0. 
16. a;-s; + I2 = 0, lx + ly-'36 = Q. 
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ANSWERS TO THE EXAMPLES, 

II. f. (p. 46). 

, (16,8), 2. (1)12, 0), (3,0); (9) (0, 1), (0, 3), 3, y^ = ix. 4. Yes. 
- t3i/ = 0. The given line passes through the point ( - 5, 9). 
2), (1, -2). 1. a:N-j<2^13. 8. Bcoa^^V 

--i, 10;/ -3a! = 35, Sy-Sx^27. IS. ^^. ' 

, y-b = {x-a)laaSS, y-b= -{x-a)cot3e. 

+ y = (l, 5^-9a;+l2 = 0. 16. 2xy - kx - ky =0. 

-by = k, ax~lty = a?-b\ 18. y + 4a: = 8. 

^^ + 1=1. 20, (0,2). 21. (0,3i). 22. (6^6^). 

■ (i k)- 34. (-i|, ^1), (-V^, ^■). 26. 3ii! + 4y = 9. 

ia<;-% + 19=0, iac-5z/~33=0. 27. x + '2y = d. 

-by = 0. 29. (l, 2|), (-3, 3i). 30. [o, - Y 

. {a,-h){xcosa^yAaa'-pi) = (Pi-Pi)(x-a), 
(ct-6)(Koosa + j/sina-)52} = (p,.-P3)(x-;.). 

-_M.. 37. (4, 2|). 38. ■23j' + 23v = 84. 

39. !/(o6'-a'fc) + ac'-K't=0. 40. x{ab' -a'b) + i:b' -c'b^f}. 

III. a. (p. 53). 

I. The two straight lines 3:=a, a; = 6. 2. The poiut (n, t). 

3. The two straight lines i/=m3; + c, y — -m'x + c'. 

4. The poiut of interaeofcion of the two straight lines 

y=m3! + c, y = m-x + c'. 
8. The two straight lines a:-y—0, x + y—d. 
6. „ ,, j^=0, y--!B = (l. 

1. „ „ ^ + y-a^O, x + y + a = ». 

8. ,, „ y-^;-*i, !/ + 23;=0. 

9. The point (a, 0). 10. The two straight lines a.-=c, y^c. 
11. 45°. 12. 90°. 14. 2^'I0. 16. 46°, 

16. fan-J>^^~.t."-':. 18. «=-h6e = 0. 
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ANSWERS TO THR EXAMPLES. v 

III. b. (p. 58). 

i/ = l^<.r 1-2L-. 3. ^ = j,-l or2i/-3. 3, y = ^ <": ~- 

- 15. 8. 15. 6. 3, 7. 4. B. - 1 nr Y". 

tan-i^ = 18°26'. 10. 90°. 11. 5a!-7^ + l = 0, 73; + 5^- 1=0. 

^-x^+6x-9 = 0. 13. ■^^. 14. a + i = 0. 

ii)f=4pr; (3jy+r = 0; (S|9=<4p!-. 16. ton-^ ^'^^'''"^" -. 

51-2^ + 3 = and !/-2a;=0. 30. The point (0, 4). 

90°. 93. (1,2). 34. 10a;2-2a^-l3^= = 0. 

IV. a. (p. e7). 

I. JW. 2. 4. 3, 4. 4, (2,3). 5. (0,5). 

e. (2,4). 7. tai]-i^-40°54'. 8. 45°. 9. 30'. 



10. taiL-'?^ = 46°6'. 11. 33,--2)/=0. 12. 5a + 4y = 0. 

13. x + y=i. 14. 3ic-4,i/ = 12. IB. x = y. 

16. y=3: + 2. 17. (y-j,)coeu + (3;-^-,)-0. 

18. y-;/^ + cosoi(x-i:,) = 0. 31. nH- hi' + 2mm' cos u = 0. 

23. -|. 26. y=0. 37. %-fl^ + 17=0, 28. 90°. 

IV. b. (p. 72). 

7. rcM(e-tt)=;). 8. r = (t. 9. r'cos29 = a=. 

10. )-sm''e=4<ioos9. 11. r*qos2fl = a'. 12. a!=(i. 

18. a;ooBo-j^sina=)5. 14. AiK+Bi/ + C = 0. 16. a^ + /=OK. 

16. (jMS + 3,2)»=ei8{K=-j(=). 17. ic'' + j(==ciiCoosa + aj/Bina. 

18. rco8e=a. 19. r«me=a. 20. S = ii. 

21. j-cose=±a. reo8(e-60'')=±o, r i!os(e + 60°)= ±o. 

23. (2\/2, 90°), S9. p=roos(e + a). 80. « = a. 

V. a. (p. 76). 
1. 2a. 2. 4a, 3. (a, - a|, 2a. 4, (-1, 1|, \/2. 

6. (2,0), 2. 6. (0„-3), 3. 1. (-g. -f),c. 8. (^, -1), f 

9. g, g, ^. 10. (f -3), 2. 11. ic^ + j,= -9«=; + 2«!/-«= = 0. 
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vi ANSWERS TO T.biE EXAMi'LES. 

13. x' + y'^-^x-2by=0. IS. 3^ + y''-~Qx~6y + 9^i 

14. :ifi + y^-ax-ay-0. 18. :£'^ + jP-ax^l^^O. 
IB. x= + t/«-ic-2y + l=0. :i? + )/^-10x~\0j/ + 25 = 0. 



V. b. (p. 83). 

I. .te + 4j(=25. 3. 2!/-a:=5. 3. y^'JSxii. 

i. y^x±is/2. 5. !/=33;±8\/l0. 6. 2. 7. 2^. 

8. Aa!+By±a\'SM^=0. 9. Re- Ay±as/A= + B==0. 

10. a! + j/=av'2. 11. a + ,3»7 = 0. 18, (5, 7), ( - 1, - 1). 

16. ;e^ + ;/=-3i--4j< + 4 = 0. IT. (|^, ■ J-^). 

". <|,J),<3}, -2J),4. 19. (?f. 4| 

V. 0. (p. B2). 
, (-- ^). . (^, ^). . („, .). 

4. (2ii, 0). 8. X; = 80, Of -2(J. 7. dx + 5y={}. 

8. 'fhe straight liaa touoliea the circle at tlie point ( - ci, - h). 

9. 1,2. 10. 3? + y-18a.--8y-3=0; 9fl: + 4y + 3=0. 

II. o(y-*)=±WF^^. 18. C=±a^ffi? + W. 

13. ar'(l + mS) + 2mciK + o*-B^=0. (1) c'<(i''(l + m'}. (2) cVo=(l+ra2|. 

14. ici'(a!i= + !/,3)-2a^ + (iaK-yiS] = 0. 

(I)afL'' + yi°<«'' " (2) V + yi^^""- (3)a;i' + y,^>a=. 

18. (Aft + Bi + C)==i^(A=+B^). 18. Ka;i + OTi = a!i= + s'i^. 

19. n/4c=-2(o-6)». 30. V+!'i^=2n^- 32. 2tan-i^. 
3" = =. (2)/==c. (3]/=0. (4)3=0. 

. The equation represents the common chord of the circles. 
A circle passing through the common points i)[ the given circles, uud 

Laving its centre at the origin. 
The straight line is the common chord of the two circles. 
3^{l+-2ai,) + yH'i+2bf) + ^^>nftf+bg)^0. 38. 2lx'-10^y + Sl>f^t). 
j/ = 6, 7y-24a;+150 = 0. 30. (6,8). 

(x-4)^ + {V-S)''-'i- 83, i/^0,4x-Sy^O. 

{l+m')(-jf- + y')-ax-aray^O. 38. ii = x±3^2. 
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ANSWEKS TO THE EXAMPLES. vii 

39. 3^ + ^-iax-2yft^t^\ + iai'=0. 40. y -l-^ -coba.{x-h). 

41. K= + y=-2(.J< = (ii^, ax + fl,j-h{y + l3] = a^. (-^. "'t-^') la the fixod 
V "■ 1 point, 

V. d. (p. 071. 

I. A circle on the luie joining tlie fixetl point and the centre of the given 

cinile as diameter. 

8, A circle whose centre is at the point of iiit«raeetion of the given lines. 

3, The circle (K-21= + (j/-31^=25. 

5. Theoirole3a?' + 3s/'-2giE-5/j/-c = a 

e. The circle (3;-o)= + (j(-(3)= = c=. 7. The cii-cle (a^ - a)= + (^ -«l= = a^. 

11. The circle a? + !/^=a'. 

12. The circle (a:-M,)(a!-ai!) + (j(-y,|(y-y2) = 0. 

IS. The circle 3:' + 3/' = ffi' + ft^ 16. The circle a-^ + y'^ = (i=. 

17, The circle fl;'' + /=a= + 6=i. 

VI. a, (p. 100). 
1. (4, 6), (6, 8), (8, 10), S. 10 sq. ft. 

8. -2, 2, y-x=^. 4. 25°. 6, Kadii 2a, ~. 

VI. b. (p, 100), 
1- (^. -V-). {-h -\r)- 2. ^-!'=1. 

8. If the line makes an angle « with Ox, 

(i) B = - cot a, C = the intercept of the line on Ox. 

(ii| A= -tajio, C= ,, „ „ Oy. 

(iii) s, = are the intercepts on the axes. 



4, iat; + %=0. 5^-l%^0. S. 3:' + ?/=-2aa; = 0, f^, ^V 

6, {\, --U 3: + y = Q. 

VI. e. (p. 101). 

1. (-1,2), (0,-2), -\. a. (I, 1). 

8. 3a;-2s( + 5=0, I9j; + 9y=0. 

6. %y-x^(i, j(-33T=0, tan-i4=5.r 8'. ;e' + ?/'+ lftt + 10y = 0. 

e. 2, ^21, nie point is outside. 
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viii ANSWERS TO THE EXAMPLES. 

VI. d. (p. IM). 
1. I-2mehe.. 2. -^^ + ir^=l, -^-f5=l. ^-^5 = ^- 

3. C8inAy + (cnoaA-ii)K=0, when A is the origin, AS the axis of a-, aji 

the line is parallel to BC. 

4. aa. 6, 2{x-by) = a{s/2+l), 2{3: + y) + cl^^/2-l) = ^) 

VI, e. (p. i02). 

1. e^sq. in. 2. 2. (}■% l-fi). 

*■ (/+9)^ is not Jess than -i'. 6. 2ax-2[b-<:)y^cfi + l)c-b^ 

VI. f. (p. 102). 

'Jia^ + Viia'^ + h''^) Vl+m= 

4. (-3'4, 2-2) 6. Sy^cc, y^-3x. 

VI. g. (p. 103). 

2. 3. 3. iii/-;foj-i-20=^o, nx+^j-so=o. 

i. y = l-2a:, 2>/-l-x. -8 and "45, "6 and "4, and -25. 



VI. h. (p. io:i). 

1. {a-l)x + {b-m)y=^0. 2. I2x-&y = n, iac-5y = 3a 

3. [(iii + n)k-2mn]x + {m + n-2k^)y = <}. 4. tan-i^ = 4S° 1 1'. 

8. 12i/+5x-5a=±na. B. x^O, j3^^±fa: + 3). 

VII. a, (p. 104). 

7. aT= + j/=-ira: -/)>/ + 1-^ = 8. ji= + s(!-2y-2\(3;-l) = 0. 

9. c^=ab. 10, 3a:H.V-8!C + 29!/ = 0. 
11. 8^-13,i/ + 5^0. IS, icH!/=-12a'-5 = 0. 
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ANSWERS TO THE EXAMPLES. b 

VII. h. [p. 109]. 

1. ac + 3i/ = 6. 3. T/ + G = 0. 4. The axis of !/. 

6. x^ + y' + Xix-it)-c''=(). 1. (h-r-)- 

8. 7a:' + 7y' + to-8=0. 9. x' + y''-ix + 2y-12-0. 

13. w + j/ = 0. 18. j^ + i/- + \(aK-^]-c2=0. 

14. A system oj oircl«3 having w-2y- 1=0 for a common radical axis anc 

passing througli tiie inbersectioji of this line and 

16. iE3 + yi + X(a! + yl = 25. 16. c^ + AV^O. 

17. 3i= + !/«-8j:-12j, + 12 = 0. Centre (4, 6). 18. a^ + j^-4!/ = 0, 
19. (4, -2), (-4,2). 20, (;c±3)^ + (^T4]5^41). 

VII. O. (p. 113). 

3, r^ib^!:^!, ■''i'^-.^^") ! 

4. oos-'^=60n2'. 6. (j:p^, TT^)- 
«■ (?+/»!r = c(l+2niC03<j + OT2). 7. 150°, v^, (20,^3. a), 
a. a^ + s(S+3^-63:-3^=0. 9. (a, 0). 

10. E + 4r=±3a. 11. 4a; + 5j(=0. 

13. |/a.+/i/=0, y(/ooa<^-;7l + ^(/-3cos«] = 0. 

VII. d. (p. US). 

1. A circle of radivis a, whose centi-e is at the point (a, ^ J. 

circle of radiua a, whose centre is at the point I a, ^ - n ). 
circle of radius J^, whose centre is at the point I v'2, t )- 
circle of radius a, whose centre is at the poiat [a, ^ + a J. 

6. oY=^l-2a?>. 6. (-/S, tan-'2). 7. A circle. 

9. (jV^+E", tan-'-). 10. r^iS/coaflN/ab-rsinflfa + ftj + Hi^O. 
U. 3.a....(.^|). IS. «^'5.2,„(« + |). 13. ,=J + .. 

14. c±a = 'rf:os,0. 15. A circle passinj; through the point O. 
16. A circle passing throiigh the point 0. 



2, A 



4. A 
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ANSWERS TO THE EXAMPLES. 



k,{y- 



. 18^. 



. A parabola, whose focus is at the fixed point, and directrix the fixed line, 

, {x + yf-22ir!+Wy + 25^0. 8. y'^^iax. 

, y^=~iax. 10. a,-2=:6hy + 36=. 

rtex (2,0), focus (3.0), axis y-0, directrix x-\. 

(0,3), „ (0,4), „ x=0, „ y = 2. 

f-3, 3], „ ("T. 3). .. y = 3, „ 4x + 15^0. 

(-1, 6), ,, (0, ft), „ *- = &, „ x + 2a=0. 

„ (-2,-1), „ (-2,^), „ x + 2 = 0, „ 6;/ + 13 = 0. 

VIII. b. (p. 137). 
. i/^x + 2, x-i-y^e. 3. {m+n)y^2»mx + 2a. 4, (.i, 10). 

. y=±{x + aj. e. l2y-8;t; + 27. 

. It is a tangent at the point (2, - 3). 



8. (i 1). 
>y — 0, bx~ay=0. 



11. 2S.!^ = [i±v'F + 4aft]a:. 



13. 



. 2y=6iM + l, 10i/ = j; + 125. 17. 3y + 4=0. 18. . -'"'^t^! . 
, Theatraight line is a tangent iit the point (!, I). S3. 177^. 

. taii-^y = 30°5S'. as. The straight line ia a common chori 

VIII. C. (p. 143). 
, A parabola, co-axial witii the given par.ibola, and having the s 



the fouus of the given curve, 
itre of the given circle and 



. A eo-axial parabola, having its vertex ; 

. A parabola wiiose focus is at the i 

directrix parallel to the given line. 

_ y — J^^^ + a) + ^■ 8. The parabola !/^=2n(K- A), 

. If ^=4«iB is the equation of the given parabola, the loons of Q is the 

parabola i/^=4a(cB + 2a). 
. A co-axial parabola, having its vertex at the tocua of the given curve. 
. A straight line through the vertex. 
. A co-axial parabola, having its vertex at the fueiie of the given curve. 



y Google 



ANSWERS TO THE EXAMPLES. 

IB. A straight line parallel to the asia oi y. 

17. The tangent at the vertex. 

18. (1) The straight line j^ = 2i. 



19. A parabola whose axis bieects the base at right angles. 

20. The latus rectum. 3S, The circle kH J/^ - (W; = 0. 

VIII. d, (p. 146). 

6, (am^-2am). e. ^ + 8a'=2a)/'(iC-2oi). 

8. Thestraightline j' + iji = 2Bt + A^. 9. The parabo!a^ = a(3!-o). 

VIII. e. (p. 1611- 

sia'fl' sin^S 
J5. (:B-yj2-2a3;-2ay + a^=0, or •J^ + ^Jy^'Ja, when the eui've touches 

the axes afc points at a distance it from the oiigiu. 
18. cc^y' - 2^11!^ + 4a3:' =0. 
18. n y'^=iax is the equation of the given tjvve, the locus la the parabola, 

/=2(t(a;-4»), 
-- iad + k)" . - PZ 

^- ■ l+2i ' "'^^^'^^ ^ = PT' 

IX. a, (p. 165). 
1. (3, -1), (3, 3), (1, 1]. Atea4. 2, 6iac + 34j(-217=0. 

3. (1) The oirole touches the asia of y at the point (0, a). 

(3) „ „ „ X „ (a tana, 0). 

4. x^ + y'-5x-iy-S=<:). 5. iix + 3y)^^im{x~l). 
6. 2:«-i-7=0. 7. x-i-j/r,2. 

IX. b. (p. 165), 
1. ay + bx = ab, • ■ 3. x- + y--iax-2ay + ia^=0. 
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xii ANSWEfiS TO THE EXAMPLES. 

IX. c. (p. 1615). 

3. Area 15^. (rs'-Vir)- 3. llx-ly^O. 

4. A circle on the line joining (a, ^), (a', ,8') as diameter. 

5. 1-5S, -096. The other roota are imaginary, 

7. If S is the given point, and SY the perpendicular on the given tangent, 
tha locuB ia a tirele on SY as diameter. 

IX, d, (p. 166). 
1. -ix-y^O. 3. 3a;+12;/ = 169, SK+iai/ = 143. 

4. K'(i:'-4i;+i6H-48aj/ + y=(F + 9A + 361 = 0, * = 4 or --V' 

6. (6-0, ±2Vaft), 6, j(=2, T. The parabola y^=l6a(:c + 2rt|. 

IX. e. (p. 167). 

1. 4x-3j' = 26. Areal^-, 2, tan-'7 = 82' nearly. 

3. (1)A'^ = 4C, (2) C = and A = 0, 4 l3!/^-4ii^^ = 0. 1^, 

5. (3-24, 4), (-1'24, -4). 

IX. f, (p. 167), 
1, y~x = a, y + 2x=ia., tan-'3 = 7r34', 

3. iK3 + 5!Cj( + %^-7a:-9y + 8 = 0, k~!/ = 0, 7a; + 9y-8, 

4. \1y^ + %xy-^x^=i), tan"' ^~ = 58° 2'. 

IX. g. (p. 168). 
1. S'=^3- or ^1^±^. 5. xx,^a{y + y,); c,{7:- Xy) + ^^{y-y,) = f). 

7. 3a;'=4(y-2). 

IX. h. (p. 168). 

1. 38afH-19i/-53=0. 3. j/ + 6 = 0, i/ + 2 = 0. 3. (8, 1). 

4. aK + 4j^=30, 3k-43/ = 30. 6. y = 2. 6. !/ = a:, 4?/ + iC = 0. 
^ /2a_-PiB 2is\ 

— IX. k. (p. 169). 

1. j!=2. 2, fl; = 0, 3: + 3 = 0. 3. (s^, 2|). 

4. K^ + jr'-lSa;- 10^ + 56 = 0, 6. (alr^2a^J), 

7. The straight line is a diameter of the parabola. 
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ANSWEES TO THE EXAMPLES. 
IX. 1. (p. 169). 



1. {kx-hy)''=p''{x'' + y''}. 

4, oPm^ = c°-2ac. 

6. j,-2=™(^ + 2)+^. 



1. (3a^ + 4i/-12)^ = 80{43;-%-.16), 
X. a. (p. 17G]. 



It -6, 6-4, 
■Si^ + ly'r^Uo. 
5,3. 


3. i, 2, 3. 

5. ^= + 122,^ = 25. 

..# 

= 0. 

104ar-140j< + 446 = 0. 


3. ^, 2-^2, 3x^2. 
6. 8a;3 + 9/ = 648. 
B. [x-cf + t = €'^- 
13. (0,1-5), (0, .-1-5). 


y + 2:<:±-Ji9 = <). 


X. b. (p. 1S4|. 
3. Thefo 


r points (±^, is'''^) 


ca=^. 


9. OtJl 


10. j/ = 3, ;e+s' = 5. 


K = 12,^ = ^+13. 


13. 20. 






30. x-^f,, 7.i! + 30j/ 


= 125, 21. ^2 + L = 



iiigeiit iit the point (a, h). 



. Centre at the point (2, 0), 

■ ,. „ (-1,1), 

• „ „ (0, 2), 

,. (-2, 0), 



(-1, 



. The oorreaponding foci. 



X. d. (p. 194). 



IS. a=f + h%«=4, 
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xiv ANSWEliK TO THE EXAMPLES. 

X. e. (p. 202). 
1. The straight line 10y + 3a!=O. 3. 4a! + 5j/=13. 

4. (1) «V-^'''^ = 0. (2) it%-5%!a;=0, (3) aiz + bx^O. 

5. 5y + 2x = 0. e. 4y + 3;=±4^/l3. 7. 16!/=3k, 

8. 2tan--H-53° 8'. 13, (-yi^, ^,A^^| 

16. 5j( + 3a;=it. 17. An ellipse, foei C and S, 

20. ^=±J. Length 2v^, 81- [^"f, ±^'-)- 

X. f. {p. 206|. 
1. An ellipae whose foci are at the ends of the 



8. Tbo ellipse 3^" + 4.v° = a^. 3. The ellipse - 



+ V^ 



4. The ellipse Ke^ + i/^- cm 5. The ellipae — ^. .- + ^^^- = 1. 

e. The6!lipwi^ + ^--^-^=0. Its centre is at the point ("I |V and 

it passaa throngh the origin and the point [h, k), 
8. The straight line ^51Hi^=^^^. 8. k£'-2xp = a'<k. 
10. k{a:^-y^)-2x!/--^k{a?-lfi). 12. The ellipse 4^a;-|Y + y= = )^. 

13 5! + *?=4 18. 4ieS + %=-6u-9 = 0. 

x^ ^ ■ ■ 

17. The director circle x^+i^=^a^ + h^. 

19. An ellijwe whose foci are the given focus and the centre of tlie given 

20. Two circles whose centres are at the foci of the eliipae, iind whose 

radii are eqvml to the semi-major anis, 

X. g. (p. 235|. 
1. Foci distant 2-24 inches from the centre. 
6. (aeosflseoa, fiaineseca). 7. 4k + !;=0. 

8. rooi(0„0)and f-j^?)0O3a, -j—^psinaV 

Directrices a! oob a + 1/ sin n=ji, n cos a + j; sin a + p •— s = 0. 



,„, [i?i, -'-q^. 
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ANSA7EHS TO THE EXAMPLES. 

, 36ai«+100j/'=225. Tha cnire meets the axes at points distant 
1^ inches from the iniiidle point of AB. 

,„ (I «). («, (l±fi. O). (iil) 5. |i,) 4 

, A coiiceatric aiid eo-asial ellipse, semi-axes —Si , h. 

. The straight line ^-^ = o2-i=. 

. Common tangents c[iCi6;/= ±V#+o'6^ + 6'. 26. i- •:— - ■ ^ — - 

. Interoepta -^/ifl + .s), e^^v 

XI. a. (p, 230). 

. :f + y^ + 2-j:-'2y + i. = D, a:' + !/2+ lOa;- 10i/ + 25 = (). 

. (,-2.eof|)(j, + '.at.n^) + (.-«eot=|)(.-at..4) = 0. 

XI. b. (p. 230). 

'■ Jf ^' i-T' TJ- '■ i^T-' ±-5-)' 

i. 7a;'-2j!S( + 7i2-48v'2a;4- 144=0. Major axis, 4. 







XI. 


e. 


(p. 231). 


A^H, B=-2i. 








3. tan-'(-:^) = 138"35'. 


\/35 = 5-i32. 








4. if-bx-ay, hx-ay^H. 


Z, = := + 5, x^i. 








^- 32^36- '■ 






XI. 


A. 


(p. 9.11]. 


^ + !/'-^-% + l 


=.0. 






3. y=-±{x + \). 



, If y^^4oa; is the equation of the given parabola, the locus h 

parabo]^ ^—a,[x-3a). 
. axx, + byy, + g(x + x,)+/(y + j,,) + c^O. 
. 2l3^ + iey = 79, {-TW-, -nr)- T. 16^^ + 33^ = 0. 
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xvi ANSWERS TO THE EXAMPLES. 

XI. e. (p. ^2). 
1. (|, ly a, ,/v'A^-^^=i«(^-ft). 

4. The equations of tlie Langoiits are ±ij\/2-x-l. 

8- (tt' tt)- 

XI. f. (p. 232). 

1. y-h = {x^a,)t&a^, i/- (.= - (i - ») cot^. 

2. if-x=i. 3. 3;= + 4a^ + V-20.t-l(J.i/ + 25 = LI. 

4. At an angle tan-i(J) = 30° 58', and at right angles. 

5. y + lla;=0, jf-x^O. B, A straight line through P. 
7. i/=mx±4S37n,^~+2i. The locus is the circle ^■=T;/'=a4. 

XI. g. (p. 233). 

XI. h. (p. 233). 
1. 12. 2. {.^-T7)' + (j'-irr=ltl- 

3. (1, i). 4. -V^, -6. 5. ^> + (j,-6p = eV- 

Xn. a. (p. 237). 

1. Kocentrieity = 3 , distance between fooi = 10, latus rectuiii^lOJ. 

2. „ =v/|=l-53, „ =2Vu=7-48, „ =?^ = 6'53. 

3. „ ^sj2 = ViU. „ =8s/2 = 11-314, ,, =8. 

4. „ =Y. ., =26, „ =57|. 

5. (±-V-. 0). e. (0, ±5). 7. lj^ + cP + ?/' = eV. 
JO. j:2-4a:(/ + y^ + Sj;-16 = 0. 13. arS-T/^^a^. 
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ANSWERS TO THE EXAMPLES. xvji 

XII. b. Ip. 24.S), 
1. 2!/^ij:±'>/^. 3. 7^. 3. (±t' ±2)- 

4. (6,-2). 6, 2i/-a=Tl:3i-. 6. k = 8, 26a:- 12j/=56. 

7. p2^^2(„sm2^j3, 9, ^i^=5'8 nearly. 

10. Q 13 a focus of tiia curve, and the straight line ;C = 3-S :b the 

corresponding directrix. 

11. xx,-yy, = a\ 

XII. C. (p. 2,i0). 
1. aB-j(=0, a; + 2y=0. 3. \/3(a:-21±2(!/ + l)=0; 

3. iB-!/-l = 0, 2!B + 3j^-2=0. 4. a:-y=0, 5a; + 3j(-4=0. 

6. 3^ + a;y-2y2=4. 6. 9j«-72j,- !6a^=0. 

7. 23T-j/ + 2=0, 2^ + 1^ + 2=0, e=v'5 = 2-24. 

8. s, + 2r.= l, y-2a; = I, «=^=M2. 

9. 3; + y-l = 0, a-»/+3 = 0, «=v'2=l-4U. 

10. 3.B + a/=0, 2ii-3y=0, e='y2 = l-*U. 

11. 3a:-2y = 0, 2x-Sy^0, e=^=l-02. 
la. 3j;-2^:=0, 2j;-3y=^0, ^=n^ = 51. 

XII. d. (p. 253). 

4. The centre is at the point |0, 1) 

which are parallel to the a: 
6. The centre is at the point (-1. 1); 2 \/2, 3 are the lengths of the 
semi-axes which are parallel to the axes of co-ordinates. 

XII. e. (p. 258). 
1. (12,3). 3, 16?/-75«=0. 3. ^^-^^ = 1. 

4. 6=3inesin^ + a=^0. 7. %-64!K + 741 = 0. 8. ;ii2, 

9, a=taai|tan| + !js=0. 10. ^K + iy-l^O, 2x-^ + 3^0. 

13. ic-i-a = 0, i/ + 6=0. 19. 48y- 125i! + *81 = 0, 



XII, f. (p. 262). 

4)- {-^•'} 
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xviii ANSWEES TO TKE RXAMPLES. 

XII. g. (P- 265). 
1. The rectangular hyperbola a;*- ^ = 16. 

3. Thehyperbolao=ai^-6V = ('i'' + ''T- 

4, {x^ + y^f=a''{ic'-y'). 8. The hyperbola ^ 

10. Take AB, and the perpendicular from P on AB a.e axes of co-ordinateB, 

co-ora. of P(0, -ft), CD = (t. 
The equation of the locus is yix -a) = ai:: a rectangular hyperbola 

whose centre is at the point (a, 0), and whose asymptotes are 

».«, ji.O. 
12. The equation of the locus is xy + ab = {bx-ay)cot(a - ^). A hyperbola 

whose aaymptotea are the lines - + Qot(a-(3) = 0, ^- cot(a- ,3] = 0. 
14. The equation of the parabola is 2x' + ay = (i. 



XII. h. (p. 277). 
B. The straight line iK(l + m) + s'(l-m) + (a + fim)=0. 
6. k3: + By=<i, Bx + Cy=(). The lines coincide if B= = AC, and the given 

equation then represents two parallel straight lines. 
8. x±y=>JW^^. 11. 2»/-3iC=0, i/ + co=0. 

17. The hyperbola 4!«^-y':=4a'. 31. y'^ = 'Zh{y-a). 
33. a;i2 + i/S+2a^cos2a=(t=-?>', where tano = — 

XII. fc. (p. 279)- 
1. Ec(;Entricity='72. 4. Eccentrioity = l-15. 

{Lengths of sides, 9'6, 15'4 cm. 

XIII. ip- 2ni). 

3. - = fcos(S-Q). 6. ^i2^'^cosfl-(o + ^)Kin^ = 0. 

8. A oonfocaj and oo-axial conic, whose eccentricity ^ecoan, and latus 
rautura 21 COH a. 
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ANSWERS TO THE EXAMPLES. six 

14. If 2(1 ia Um given (ingle, the equa-tion of tlic loaua is 

30, (]) The two straight lines e = |, e = |- 
(21 The two straight lines S=^, fl = |. 
(3) A circle, centre (-j^. 2)' ■'"-'tii^ "r' 
When 6=0, the equation represents the point ( -1^, 7 )■ 

38. A straight line perpendicular to the initial line. 

23. A reotargular hyperbola. 24. A parabola, whose focus is the pole. 

86. r=sin2P = a^, where 2a is the length 0! the transverse axis, 

XIV. a. (p. 299). 
+ !f-l=^(), (0, 1). B. i^-y + 3 = (), (-1,4)- 

j(-fe-5 = 0, (5, 6], 4. 2a: + i, + 3 = 0, (-2,1). 

=B,(-Slt^B),... 

. If OAB ia drawn from the centre to cut the circle in A and the straight 

line ill B, the middle point of AB is the vertex of the parabola, 
. Theparai>ola(a;-l)'=4i/. 10, The parabola !/'=12(a! + 3). 

. Verten (0, 2), asia along Oy, latua reotnni 4. 

I, (4, -4), axis parallel to Oy, „ 4, directrix j/ + 5=0. 

,, (2, -1), „ ,, Ox, „ 3, focus (2f, -1), 

„ (-3,3), „ „ Oy, „ 8, directrix j( = 0. 

, Airis iK + )/ = 0, tangent at vertex j; - y = 0, iatus rectum 8. 
x-y=0, „ x + y=0, „ 8. 

, 3;-i/ + 4=0, ,, x-i-y-l = 0, ,. 4. 

, 2x + y^0, „ a^-2y-l = 0. 

le curve touches Oy at (0, - 1). 

ds 4r-.%-0, tangent at vertex 3»: + 4j' = 0, la tuB rectum 4. 
iaK-5)/ + 60 = 0, „ 53: + ISjf + 900 = 0, „ tV 

le curve touches the axea at the points (3, 0), (0, 4). 
The focus is at (^f , |4)- Latus rectum ^4. 
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XX ANSWERS TO THE EXAMPLES, 

XIV. b. (p. 311). 
!■ {-h -f)- 3- II. -li- 8- (1. -2|. 

4, tan-i(-^)i taa-i3withOa^. 5. -^-'^ S. 

6. {-h2j,y-=:-S = i),y + a:-i^0. 7. The point (1, 1). 

8. A circle, centre ( - f > O), radivis g^. 

9. A parabok, vertex (1, 2), lafcus cectiini 4, axis parallel to Oy. The 

curve lies on the positive aide of Oa^. 

10. An ellipse through the origin, centre ( ~ ji 0) and touching the skIs of 

X at the origin. 

11. An ellipse wliose centre is at the origin. Its axes bisect the Bugles 

between the axes of co-ordinates und their lengths are 4 and 2v2. 

12. A hyperbola, centre (l,-fX asymptotes J: = t and 4^-3* = 3. Tlie 

curve passes through the origin and through the point (2, 3). 

13. The two straight linea3i-!^ = 0, Sx-y-Q. 

li. Tlie circle on the line joining [o, b), (a.\ b') as diameter. 

15. A parabola, axis y-x^O, tangent at the vertex y + x + l-0, latus 

rectom — -, ( - ^, - ^) is a point on the curve. 

16. A parabola, whose a,xis biaeots the angle xOy, latua rectum \/2, vertex 

(h t)- The origin liea within the curve. 

17. A hyperbola, centre (0, 0), asymptotes 2x~y — 0, !>:-i-y — 0, passing 

throiiah the point I S^. — i- V 
\-j2 n/2/ 

18. The two parallel stra,ight lines a;-t-% + 5 = 0, x + Sy-l-Q. 

19. A parabola, axis x + y = (i tangent at vertex x-y-0, directrix 

4y - 4a; = 1 , focus (g, g-)- 

30, The parabola ^"=8^. 21. ITie parabola a;5=!/ + 8. 

33. The equation of the curve is {ax-byf={ci'^-b'^){ay~bx). 

23. The two straight lines y=:2a:, y — x. 

24 The two straight lines 9! = 1. Zx-iy + 5^0. 

26. A circle ; centre at the origin ; radius a. 

36. An ellipse i-eferred to its equi-conjogate diameters as axes of eo- 

37. An ellipse; centre (1,1); semi-axes \/3, \'2; the major axis bisects LxOy. 

38. A rectangular hyperbola, centre (-a, - 6), a,xe3 parallel to Oar and Oy. 
29. The hyperbola ^-|^ = 1, 

80. Two straight lines at right angles, 2ji; + y-H = 0, x-2j(-H = 0. 

81. A hyperbola referred to two conjugate diameters aa axes ; lengtha of 

these semi-diameters 3, 2; asymptotes 2x-3j/=0, 2x + Sy=0; 
the curve passes througb the points (0, ±2). 
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32. A hyperbola whose transverse axis bisects L. xOy ; semi-axes 3, 4. 

33. A parabola aymmetrioally situated between the axes and touthing 

them at the points (0, a), {a, 0|, 

34. An ellipse whose axes ate the straight lines 

3k-4j( + 12 = 0, 4a! + 3j/-12=0; 
lengths of semi-axes 2, 3. 

35. A rectangular hyperbola, centJ^ (1, 1); passing through tlie origin; 

asymptotes parallel to Ox and Oy. 

36. An ellipse whose axes are the straight lines 

3^-4^ + 12=0, 4a: + 3y~V2 = 0; 
lengths of semi-axes 2, 1. 
SI. A rectangular hyperbola, centre (J, J) ; asymptotes parallel to Ox and 
Oy ; passing through the points (1,. 1), (0, 0). 

38. A parabola touching Ox at |2, 0), Oy at (0, 3). 

39. A parabola whose focus is at the origin, and whose diieutrix is the 

straight line ^cosa-l-y siii a~p — tl. 

40. A parabola, axis 4i + 3ff-H 15 = 0, tangent at vertex Sx--iy = 0. 

41. A rectangular hyperbola, centre [~tS' TS'i passingthrough the origin; 

asymptotes parallel Uiy = — '—= x. 

4S, A rectangular hyperbola, centre (a, 6) asyniptot^s pjriiUel to Ox, Oy; 
passing through the points (0, b), [a 0) (0 (I) 

43. An ellipse, centre ( - 1, 3} ; passing through the points (3, 0), ( - 1, 0), 

When the centre la at the oiigin it passes through the points 
(0. ±3), (±4,0). 

44. A parabola; axis x-j/ + 2=0; tange_n.t at \eitei ^-^s-5 = 0; passing 

through (3, 3) ; latua rectum 2V2. 

45. A hyperbola, centre {- f, j); sera i -axes —-, ^j asymptotes 

2a! + 4j(-l=:0, 2x-4y:l-3=<i; 

XVI. a. (p. 318|. 
1. Thestraightline 6a; + 3y = 2L 

3. {x~er)'' + y^=i^, ixx' + yy'-lir(x + j:'} + 35r^=0, ^™', ~ ^-^, 
BC='^ = 3-18Eeet. 

6. The hyperbola y[y-x) = Xi asymptotes y + \—(i, y^x^X; passing 
through the origin. 

T. Thehyperbola*-^^°-^^--^3'- = l. 
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